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A systematic analysis of renormalization schemes and a general proof of the precise formulation of the
equivalence theorem are given in the R¢ gauge for both the SU(2), and the SU(2) xU(1) theories. The
precise formula for the modification factor Cmed is obtained, and a convenient particular scheme in
which Cmed is €xactly unity is proposed. Cmod in other schemes are discussed up to one loop in the heavy

Higgs boson limit.
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Longitudinal weak boson scattering V§Vf— ViVE (V
stands for W ¥ or Z°) is one of the most important pro-
cesses to be studied at the Superconducting Super Collid-
er and the CERN Large Hadron Collider. The longitudi-
nal component V{ arises from ‘“eating” the would-be
Goldstone boson ¢% therefore V#V?— V§V{ is related to
the scattering of Goldstone bosons, which probes the
mechanism of electroweak symmetry breaking. It is well
known that the relation between the two scattering ampli-
tudes at energy E> My can be described by the
equivalence theorem (ET), which states

TWL, ... . Vin®)=TGs",...,ip" ®)+OMWw/E),
)

where @ denotes other possible physical particles. This
simple relation was given by many authors [1] and was
claimed to hold to all orders in perturbation theory for
any value of the Higgs boson mass my. Equation (1) is
very useful for calculating T(V{',...,V[",®) and has
thus been widely used [2]. However, Yao and Yuan [3],
and Bagger and Schmidt [4], pointed out recently from
more careful examination of loop contributions that, in
general, there should be a modification factor C for each
external Goldstone boson field ¢%, and C#1 beyond the
tree level, i.e., (1) should be modified as
TWL, ..., Vi"®)=C"T(ip", ... ,i¢"" ®)+O0My/E).
(2)
The formula for C to all orders in perturbation theory
given in Ref. [3] is rather complicated, and the renormal-
ization prescription they suggested for making C=1 re-
lies on the explicit calculation of C, so that it is cumber-
some in practical calculation. Since the ET is so useful, it
is of special importance to make this issue clearer and
simplify the expression for C. In this Letter, we will give
a brief account of our recent work [5], including (i) a sys-

tematic analysis of the renormalization schemes in the R,
gauge for both the SU(2), theory and the SU(2)xU(1)
electroweak theory, (ii) a general proof of the precise for-
mulation of the ET in which a simple formula for C is ob-
tained, and (iii) a proposal for a particular renormaliza-
tion scheme in which C is exactly unity and which is easy
to implement in practical calculations. The details of this
study will be presented in a longer paper [6]. We shall
also show results, explicit up to one loop, for the heavy
Higgs boson decay H— W/ W, in some currently used
renormalization schemes which are different from our
particular scheme, and we shall see that in those schemes
C—1 is, in general, not small and the £-dependent part
in T@i¢",...,i¢p™ ®) is generally not O(Mw/E) sup-
pressed.

1. Renormalization schemes in the R: gauge.— Con-
sider the standard model. The Higgs and ghost fields are
denoted by H, ¢ ¢° respectively. We take the R; gauge
with the gauge fixing term written as

L=~ 5 (F§)?, F§=(£) ~"20,V8 — (£6) K808 ,
©)

where the subscript 0 denotes the bare quantities, and we
have put a free parameter x§ in (3) instead of taking it to
be the mass of V} for generality.

The SU(2), theory: This is the case of neglecting the
Weinberg angle in the SU(2) xU(1) electroweak theory.
In this case V =Wj. We simply take &§ =&, x§ =k, for
a=1,2,3. The multiplicative renormalization constants
are defined as follows: The renormalization constants for
the physical sector are defined in the same way as in Ref.
[7]1, while those for the unphysical sector are defined as
08 =Z4"0%, c§=Zc", 4 =0C% Eo=Z:&, Ko=Z K.

