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The instability of a plasma which is supported
under gravity by a magnetic field has earlier been
studied by Kruskal and Schwarzschild' and by Ro-
senbluth and Longmire2 who found that density
perturbations were growing at an exponential rate.
Later investigations'~4 indicated that the instabili-
ty could be suppressed, or at least reduced in its
growth rate, for sufficiently small density gradi-
ents. A different mechanism for its suppression
has recently been based on the effects of the finite
Larmor radius. '

In the present report the problem will be recon-
sidered in terms of the fluid equations. We assume
a two-dimensional case with a homogeneous, mag-
netostatic field B in the z direction of a rectangu-
lar coordinate system, a homogeneous gravitation-
al field g in the y direction, and a plasma with the
unperturbed density distributions of ions and elec-
trons given by N(y). The perturbed densities of
ions and electrons are nj &+Qj and ne =N+n~,
where ni and nq are small compared to ¹ The
electric field E consists, of the unperturbed part
E, and the perturbation E. Ions and electrons are
assumed to have mass velocities v2 and v~ situated
in the xy plane.

Among the approximations to be made the in-
ertia of electrons will be neglected since the elec-
tron mass mz is much smaller than the ion mass
m, . The center of masg of the plasma is assumed
to be at rest in the unperturbed state and only
small mass velocities of the ions are considered
where (v& f)vz is unimportant. Further, we as-
sume small ratios between particle pressure and
"magnetic pressure" and small characteristic
velocities compared to the speed of light c in such
a way that W2 and Wz«t/g«c, where Wi and R~are
the thermal velocities of ions and electrons and
V~ is the Alfven velocity. Then, the influence of
the induced magnetic field on the drifts of the den-
sity distributions is negligible and the electric
field can be expressed by E= -Vp. We also as-
sume the characteristic length ~N/N'( (with
N' = dN/dy) of the unperturbed density to be much
larger than the characteristic lengths L~= 2m/kz
and Ly = 2m/k& of the density perturbation, which
in their turn should be much larger than the ion
and electron Larmor radii pi and p&. Finally,
the unperturbed thermal velocity spectra of ions
and electrons are supposed to be peaked around
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where the scalar pressures are p = 2 mt' .2nz

and Pe =-,' me&e'ne Off&. iagonal elements of the
pressure tensor which arise from the perturba-
tion have been neglected in Eqs. (2) and (3).

From Maxwell's equations we obtain

crulB /p 0=e(nv nv , )+. e0-(BE/Bt),ii ee (4)

where ILL, is the magnetic permeability and E'0 the
dielectric constant in vacuo. A divergence op-
eration on Eq. (4) yields in combination with Eq.

n. n= -(~ /e-)V'y,i e 0

when nz - ne and V2g are supposed to vanish in
the initial state.

The unperturbed electric field is determined
from Eqs. (2) and (3) and the condition that the
center of mass should be at rest:

E = (m, W. '/2eN)VN-m, g/e,20 2

when the thermal energy of electrons does not
exceed that of ions very much. An electromag-
netic force eN(v~0-ve0) x B balances the gravita-
tion and pressure forces in the unperturbed state,

the constant values S;0 and W~p and to give rise
to scalar pressures —,mi bio'N and —,meR'e0'X
which are isotropic in the xy plane. Collisions
are neglected. The equivalent magnetic moment
of a gyrating particle is then constant at least in
first order' in the ratios p;(1/L~+1/ L&) and

pe(1/Lx+1/L&). Since 8 is constant, the "ther-
mal" energies 2miWi and 2meW' as well as pi
and pz will then also be constant in the same or-
der in the perturbed state.

With these starting points, conservation of mat-
ter and momentum is expressed by

sn, /st+div(n. v,)=0; en /st+div(n v )=0, (1)
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440



Voz.UME 7, NUMBER 12 PHYSICAL REVIEW LETTERS DECEMBER 15, 1961

Bn. N' Bg Bn. e. BP
+u - —g~ - zp. 7, (7)

2

Bt B Bx f Bx e Bt io

Bn N' Bpe e
+ u -u. )

Bt B Bx f ie Bx ' (8)

with uf = —,'pro'~tN'/N, &ut=e&/mq, &&=N~t/&,
g =g/~t, and pto is the unperturbed ion I.armor
radius. We observe that eO/et = Vg'/c' « I and

combination of Eqs. (5), (7), and (8) yields

82 82 8v' &- &M. -u +u )&' t+G Q=o, (9)
Bt ie y BxBt Bx

where u&= 2pzp'eN'/e—;B, G=u, e&uzN'/N, and use
has been made of the fact that ~N/N'~ is much

larger than the characteristic lengths L~ and L&.
For perturbations of the form exp[i(kxx+k&y

+&t)], Eq. (9) gives

in which n =kxute, f=kxuf, X=kxu~, and y= -G/
(k 2+k@m)ute2.

If + and ~ within the parentheses could be
dropped, Eq. (10) becomes identical with the re-
sult deduced by Rosenbluth et al. ' for 0& = 0. The
corresponding stability condition would then be-
come'

(k p.)(p.N'/N) &4&@ /&u. ,

where the growth rate wH = (n y)~2 represents that
given by the earlier theory. ' In addition, in the
limit of very flat density distributions, i.e., when
N' is very small, the frequency would become
~ = —af ~'~H.1

However, the terms + and g are of the same
order as f and cannot be dropped. From the pres-
ent definitions g =f and there is an exact cancel-

where v~0 and ve0 are corresponding mass veloci-
ties.

The drift motion and compression of the density
distributions can now be determined' from a diver-
gence operation on Eqs. (2) and (3) in combination
with Eqs. (1) and (6). If terms up to second order
are retained,

lation of the term leading to the condition (11).
Thus, at least in the present approach, the sta-
bility criterion is not given by condition (11) but
becomes instead y&-,' as deduced earlier. '~~ The
cancellation is due to the last term in Eq. (7)
which represents the inertia of the electric cur-
rents produced by the perturbed density gradients.
In the limit of small N' the nontrivial solution of
the frequency now reduces to a = n.

It remains to investigate whether a treatment
of gravitational instability by direct application of
the Boltzmann equation, as has been done by
Rosenbluth et al. ,

' gives additional information
beyond that obtained from the present approach.
In particular, Rosenbluth has pointed out that
the off diagonal elements of the pressure tensor
give contributions which do not vanish when the
relations corresponding to Eqs. (2) and (3) are
subject to a divergence operation. This may
change the results obtained here.

At the present stage it should only be pointed
out that the asymptotic frequency ~ = n = 2~u, e/Lx
for small gradients N' and small driving forces
is physically plausible because the density clouds
would then have time to move through each other
and produce pulsations of the frequency n without

changing noticeably during a period Lx/uze. On the
other hand, the earlier solution' which leads to the
asymptotic frequency &u = =,'f+ i&H depends upon

¹ and cannot be understood in the same way
from physical arguments.
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