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Universal Properties of the Wave Functions of Fractional Quantum Hall Systems
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We show that the wave functions of the fluid ground states of fractional quantum Hall systems, in the
thermodynamic limit, are universal at long distances and that they have a generalized Laughlin form.
This universality is a consequence of the analytic properties of the equal-time density correlation func-
tions at long distances. The correlation functions calculated from the field theoretic approach to the
fractional quantum Hall efIect have the correct analytic properties and the wave function calculated in

the Gaussian approximation becomes exact in the asymptotic limit.
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The Laughlin wave function for the fractional quantum
Hall eA'ect (FQHE) is a fascinating object. It describes
the behavior of interacting electrons in a heterostructure
in the presence of a strong magnetic field. This wave

function has an exceedingly simple structure which does
not depend on properties of the material and has almost
no dependence on the magnetic field itself. For an in-

teracting two-dimensional electron gas (2DEG) in a per-
pendicular field of strength B and filling fraction v= 1/m

(m an odd integer), the Laughlin wave function [1] is

In this sense, it is universal. But, what is the physical ori-

gin of its universality? Wave functions of many-body
systems are usually very complex objects. At some level

of approximation they can have simple intuitive proper-
ties, e.g. , the BCS wave function for superconductors.
However, in general, they are neither simple nor univer-

sal. A number of arguments have been given to explain
this universality. Laughlin [1] and Haldane [2] have ar-

gued that this is the unique 3astrow wave function, an-

tisymmetric in the coordinates, with a given value of the
angular momentum that can be written entirely ip terms
of the single particle states of only the lowest Landau lev-

el. Thus, as the Landau gap is taken to infinity, this
should be the wave function. Trugman and Kivelson [3]
and Haldane [2] have constructed ultralocal model Ham-
iltonians which, by construction, have the Laughlin wave

function as the ground state. There has also been

significant amount of eAort to treat the FQHE problem
within a conventional field theoretic approach [4-7]. In

these schemes, the physical properties of the system are
derived without the explicit use of the wave function. It
is hard to understand what the relationship is between
these two approaches. This motivates the issue of deriv-

ing the wave function from the field theory as a way of
understanding the origin of its universality. Recently
Kane et al. [8,9] showed that the wave function obtained
from the Landau-Ginzburg field theory of FQHE coin-
cides, in the Gaussian approximation, with the Laughlin
wave function. Using methods of collective field theory,

Sakita [10] has also proposed a derivation of the Laugh-
lin wave function. But, in more complex FQHE states
which require the use of the hierarchy [11—13], no such

simple construction is yet available. However, it is not
clear why the Gaussian approximation to the field theory
should give exactly the Laughlin wave function. This re-
sult suggests that there should be a limit in which the
Gaussian approximation is exact [14].

In this paper we show that, in the thermodynamic lim-

it, the exact asymptotic properties of the wave function,
when its arguments are separated by distances long com-
pared with the cyclotron length (but short compared with

the linear size of the system), are completely determined

by the long-distance behavior of the equal-time density-
density correlation function (i.e. , the structure factor).
We show that the universality of the wave function in this
limit is a direct consequence of the gauge invariance and
of the analytic properties of the electromagnetic response
functions which, in turn, follow from incompressibility
and Galilean (magnetic) invariance. We explicitly show

that the absolute value of the exact wave function for the
incompressible ground states has the same form, at long
distances, as the Laughlin wave function with a universal

exponent equal to 2/v. This result implies that, in general
and for systems in the thermodynamic limit, the asymp-
totic form of the wave function is necessarily nonanalytic
since 2/v is not generally equal to an even integer. It pre-
dicts the well-known results for a single Landau level and
for the states in the Laughlin sequence, It also predicts a

nonanalytic behavior for the states in the hierarchies
[11-13] and for IQHE states with v) 1. This singular
behavior is valid when any pair of variables of the wave

function x~ and xt, satisfies max(l, d) && ~x,
—xt, ~

&&R,

where d is the mean particle separation and R is the
linear size of the system. This singular behavior implies
that, in the thermodynamic limit, the wave functions, for
states of the hierarchy, such as v = &, cannot be written

only in terms of purely analytic functions. The analytic
form of both the hierarchical and 3ain wave functions is

so involved that explicit formulas valid in the thermo-
dynamic limit are not available. Even the form for the
"simple" case v=2 is not known. This result is applic-
able to a broad class of models of a two-dimensional elec-
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tron gas, with reasonably local interactions and with in-

compressible ground states [15]. In particular, the fer-
mion field theory of Ref. [6] (hereafter referred to as I),
as well as the Landau-Ginzburg approach [9], yields the
response functions in the form of an expansion in powers
of 1/8, which satisfy the required symmetry and analyti-
city properties. Therefore, the asymptotic form of the
wave function of these theories coincides with the Laugh-
lin state [16].

