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In previous works we have defined statistical equilibrium states for two-dimensional incompressible
Euler equations. We establish here evolution equations governing the relaxation of the system towards

these equilibrium states.
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It is well known that 2D slightly viscous flows tend to
form coherent structures. In previous work [1-6], we
have developed an equilibrium statistical mechanics
which aims to predict and describe these structures as
steady states for 2D incompressible Euler equations. (An
equivalent theory, using a less rigorous mean-field ap-
proach, has been derived independently by Miller [7]. A
comparison with Miller’s approach is made by Robert
[3].) Actually, the resolution of the stationary equation
which gives the equilibrium states is a complex program
since a wide range of bifurcations may occur [5,6,8].
Furthermore, the Lagrange multipliers arising as un-
known parameters in this equation are not easily ex-
pressed in terms of the constants of the motion of the ini-
tial datum.

We establish here a set of time-dependent equations
which govern the relaxation of the system towards its
equilibrium state. Our aim is twofold. First, it is to pro-
vide a convenient algorithm to reach the equilibrium state
(or the equilibrium set when it does not reduce to a
unique state) corresponding to a given initial datum.
Second, it can be used as a sub-grid-scale modeling: It
might describe the complex evolution of the flow without
having to handle a detailed description of the small
scales. Our relaxation equations are of a diffusion-
convection type. The main difference from Navier-Stokes
equations is that they are designed to conserve the energy
and all the constants of the motion of Euler equations.
To close the set of equations we propose a variational
principle for the diffusion fluxes: For a given rate of en-
tropy production the system tends to minimize the
diffusion energy of the fluxes (or equivalently for a given
diffusion energy it tends to maximize its entropy produc-
tion). Although this approach yields an efficient way to
reach the equilibrium state (we prove that if the solution
converges towards some state, it is indeed a Gibbs state),
we are not a priori guaranteed to mimic the actual dy-
namics of the Euler flow. Of course this issue has to be
carefully tested.

We start here with Euler equations in an open, bound-
ed, simply connected and regular domain Q of the plane.
Let u(z,x) be the velocity field; the incompressibility con-
dition is solved by introducing the stream function
w(r.x). We consider the scalar vorticity w(r.x)=(V
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xu)-k, with k the unit vector normal to the plane, and
write the Euler system

w,+V- (wu) =0, 0(0,x)=wy(x), (1)
u=Vx(yk), w=—V2y, y=00ndQ. (2)

For any bounded initial vorticity wo(x), the system
(1),(2) has a unique bounded solution w(z,x) [9]. We
assume here that the initial condition is made of patches
with n uniform vorticity levels a; (but generalization to a
continuous vorticity distribution is straightforward in the
limit n-— o). All the known constants of the motion in
our domain are the following functionals: the energy

Elo} =% fnuzdx= 1 fn yodx:

the area |Q‘| of each vorticity patch Q' with uniform
value a;; if Q is a disk B(O,R), the angular momen-
tum Miw} with respect to O, Miw}=[qxxulx)dx
= fa(R*—xDox)dx]k.

After some evolution, the solution of the Euler equa-
tions becomes in general extremely complicated. Instead
of a detailed description of the vorticity field, we intro-
duce the macroscopic variables p;(x), i =1, ... ,n, which
give, at each point x, the probability of finding the value
a;. 1t has been proved [2,3] that an overwhelming major-
ity of all the vorticity fields with given constants of the
motion are close to a macroscopic state (the equilibrium
state), or to a set of such states (the equilibrium set).
These states are obtained by maximizing the mixing en-

tropy

S {p} =f“s(p)dx, p=0{pix).....p.(x)),
(3)

s(p)= —Zp,- Inp; ,
i
under the constraints (i)

> p(x)=1. forall x.

(i) |

Fiph=J piodx=la’, i=1...
(iii)

E{Za[pi(x)1=E{wo}.