Taking the functional derivatives of the generating
equation for Ward-Takahashi (WT) identities [8], we ob-
tain the following identities:

ik liDgps (k) + &6 "k k1 + My oColk D [iDggl (k) — ixok,] =0,
ik [ — iDggp (k) +ixok,] + MuoColk D iDggs (k) +Eoxd] =0, 4)

iSoad (k) =[1+A3(k )]k ? —§0KOMwoé()(k 2)]5ab s

where Doyy, Dogy, Dogg, and Soap are, respectively, the bare propagators of the W field, W-¢, ¢ field, and ghost field, and
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Colk =114+, (k) + Ak )1/11 +A5(k D], with the A’s defined in Refs. [5,6] (see also the similar definition in Ref.
[4]). The identities (4) put constraints on the renormalization constants which can be written as

Ze=Q:Zw, Ze=02ZWZ, 227", Zy=0,ZwZk, Cé(sub point), Z =0 [1+A;(sub point)] ', (5)

where Q¢, Q, Q4, and Q. are finite constants to be determined by the subtraction conditions.
After renormalization the renormalized C(k 2) is

C(k?)=(Zw/Z) " Z,, Colk?) . (6)

We shall see in Sec. 1I that this C(k 2) is directly related to the modification factor in (2).
The physical propagators can be expressed in terms of the proper self-energies:

k“k ][ k2+Mp — nWW(k’-)]+kkk (=& "k 2+ MY —Tlyw (k)]

iD (k)= |gu—

Doy (k) = — ik, [IMw — k+Tlwe(k2)], iDgg' (k) =k?—Ex?—Tlye(k?), iSsp' (k) =k*—ExMy —T1:(k?) .

We can see that all the unphysical parts of the physical propagators manifest the same tree-level pole at k2=&xMy.
Thus the renormalized WT identities become

(Tpw — M) (M — k2 =k 2(Mwe + Mp) 2= 7' (1— 07 DIk 2 —ExMpy) 2 — k (T, + 2ExTTwy) — E2x Ty ]

Q=1 ., )= -
+2k 0 [(k*—ExMuw)IMw+k *Tlwe+ ExTpw]
¢
(a,—1)? -
KZ—Q—[kZ—gMEV+5r1WW], @)
&

Ck?) =M} —Tlyw+ k217 — DVIMp+ Myl + xMy (07 0 — 1],
f,:=k2—&xcMp) — ZN+ A3k )k 2 —ExMy Q,C(k )] .

Equations (7) are instructive for finding renormalization '
schemes simplifying the expression for C(k 2). Furthermore, from (7), we can propose a particular re-
We first take an on-shell scheme in such a way that for normalization scheme which makes C(.’,‘KMW) exactly
the physical sector we take the usual on-shell scheme unity. We shall call it scheme II. In this scheme we sim-
[7,9], and for the unphysical sector we take the following  ply take ©,=1. Then the on-shell condition IT,(ExMy )
on-shell conditions: =0 can be satlsﬁed by adjusting Z, (In this case the
lww (ExMw) =Tlws(ExMp) residue of DM at k2=E&xMyy is not normalized in the con-
- - ventional way, but this does not affect the physics.) This
=Tles(§xMw) =TI (ExMp) =0, determination of Z, also concerns only the renormaliza-
We call this scheme I. When =1, x =My, and at one- tion of I, so that it is easy and natural to implement.
loop level, these on-shell conditions reduce to that adopt- The SU(2) xU(1) electroweak theory: In the charged
ed in Ref. [7]. In the general R; gauge, it can be shown sector, the WT identities for the bare propagators are
that TTyw (ExkMw) =0 can be satisfied by adjusting the  also of the form (4) but with much more complicated A’s
parameter Q¢ — 1; Tlpg(ExkMy) =0 can be satisfied by ad-  [6]. The renormalized C*(k?) is C¥(k?) =(Zw/Z,) '
justing @,—1. Then the conditions Twe(ExMw)  xZp,C8 (k?). We can still have renormalization
=I1;({xMw) =0 are guaranteed by the WT identities  scheme I and scheme II parallel to the two schemes in the
provided x=My. [For Mw,(éxMw) =0, the condition  SU(2), theory, in which
x =My is needed only beyond one loop.] The remaining WA 1w
Z,4,Z are then determined by the conventional normaliza- Y (EW Y M) ___{(Q" )7 («"'=Mw), schemel,
tion of residues at the pole k2=¢&xkMy. After doing this, 1, scheme I,
the expression for C(ExMy ) can be greatly simplified,