We begin with the problem of the calculation of the
wave function from field theory. In order to write down

the wave function for this system, we have to choose a
complete set of eigenstates on which to project the ground
state. In the absence of external sources, the 2DEG con-
serves the electric charge. The charge and current opera-
tors p(x) and Jl, (x) (k =1,2) obey a continuity equation
and the system has a local electromagnetic gauge invari-
ance. The charge and current operators satisfy an alge-
bra which follows from the anticommutation relations of
the electron field and from gauge invariance [17,18].
Therefore, the current and the density operators do not
commute with each other. Since a perpendicular magnet-
ic field is present, the commutator of the space com-
ponents of the current at equal times is nonzero. Hence,
the eigenstates of the 2DEG in the presence of a perpen-
dicular magnetic field are representations of the group of
magnetic translations (or magnetic group). We will work
in the density representation [19]. The eigenstates of the
density operator, given by J;-~B(x—x;) —p (p =N/L ),
form a basis of the subspace of states with a fixed number
of particles.

In Ref. [20], one of us derived a formula which gives
the absolute value squared of the wave function of the
ground state of a field theory in terms of the generating
function of the equal-time correlation functions. Using
the same method we write the square modulus of the
ground-state wave function for a fractional quantum Hall
system, in the density representation, in the form

)+[p]
~

=„2)Ap(GS~ Te
' ~GS)e', (2)

where ~GS) is the ground state. Since we are interested
only in equal-time correlations, the time component of
the electromagnetic field Ao must act only at one time xo,
i.e., Ap(x) =Ap(x)b(xp). The expression in the in-
tegrand of Eq. (2) is

(GS~Te
' "~~GS) =„2)ii'&iir&a„

xexp{iS(yt, y, a„,A„)] . (3)

Here y are the fermionic fields and a„ is the gauge field
introduced in I. For arbitrary values of an external weak
electromagnetic field A„, the path integral of the right-
hand side of Eq. (3) is the generating function of time-
ordered density and current Green functions. The equal-
time density correlation functions are obtained from Eq.
(3) by setting Ap(x) =Ap(x)b(xp) and all the space

components of the external electromagnetic field to zero.
Notice that this refers only to the weak perturbation, not
to the fixed magnetic field B.

In paper I, we presented a theory of the FQHE based
on the method of second quantization with fermion path
integrals. We showed that there is an exact equivalence
between the interacting 2DEG and the same system cou-
pled to a Chem-Simons vector potential a„, the statistical
vector potential, whose only role is to bind each electron
to an even number of flux quanta. This theory has a
semiclassical (or saddle-point) expansion in powers of h.
Because of the macroscopic degeneracy of the Landau
levels, the semiclassical expansion becomes an expansion
in powers of the inverse of the external magnetic field 1/8
[21]. But, the gradient expansion is also an expansion in

powers of 1/8. This fact has important consequences in

what follows below. The leading order of this expansion
is the average field approximation (AFA). We found
that, at the level of the AFA, the system has a gap if the
filling fraction v satisfies 1/v =1/p+ 2s, where p and s are
arbitrary positive integers [22]. The case p=l is the
Laughlin sequence. It is the existence of a nonzero gap at
the level of the AFA that makes the approximation con-
sistent. We found that the Gaussian (or semiclassical)
fiuctuations of the statistical vector potential are responsi-
ble for the FQHE in the sense that, at the semiclassical
level, the Hall conductance has exactly the correct value.
One of us [23] has also showed that the quantum num-
bers of the quasiparticles (and quasiholes) are exact at
the Gaussian level. In Ref. [7] (hereafter called II), we
have also calculated the semiclassical approximation to
the linear response functions of the system to small exter-
nal electromagnetic perturbations. The following results
from II are crucial to the derivation of asymptotic proper-
ties of the wave function: (a) To leading order in Q the
electromagnetic response functions have a pole at the
Kohn mode [24] with weight Q, and (b) as a conse-
quence of gauge invariance the higher-order response
functions have higher powers in Q and, hence, in I/8.
These results hold for any model Hamiltonian of the
&DEG with reasonably local interactions, i.e., with pair
interactions which obey Q V(g) 0 as Q 0, where
&(Q) is the Fourier transform of the interaction poten-
tial.

The path integral on the right-hand side of Eq. (3) can
be written in terms of the effective action S,ff(A„) for the
external electromagnetic field. In the thermodynamic
limit, and for weak fields, the eAective action admits the
expansion [7]

fO fO

S,ff(Ap) =—„d x d yA„(x)K"'(x,y)A„(y)+

(4)
Here K"' is the polarization tensor. Since we need only
the density correlation functions, it suffices to know the
zero-zero component of K"'. In momentum space, and in
the small Q limit, we find [7]
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K ( Q)= — +0((Q')') (5)
N Nc + lE

The dominant term in K is of order 1/8 H. igher-order
terms in the gradient expansion will contribute with

higher powers of 1/8. The same observation applies for
all the corrections to K originating in higher-order
terms in the semiclassical expansion. Here the thermo-
dynamic limit is crucial since we are only taking into ac-
count fluctuations with wavelengths short compared with

the linear size of the system. The higher-order terms,
which vanish like powers of Q /8, can only be neglected
for an infinite system.