7

© 1992 The American Physical Society



VOLUME 69, NUMBER 19

PHYSICAL REVIEW LETTERS

9 NOVEMBER 1992

It was shown that this problem, to which we will refer
as (V.P.) in the following, always has a solution (possibly
not unique). If p*=(p¥,...,ps) is a solution of (V.P.)
such that each function p;* (x) is continuous and strictly
positive on Q, we can show that there exist Lagrange
multipliers ay, . . . ,an,B such that

_ expl—a; — Ba;jy* (x)]

Z(y*(x))
where Z(y) =X, exp(—a; —Ba;y), and y* is the stream
function associated with the locally averaged vorticity
o*=Y;a;p*. As a result of the relationship X; p;(x)
=1, the functionals F,...,F, give only n —1 indepen-
dent constraints, and we can always take a, =0. Thus to
find the equilibrium states, we must solve the nonlinear
elliptic equation [10]:

p¥ (x) i=l,...,n, (4)

—V2w=—%gdv7ln2, yv=00ndQ. (5)

It always has a unique solution when S is greater than
some negative value B, but when — f is sufficiently large,
bifurcations to multiple solutions generally occur [6,8].

We shall assume that during its evolution towards a
final equilibrium state, the system can already be
described in terms of a set of local probabilities
p1(t,x), ... ,pa(¢,x). In other words, the system has al-
ready undergone fine-scale vorticity oscillations, and the
velocity field u(z,x) is obtained by the integration of (2),
where w(z,x) is replaced by the locally averaged vorticity
@(t,x) =X;a;pi(¢,x). The vorticity patches are trans-
ported by this velocity field, and we suppose that in addi-
tion they undergo a diffusion process, so that the conser-
vation equation for each vorticity probability can be writ-
ten

(p:)+V-(pu+J;)=0, i=1,....,n, (6)

J; is the diffusion flux of the patch i. We impose the
boundary condition J;- n=0, so that the total area occu-
pied by each patch is conserved. We can assume
(without loss of generality) X;J;=0, ie., the locally
averaged velocity of the fluid is u(z,x). Denoting the vor-
ticity flux J,=2X;a;J;, we deduce from (6) an equation
for the locally averaged vorticity

@, +V-(ou+J,) =0, (7)

Since the velocity field is entirely determined by the
field w, the total energy is

Elat=4 [ yaax. ®)

In other words we neglect the diffusion energy E,
=+ Jo X (J?/p;)dx, associated with the diffusion trans-
port, in front of E {®@}. Let us compute the rate of change
of energy in the convection-diffusion process (6). An in-
tegration by part gives E {@} = [ y@,dx. Using (7), we
find

E=f vy Jodx. ©)

We need also to compute the rate of entropy production

S=fn ;s,—x (pi)idx= _fn ;Vp,-' Ui/pi)dx, (10)

where s; =9s/0p; = —1 —Inp;.

To get a closed set of equations, we need to relate the
fluxes J; to the probability fields p;. The usual procedure
is to assume that a local equilibrium is achieved at each
time, and to impose a linear relationship between diffu-
sion fluxes and gradients of the local thermodynamic in-
tensive parameters (like temperature), such that the sys-
tem is driven towards the final equilibrium state with
monotonous increase of entropy. In our case it is difficult
to define a local equilibrium. In short, this is due to the
fact that the entropy density s(p) is a function of the p;’s
alone. There is no local internal energy, so that the pa-
rameter B is not locally defined. This is why we shall
make the hypothesis that the system is near the global
equilibrium. We present first the method in the case with
only two initial vorticity levels a and 0. The state of the
system is then completely determined by the probabil-
ity p1(x) of finding the level a, or equivalently by the lo-
cally averaged vorticity @(x) =ap;(x). At equilibrium,
s'—By=aj/a is a constant on Q (s'=ds/d®); this is just
equivalent to (4). Thus, near equilibrium, this quantity
will have only weak gradients. Since there is no internal
energy, the relaxation towards equilibrium is only con-
trolled by the diffusion of vorticity. Therefore we can
write a linear relationship between J,, and V(s'— By). As
a simple approach, we make the strong assumption that
this relationship is local and isotropic: J,=A(x)V(s'
—By). But Vs'=—Va/lo(a—a)], and to avoid singu-
larities A (@) must vanish for @ =0 and @ =a. Then the
simplest choice is A(@) =d(a — @) A, where 4 is a con-
stant. The parameter B is determined by the conservation
of energy, using (9), which yields

p=-f vwvaix/ [ sa-@wpax.  an
The growth of entropy (10) implies that 4 >0, and we
finally obtain [11] our evolution equations for @:

@, +V-(@u) =AV32o+ ApV-[(a — D)@ Vy] ,

o 12)

[Vo+p(a—@)odVyl-n=0, ondq.
This is similar to the Navier-Stokes equation but the usu-
al diffusion term is corrected to exactly satisfy the energy
conservation, while ensuring a monotonous increase of en-
tropy. This correction is nonlocal in terms of the vortici-
ty, which is not surprising since the vorticity variations
influence velocity over long range.

The same method could be used for the case of n vorti-
city levels, but we are not able to determine the corre-
sponding matrix of diffusion coefficients by pure symme-
try arguments. We instead reformulate the problem and
propose a variational principle to determine the fluxes J;.
We will make the following hypothesis:

(H1) For any given state p=(p,, ... ,p,), the rate of
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entropy production S when the system is at p is a func-
tional of p; we will write S =Cf{p}.

(H2) The system distributes its fluxes in order to mini-
mize the diffusion energy. That is, the actual fluxes J*
will satisfy the following variational problem (V.P."):

E 0T, I =minEgU,, ... T,
under the constraints

(C1) §=cip}, (C2) XJ;=0, (C3) E=0.

This variational problem always has a unique solution
J¥,...,J¥. There are two Lagrange multipliers 4,B
such that for any variations 8J; satisfying X, 8J; =0, we
have 6E;=A8S+BSE. A straightforward calculation
then gives that J*/p; — AVs; —Ba;Vy=F(x), for all i.
The function F(x) is calculated thanks to the relation
> JF =0, and we get

JFf=—AVp,—B(@—a;)p;Vy. (13)

The constants 4,B can be now calculated thanks to the
constraints (C1) and (C3). The conservation of energy
(C3) gives the ratio B=B/A,

ﬂ=—anW'V“_’d"/fn [Zaizpi——ﬁzJ(Vy/)zdx. (14)

From the strict convexity of the function a — a2, it fol-
lows that (X a;p;)? < X ap;, with equality only when all
the p; are equal to 0 or 1. It follows that B is defined for
any mixed state. The entropy condition (C1) then relates
A to the entropy variation C{p} and gives that 4 must be
of the same (positive) sign as C{p}. Finally, let us sum-
marize our relaxation equations for an n-level vorticity:
(pi) +V-(pu+J*)=0, i=1,...,n,

J¥=—ap}Vp; — (@ —a;)p;Vyl, with J¥ - n=00ndQ ,
u=Vx(yk), @=X a;p;i=—V?y, withy=00ndQ.

(15)
In the particular case of a vortex patch with vorticity a
surrounded by irrotational fluid, (15) and (14) reduce to
our previous results (12) and (11). Notice that we do not
need to make an a priori hypothesis of local equilibrium
or of linear dependence of the fluxes on the forces. The
linearity is merely a consequence of our variational prin-
ciple [12]. In the general case of a continuous initial vor-
ticity distribution, (15) is straightforwardly generalized
by replacing the finite set p;(z,x) by the continuous vorti-
city distribution p(a,z,x).

In the particular case @ =B(O,R), we must also take
into account the constraint given by the angular momen-
tum. Then the fluxes have to satisfy the supplementary
condition fnx~ J,dx=0. Thus the optimal fluxes J* can
be written

J¥=—AlVp,— (@ —a)p:(BVy+ yx)],
where B and y are determined by the linear system

Bfeszzdx+ yfezx-dex= -wa-Va‘;dx,
(17)
B [ o vyax+y [ o%x2ax=— [ x-Vadx,
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(16)

where 02=Z;ai2pi—a°)2. We easily show, using the
Schwarz inequality, that the determinant of this system is
always >0 (we suppose that some mixing has occurred,
so that 8> 0 everywhere), and the solution for § and y
is therefore unique, except in the degenerate case of a
solid body rotation. In the case of a channel with period-
ic boundary conditions, the linear momentum is con-
served instead of the angular momentum [6], and this
case can be treated similarly.