(©))

where the Q) is the finite constant in ZY [similar to Z,

. My +xMy (' —1) in (5.
C(g"'Mw)lx-Mw M3+ M (07 a—1) In the neutral sector, the corresponding formulas are
v whike *=My much more complicated due to mixings. Quite lengthy
=0, (8)  analysis and derivation show that [6]

Now C(EkMw)|c=p,, is exactly given by a single quan-
tity Q. which has already been determined in our renor- C?(e%kZM3) ={
malization scheme I itself.

(@?%) 7" (k?=M), schemel,
1, scheme Il ,

(10)
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where @77 is the finite constant in ZZZ. (2 7" (k=Mw, £=1), scheme

I1. Precise formulation of equivalence theorem.— The mod ={ ) _ ' ! ' (13)
general proof of ET consists of two parts: (i) Deriving a I (x=Mw/E), schemelI.
Slavnov-Taylor (ST) identity for the gauge fixing func- It can be shown that scheme II is the only renormaliza-
tion F§, (0|Fg' (k1) - - - Fg"(k,)®|0)=0; (ii) doing renor-  tion scheme that makes Cmod €xactly unity [10].
malization and amputating the external F{§ lines to obtain The SU(2)xU(1) electroweak theory: A lengthy

the scattering amplitude. Since F§ contains both a  derivation shows that [6] ET in the SU(2)xU(1) theory
k*V3 (k) term and a ¢§(k) term, this amplitude can then s also of the form (11) with
give the relation between T(V['...,V{",®) and

W= hysy AW ( 102
TGe¢™, ... ip" @), which is the desired ET. The above Crmoa =(Mw/MF*)C" (M) , (19
identity has already been proved by Gounaris, Kogerler, z hys\ AZ( 102
and Neufeld [1]. Therefore the crucial thing for obtain- Choa =(Mz/MEZ™)C*(M7) .

ing the precise formulation of ET is to do the renormal-
ization and amputation properly. The technique for do-
ing amputation in the SU(2), theory has been developed W1 W w
in Ref. [4]. We have generalized it to the more compli- = (@)~ (¥ =Mpy,E"=1), schemel,
cated realistic SU(2) x U(1) theory. ™4 (k¥ =My /EW), schemell,

In our renormalization schemes I and II, C¥oq and CZa
take the simple forms

The SU(2), theory: Directly applying the technique in (1s)
Ref. [4] we obtain (QZ2) 7' (xZ=My,£2=1), scheme I
TV, ...,V("®) Cioa= 7 2
1 (k2=Mz/E%), schemell.

=(Cmoa)"T Gip", . . . ,i¢" ®)+OMWw/E), (1) I o o formulation of ET f
. . : 0o summarize, the precise formulation o or
where the modification factor i SU(2), and SUQ)xU(1) theories is Eq. (11) which
Crmoa = (Mw/My>" ) C(M%) . (12) holds to all orders in the gauge couplings with arbitrary
Here we have considered the possible difference between my. It reduces to (1) only in scheme II. In general Cpod
the multiplicatively renormalized My and the physical may be significantly different from unity and it may even
mass (pole of the full physical propagator) MJ™ in some  contain a large [not of O(My/E)] &-dependent piece. As
renormalization schemes. For on-shell schemes, MJ™* an example, we consider the amplitude up to one loop of
=Mw. Then with Eq. (6), (12) reduces to the @ H— W/ W, in various currently used renormalization
modification factor given in Ref. [3]. However, in our re- schemes other than scheme II. For simplicity, we only
normalization schemes I and II, the formulas for C(M3}) present the results in the heavy Higgs boson limit. In this
are greatly simplified, and we obtain case, the H— W W, decay amplitude for my =1 TeV
| and g2=0.422 [11] is

19 33 |, 5z22
2 2P a2
16 8 48

2
|4 &2 mi

TH—Wrw )=
Lo 1672 My

To=[1+0.07311T,, (16)

where T is the tree-level amplitude and only O(g2m3/M#) terms are kept in (16).

