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Large Enhancements in Nonlinear Generation by External Electromagnetic Fields
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We show how the generation of vacuum uv radiation can be doubly enhanced by using strong external
electromagnetic fields so that one can simultaneously make use of (a) the amplification of the fundamen-
tal as it propagates through the medium and (b) the near-zero absorption of the generated vacuum uv
radiation. We include in the analysis the eAects of propagation and pump depletion.
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Recently Harris and coworkers [1] have emphasized
the usage of electromagnetic-field-induced transparency
[2] for enhancing the efficiency of vacuum ultraviolet
(VUV) generation. Tewari and Agarwal [3] earlier con-
sidered the question of controlling the efFiciency of VUV
generation using external resonant electromagnetic fields.
They found that the field can change the phase matching
conditions and one could even generate VUV in regions
where it is normally forbidden. The relationship between
the two works has been pointed out [4]. Clearly the
external fields change not only the nonlinear susceptibili-
ties but also the absorption and dispersion characteristics
[5,6] of the medium which in turn changes the VUV gen-
eration [71. It is now known that the external fields can
also be used to amplify signals and this idea has been
used for a possible laser system without population inver-
sion [8-10].

I n this Letter we show how the amplification of the
fundamental and the electromagnetic-field-induced tran-
sparency can be used together to produce much larger
enhancements in the VUV generation. Our mechanism
amplifies the fundamental field as it propagates through
the medium. This is clearly diAerent from the case where
the input has been amplified before it enters the medium.

Consider the energy level scheme shown in I ig. 1. The
levels

l
I) and l3) are connected by a three-photon transi-

tion through the intermediate state l2). We assume that
the levels l 1) and l2) are connected by a weak two-photon
transition with the two-photon matrix element K. The in-
teraction Hamiltonian for such a system can be written as

Hi =h(tel i)(2le '"'+gl2)(3le '"'+H.c.),
where g is the one-photon coupling between the levels l2)
and l3). Within the framework of the perturbation theo-
ry it is straightforward to calculate the nonlinear suscep-
tibility g (co, co, ro) responsible for the third-harmonic
generation,

Here I;~ gives the decay width associated with the decay
of the oA-diagonal element p;~ of the density matrix and n

is the density of atoms; 8 is the envelope of the funda-
mental field at the frequency m. This is the usual situa-
tion regarding the generation of the radiation at 3m. The
VUV generation has been studied over a very wide range
of wavelengths [11]. The method of the present paper
will also work over a wide range, depending on the choice
of the atom and the transition.

We now modify the system. We apply an external
electromagnetic field of frequency co~ at the transition
l2) l3). This field modifies the absorption and disper-
sion characteristics of the medium; we will refer to this
field as the control field. In order to study systematically
the generation of the third harmonic, we have to examine
the susceptibilities g)' (3co), g)' (co), and g)' (co, co, co),
where the subscript d indicates that such susceptibilities
are to be obtained in the presence of the control field
of frequency m~. Such susceptibilities depend on the
strength (to all orders) and frequency of the additional
electromagnetic field.

Note that g)' (3co) gives the absorption and dispersion

(i) ( )
Kgnd

[I i3+i(coi3 —3co)] [I 23+i(co23 co)]

(2)
FIG. 1. Schematic illustration of the model for producing

double enhancement of the VUV generation.
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of the generated third harmonic. The calculation based on Fig. 1(b) determines this susceptibility. Further, Imp)'1(co)
gives the amplification or absorption of the field at co. This is to be calculated using the scheme of Fig. 1(c). The sus-
ceptibility g) (co, ro, co) is obtained by using the level scheme of Fig. 1(d). The Hamiltonian describing the interaction
shown in Fig. 1(d) is

~ = ~~2312&&21+ tt~i311&&1 I+ &(~11 &&2le ""'+gl2&&3le '"+G12&&3le '"'+ H.c.), (3)

where 2G is the Rabi frequency of the control field on the transition I2) !3). The corresponding density matrix equa-
tions follow from (3). As usual we will also include various radiative and collisional relaxation terms while writing the
density matrix equations. In particular each off-diagonal element of the density matrix will have a decay term I;z. The
difrerent susceptibilities can be calculated using the density matrix equations. The calculations can be done to all orders
in the field G by working in a frame rotating with the frequency col so that (3) transforms to

~ (r023 Col ) 12&&21+ 6 (rLii3 3riil ) I
I && 1

I
+ & (~vl I &&2le ""+gl2&&3 le '"+G I2&&3 I

+ H c.), (4)

If we look for VUV generation at the line center, then
3ro=roi3. Note that the condition (6) implies that in or-
der to achieve amplification of the fundamental, the fun-
damental must be detuned from the intermediate state
!2); thus coaru23. Let us denote this detuning by 80,

~0 =~23 , ~13 =3, ~12 — ~0. (7)

6=N NI .