The link with the equilibrium theory is confirmed by
the following proposition: Let us suppose that the solu-
tion p;(¢,x), i=1,...,n, of the system (15) converges
(in a strong enough sense) when ¢ goes to infinity, to-
wards a stationary state p;(x), such that p;(x) =¢>0,
for i=1,...,n. Then p;(x) is [13] a Gibbs state (4)
with B=l1imB(t), t— . To prove this proposition, we
write from (10) to (13)

§= _f ZL[VPi_ﬂ(ﬂT_ai)inW]'dex
50 pi
—fnZM—anw-mx,
but this last term is zero, due to the fact that %;J* =0
and [oVy-J3dx=0.

Thus it follows that

S=fn;§wp" —B(@—a;)piVy)?dx.
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FIG. 1. The vortex merging obtained by our model equations
(in a square domain with side 3.14, resolution 642 grid points,
A=1072). The two initial spots have a vorticity a =1, with
smoothed edges to avoid initial vorticity discontinuities. (a)
Vorticity contours with interval 0.1. (b) Time evolution of the
angular momentum (M), energy (E), entropy (S), enstrophy
(D). (c) Comparison of the final radial vorticity profile (4)
with the result from Navier-Stokes equations with the same
initial condition (B, resolution 2562, viscosity 3x10 73, time
1 =400).
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In the limit of a steady state, S vanishes so that each
current J vanishes, and by subtracting two terms we get
Vin(pi/p,)+B(a;—a,)Vy=0, i=1,...,n—1. It im-
plies that In(p;/p,)+B(a; —a,)y has a constant value
—a; on Q. Then, using X p;(x) =1, we get indeed the
Gibbs state (4).

As an example of an application, we compute the
merging of two vortices (Fig. 1). We use a pseudo-
spectral scheme, and the computation domain is square
for convenience (with periodic boundary conditions in a
twice wider domain obtained by symmetry with respect to
the wall). However, in order to simulate an infinite
domain, we also impose the conservation of angular
momentum. Therefore we solve (6) with a single nonzero
vorticity level a, with diffusion current (16) and condition
(17). The energy and angular momentum are indeed
constant, while entropy is increasing and enstrophy
Jow?dx is decreasing [Fig. 1(b)]. The viscosity A
=10"2 results from an adjustment: With much lower
values (0.2x10 ~2), vorticity structures at the grid scale
are not sufficiently damped and numerical errors appear
(in particular entropy fluctuates). For high values of A,
the vorticity diffusion is too strong, and the merging
occurs too quickly. Nevertheless the final state, a steady
axisymmetric vortex, is independent of A4: It is the equi-
librium state corresponding to the initial energy and an-
gular momentum. Its radial vorticity profile is found
in good agreement with a direct computation of the
Navier-Stokes equations at high resolution and weak
viscosity [Fig. 1(c)].

In conclusion, we have proposed a set of evolution
equations which provides a convenient algorithm to com-
pute the equilibrium states corresponding to a given ini-
tial datum. Besides this fact, these equations can be con-
sidered as a small-scale modeling of the Euler flow. They
have the property of smoothing the vorticity fluctuations
at small scales, but unlike ordinary viscosity, they con-
serve all the constants of the motion of the Euler system
and can drive the system towards nontrivial organized
structures at long times. The irreversibility of this model
is expressed by the monotonous increase of the mixing en-
tropy. The smoothing effect can be adjusted by the
viscosity coefficient A4, according to the spatial resolution
of the explicit scales. Of course we have made strong as-
sumptions on the diffusion process, and this is only a first
step towards a more sophisticated modeling of the Euler
flows.
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the computations.
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