An important feature of this result [Eq. (5)] is that it

saturates the f s-um rule. In units in which e =e =iii =1,
the sum rule for the retarded density-density correlation
function Doo states that

dN .
ituDou(co, Q) = Q

Using the relation between the polarization tensor and
the current-current correlation functions (see, for exam-
ple, Ref. [23]), and the relation between retarded and
time-ordered Green's functions, we can verify that the
leading orde-r term of Koo saturates the sum rule. Thus,
higher-order corrections in the expansion cannot modify
this result.

Using Eqs. (4) and (5), Eq. (3) becomes

(GSlTe lGS) =exp — d x d yAO(x) lim K (x,y) Aii(y)+
2 aJ

,. 0 . 0

~ ~ ~ (7)

or, by Fourier transforming the exponent, we get

(GS1 Te
'

lGS) =exp' — A o(Q) K (co,Q) Ao( —Q) +—ifAop i d dN oo

2 " (2z) 2 " — 2tr

As we remarked before, the leading-order term in Q in

K saturates the sum rule. Hence, none of the higher-
order terms in the gradient expansion (or Q expansion)
or in the semiclassical expansion of the path integral can
possibly modify the coeScient of the Q term in the ex-

ponent of the right-hand side of Eq. (8). In other words,
the corrections coming from non-Gaussian and short-
distance fluctuations cannot modify the leading-order be-
havior of K, and, therefore, the leading-order behavior
at long distances of the wave function.

Furthermore, the terms dropped in the exponent of
Eqs. (7) and (8) represent equal-time density correlation
functions with more than two densities. These terms give
rise to three-body corrections (and higher) to the wave

1

function and modify the Jastrow form. The kernels of
these nonlinear contributions are, by gauge invariance,
required to be transverse. Thus, in momentum space, the
residues of their poles have higher powers in Q than
K (ai, Q). Since, by dimensional analysis, each power of
Q has to come with a factor of 1/8, these terms which

are not bilinear in the densities are subleading contribu-
tions in the limit 8 ~. At the level of the Gaussian (or
semiclassical) approximation, these kernels are equal to
zero. All of these considerations hold provided that the
Fourier transform of the pair potential satisfies Q V(Q)

0 asQ O.

Thus, we find that the absolute value squared of the
wave function is

P I d2Q 2v t d2
1+[p]1'= 2)Aoexp

(2tr) 2 $tr (2tr) 2Ao(Q) Ao( —Q) —rJ Ao(Q)p( —Q)

To obtain this result we used that p/B=v/2tr and that
to, =8/M. Since the exponent of the integrand is quad-
ratic in Ao, the functional integral of Eq. (9) can be cal-
culated explicitly. After transforming back into real
space we get

N

le(xi, . . . , xw) I
=exp' —g lnlx; —xjl 2 Ix;I

~ i(j ] 2 i=]

or, equivalently,

(IO)

Here R is the radius of the droplet which serves as a
long-distance cutoff'. In a subspace with N particles, the
density eigenvalues are p(x) =P;-i6(x —x;) —p. Thus,
we get
2128

(12)

Equation (12) stands as a generalization of the plasma
analogy, valid only at long distances.

The arguments which lead to the universal form of Eq.
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(12) are the consequence of the following facts: (a) The
natural expansion parameter for this problem is I/8, (b)
each correction to the response functions beyond the
linear order is, by dimensional analysis and gauge invari-
ance, of order Q /8, and (c) the density-density correla-
tion function at equal times has a pole at the cyclotron
mode (in accordance with Kohn's theorem) with a resi-
due of order Q (required by gauge invariance) with a
coefficient which saturates the f-sum rule. These argu-
ments do not rely on a specific model calculation and are
completely general. However, the I/8 expansion is only
consistent for incompressible states [15]. We have fur-
ther verified that the field theory introduced in I satisfies
these requirements already at the semiclassical level. The
universal form of Eq. (12) holds for all the FQHE states
in the sequence I/v=1/p+2s, including, of course, the
Laughlin states. However, except for the states in the
Laughlin sequence I/v=2s+ I, the factors in Eq. (12)
have powers which are not even integers. Hence, in the
general case, it is not possible to find a set of phases (i.e.,
a gauge) in which the wave function is holomorphic (up
to the exponential factors). This means that the wave
functions for the more general states in that sequence
cannot be written only in terms of single particle states of
the lowest Landau level, even in the limit 8 ~ (we will

elaborate on this issue in [7]). The arguments that we
have used for the ground state tell us that the wave func-
tions of the excited states also have a universal long-
distance limit. Note that what we proved here is the
universality of the FQHE states at distances long com-
pared with the cyclotron radius I. At length scales com-
parable with I nonuniversal short-distance effects become
important. Details of the electron-electron interaction
and of the properties of the material determine the actual
energy of the state. At these length scales the state does
not necessarily have the Laughlin form. Yet, our semi-
classical approach is a viable scheme for the study of
these eA'ects.
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