(i) In the on-shell scheme by Bohm, Hollik, and Spiesberger and by Hollik [7], Z, is chosen to be Z,=Zy. For
mp> My,

2 2 w
ma | _13 3| _3 mi &Y
Mp 16 8 8 M3 4

2
1672

mé }
n=>s
My
and

2 2 2 w 2
Cgte)=—{14 &2 |ma |45 _5V3_ sa’ | W mig
TH—¢"¢7) {1+]6”2[M%,[16 g ot 48] 21"M3y }To,
where Ty is the same as that in (16). We see that both r
Croa and T(H— ¢*¢ ™) have large &-dependent pieces = (CHog)*=1—0.222+0.04£%, which is quite different
and they cancel in the product (C.q)*T(H— ¢*¢ ) up  from unity.
to one loop. The &-independent part in i%(CYoq)?T(H (ii) In the on-shell scheme in Landau gauge by Marci-
— ¢*9 ™) just coincides with that in (16) as it should ano and Willenbrock [11], Z, is determined by dTlee/
according to (11). Numerically, (Choa)?=1—0.111  dk?|;220=0. Up to one loop, Cnea=1+0(g?), ice.,
+0.026%, TH—9¢% 97 )=—1140.184—0.026"1T,.  there is neither O(g2mp/M#%) 14l nor O(g2ln(mp/
We see that (Cq)2—1 is not small. Therefore, im-  M#%)) terms in Cmog. On the other hand, the value of the
proper use of Eq. (1) in this scheme is apparently inade-  obtained i’T(H— ¢*¢~) with my=1 TeV coincides
quate. Note that in the longitudinal-W“boson scattering, = with the right-hand side of (16). Thus this scheme is
WEW] — WEWSE, the total modification factor in (11) is  convenient in the heavy Higgs boson limit up to one loop.
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(iii) In the on-shell scheme by Aoki et al. [9], the phys-
ical particles are renormalized on-shell, while the unphys-
ical sector is renormalized by the minimal subtrac-
tion scheme. In the heavy Higgs boson limit, up to one
loop, with my=1 TeV, (C%4)2=1-0.0522+0.02&%
and T(H— ¢ ¢~ )=—1[140.1253—0.026"1T,, where
(C%4)?—1 is also not negligible, and i2(Cl.4)*T(H
— 079 7) coincides with (16) as it should since (16) is
scheme independent.

(iv) In the complete minimal subtraction scheme, the
result is the same as that in the on-shell scheme by Aoki
et al. [9]. This is easy to understand since Cloq is related
only to the renormalization of the unphysical sector.

(v) The intermediate scheme [7] is a widely used
scheme with G, taken as input instead of M. In this
scheme MEMY#My. The renormalization scheme for the
unphysical sector is not specified. If we take the scheme
in Ref. [7] or in Ref. [9] for the unphysical sector, we get
a large Cmod — 1. If we take our scheme I for the unphys-
ical sector, we get Crmoa =1+01(g?).

Conclusions.— We have proved that the precise formu-
lation of ET in the R; gauge in both the SU(2), and the
SUQ)xU(1) theories is of the form (11). The
modification factor Cped is given by (12) and (14) which
is both renormalization scheme and & dependent. In
scheme I, the expression for Cnod is already determined
by the renormalization scheme [ itself. We have also
proposed a particular scheme II in which Cpoq is exactly
unity, so that ET is described by the simplest form (1).
Scheme 11 is easy to implement in practical calculations.

We have also calculated Cy0q in other currently used
schemes other than scheme II up to one loop in the heavy
Higgs boson limit. It is shown that the intermediate
scheme with scheme I for the unphysical sector is a con-
venient scheme in which (1) holds approximately in the
heavy Higgs boson limit. In other schemes, such as the
Bohm-Hollik-Spiesberger scheme [71, etc., Ciod is signif-
icantly different from unity even in the heavy Higgs bo-
son limit and it even contains a large &-dependent piece.
So, one should be very careful when using ET with these
schemes.
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