To obtain g)' (co) we set x =0 and calculate the in-

duced polarization at co to first order in g and to all or-
ders in G. This induced polarization will be given in

terms of the response of the density matrix element p23.
The susceptibility g) (ro, ru, co) is obtained from the in-
duced polarization at 3' (density matrix element pi3) to
first order in K' and to first order in g but to all orders in

G. To obtain the susceptibility g)' (3ro) we set x. =0,
g =0, and include an additional interaction Agl 1)&3!
&e " ' +H.c. in (4). Note that 2g is the Rabi fre-
quency of the field at 3'. We calculate the induced po-
larization at 3' to first order in g but to all orders in G.
The analytical results for susceptibilities are rather long
and will be presented elsewhere. In this Letter we
present our final results.

Harris has argued that the external electromagnetic
field can be used to create a transparency region and thus
the reabsorption of the generated third harmonic can be
reduced considerably; thereby the e%ciency of the gen-
eration of the third harmonic can be enhanced. In this
communication we demonstrate the possibility of further
enhancement of VUV generation by electively utilizing
the amplification of the electromagnetic field at the fun-
damental frequency co.

The nonlinear generation is quite sensitive to the vari-
ous choice of parameters and we have to make a judicious
choice in order to obtain optimal generation. A clue to
the choice of the parameters is provided by the behavior
of the susceptibilities. From the work of Mollow it is
known that the imaginary part of the susceptibility
g)' (co) shows amplification regions given by

co —rai —[(F02—3
—col)'+4G'] ' ' if rog3) roi.

6'0 =26,80+4G, h, =co23 —cuI .

Be(col )
Bz

1z)"(~i)+z)"(~1,~, —~)
c

Be(ro)
Bz

X g Q7 8 MI

g)"(ru) e(o)),
c

(10)

Be(3')
Bz

[g)"(3m)e(3')+g)" (ro, co, co) e'(cu)} .

In Eq. (9), g)' (roi) just gives the absorption of col by the
medium; g) (roi, co, —co) gives the absorption of the field
coI in the presence of the field at co. These two suscepti-
bilities depend on all orders of the field at col. Both these
susceptibilities can be calculated from the configuration
shown in Fig. 1(c). In writing (9)-(11)we ignore the re-
action of the generated third harmonic on the fundamen-
tal. We also assume that the fundamental is such that
the saturation eA'ects on the transition 1 2 are not im-
portant. The procedure is now as follows —various sos-
ceptibilities are calculated using the fields at a given
point. The nonlinear Eqs. (9)-(11) are integrated nu-
merically to obtain the growth or depletion of various
fields.

Thus for a fixed 60, one should fix the parameters of the
control field so that (8) is satisfied. We will see that this
gives us a lot of Aexibility and hence the possibility of
varying the intensity of the VUV generation.

It should be borne in mind that the susceptibilities
g)' (ro), g)' (3'), and g) (co, co, ro) depend on the inten-

sity II of the control field. The intensity II changes
throughout the medium because as the fundamental field

is amplified it draws energy from the control field. Thus
the above susceptibilities also depend on the spatial coor-
dinate inside the medium. We thus have to examine the
propagation equations for diA'erent fields. The propaga-
tion equations for diAerent fields can be obtained in slow-

ly varying envelope approximation as
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FIG. 2. The behavior of the AI Imp)'1(co)/n~d23~ inside the
sample as a function of z/L for 3co =co~3. We have set
r„=r,3 123 I. The states ~1) and ~21 decay to the state ~3)
at the rate 2I . All Rabi frequencies and detuning are normal-
ized with respect to I . The other parameters for diAerent
curves are (a) 6 =21, G = IO; (b) 6 =G, G =15.45; (c)
6 =15.45, G =16.0O; (d) 6 =15.45, G =16.45.

We have analyzed a number of situations. In what fol-
lows we present some typical results to demonstrate how
the amplification of the fundamental can be used to
enhance the VUV generation. For the range of parame-
ters for which we present numerical results, we find that
the control field Rabi frequency reduces by about 10%
over the length L of the sample assuming aL = 120,
where a=2nn~d~3~ Tz(3co)/hc. This depletion changes
various susceptibilities. In Fig. 2 we show how the gain
of the fundamental changes as the field propagates
through the medium. Different curves correspond to
choices of parameters so that the thin-sample susceptibili-
ty (equivalent to taking the value at z =0) g$' (co) exhib-
its gain in all cases. For certain Rabi frequencies of the
control field the gain is maximum in the middle of the
sample. In Fig. 3 (on the left) we present the behavior of
Imp)' (3co) for a thin sample. We exhibit diA'erent situa-
tions for Imp)' (3co): dashed curve, no control field, i.e.,
G =0; (a), (b) control field oA' resonant with the transition
2 3. The two peaks in the absorption curve are just the
Autler-Towne's doublets which occur at
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FIG. 3. The behavior of hI Imps'1(3co)/nod~3~ (on the left)
and I ~@PE)/n ~d ~3) sg8 (on the right) as a function of the di-
mensionless parameter (3 co~3

—co)/I for the parameters corre-
sponding to the cases a and b in Fig. 2. The dashed curves show
the results in the absence of the control field. For clarity, the
curves on the right were obtained by multiplying the suscepti-
bility by 50 and adding 25 to the abscissa.

3
0.001

~g) (co, co, co)
~

at the modified eigenvalues of the dressed
atom. In Fig. 4 we show the z dependence of
~g) (co, co, co,z)

~
for different operational points. Having

seen the behavior of various susceptibilities that deter-
mine the behavior of the fundamental and the third-
harmonic fields, we are in a position to discuss the inten-
sities of the VUV generation under different strengths
and detunings of the control field. The intensity of the
VUV field as a function of z/L is shown in Fig. 5. We
show diA'erent cases [12]—the dashed curve gives the
usual third-harmonic generation in the absence of the
control field; curves a-d give the generation in the pres-
ence of a control field which is off resonant with the tran-

co/3 3co =—~ —(6 +4G )2 2

2 2
(12)

Even the reabsorption of 3' changes as a function of z
because the control field gets depleted and the sidebands
come closer, leading to an increase in the reabsorption of
the generated third harmonic. Our calculations shown in

Fig. 5 take into account this change in the reabsorption
as a function of z, though for want of space we do not
give graphs here for g)')(3co, z). In Fig. 3 we have also
shown (on the right) the thin-sample susceptibility
~g$ (co, co, co)~ responsible for the harmonic generation.
The curves demonstrate resonant enhancement of

0.0001

0.00 0.20 0.cI-0 0.60 0.80 1.00

z/v
FIG. 4. The figure demonstrates the variation of the non-

linear susceptibility I 2~g)3~)/n~d&3(sg@ along the length of
the sample for the same cases as in Fig. 2.
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FIG. 5. The magnitude of the generated third harmonic
ie(3co)i in units of ihrcg/I id|3ii as a function of z/I. for
aL =120 and for the cases corresponding to a-d in Fig. 2. The
dashed curve gives the values in the absence of the control field.

sition i2) i3). In all cases a-d the fundamental is

amplified as it propagates through the medium. Howev-

er, as shown in Fig. 2, the gain maximum [of g)' (co)]
lies at different points inside the medium. Besides, the
reabsorption of the generated third harmonic is different
in different cases. For example, if we compare cases b

and a then we find that the reabsorption in case b is about
a factor 10 smaller than in case a. The gain features in

different cases a-d are also different. For example, if we

compare cases b and c then we have large gain (cf. Fig.
2) over a rather large region of the sample. This coupled
with smaller reabsorption is responsible for very large
enhancement in the VUV generation. In case d the gain
persists over the entire length of the sample, leading to
much larger generation.

It is thus clear from the various curves in Fig. 5 that
the generated VUV can be doubly enhanced by using
both (i) amplification of the fundamental and (ii) the

negligible readsorption of the generated third harmonic.
It is also clear that larger enhancements in VUV genera-
tion will be obtained for bigger values of aI..

Thus, in conclusion, our work shows the tremendous
possibilities for enhancing VUV generation by suitable
use of control fields and by judicious choice of the
strength and the frequency of the control field.
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