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We demonstrate for the nearly half-filled Holstein-Hubbard model that the presence of antiferromag-
netic spin correlations can cause polaronic carrier self-localization, and hence a strongly anharmonic lat-
tice potential, already at moderate electron-phonon coupling strengths A, -0.2-0.4, up to substantial hole
dopant concentrations ct,,

—(20-30)%. The results are compared to recent observations of anharmonicity
in the apical oxygen c-axis motion of cuprate superconductors.

PACS numbers: 74.20.—z, 71.30.+h, 71.45.Lr, 75.10.—b

The cuprate superconductors are strongly correlated
electron systems [I] which exhibit antiferromagnetic
(AF) spin correlations well into the superconducting dop-
ing regime [2]. More recently, it was discovered that
several cuprate systems also show large-amplitude anhar-
monic lattice displacement fluctuations, involving pri-
marily the apical oxygen c-axis motions [3]. These
"breathing" modes couple directly, to linear order in the
displacement, to the planar Cu02 conduction electron
system [4,5] and should be clearly distinguished from the
planar oxygen "buckling" and octahedral "tilting" modes
which, by symmetry, to linear order, couple only very
weakly (or not at all) to the conduction electrons, but

may develop anharmonicity due to ionically driven [5] in-

cipient structural instabilities [6].
In the present paper, we propose that the observed

anharmonic breathing fluctuations may be intimately re-

lated to, in fact caused by, the presence of strong
Coulomb interactions and AF spin correlations. Based on

a Hubbard model [7] with a linear, Holstein-type [8]
electron-phonon (EP) coupling, we show that the pres-
ence of AF spin correlations causes polaronic carrier
self-localization, and hence strong lattice anharmonicity,
already at rather weak EP coupling strengths, e.g. , for a
bare X)0.2-0.4, even up to substantial dopant concen-
trations ct, —(20-30)%. In contrast to proposed anhar-
monic phonon models [9], this type of anharmonicity does
not require close proximity to any global structural insta-
bilities and persists over a wide range of parameter
values. The anharmonic displacement Iluctuations have
low excitation energies, A. O,„g 10 meV, and large re-

normalized coupling strengths to the conduction elec-

trons, A,,„q~20-30 for A, -0.2-0.4. In effect, Coulomb
interactions and AF spin fluctuations are thus causing a
substantial enhancement of the EP coupling strength.
These results are of fundamental theoretical importance
since they suggest the possibility that the low-energy
charge, spin, and superconducting pairing response of the
Cu02 conduction electron system are strongly affected by
the anharmonic lattice fluctuations and that the low-

energy physics of the doped cuprates may not be ade-
quately described, even qualitatively, in terms of a purely
electronic model. This is very much in contrast to the un-

doped systems where, due to the presence of the Mott-
Hubbard gap, even rather strong EP couplings (k-I)
have very little effect on the observable low-energy elec-
tronic and lattice excitations [10].

Our model consists of a single dispersionless (Einstein)
optical phonon branch, with bare phonon frequency
0—= (K/M)'i, restoring force constant K and oxygen
atomic mass M, which is coupled to a single-band extend-
ed Hubbard [7] electron system, with on-site and
nearest-neighbor (nn) repulsions, U and V, respectively,
and nn hopping t. The Holstein EP coupling [8] is

H,P =+3Cul(nt —1), where uj denotes the oxygen c-axis
displacement and nj =nj1+ntl is the electron occupation
number at site j. C is the deformation potential constant,
corresponding to a bare phonon-mediated on-site interac-
tion Utt = —C /K(0 and a bandwidth-averaged bare
coupling constant k—=piUtti =iUiti/8t for an averaged
density of states p= 1/8t Because . of particle-hole sym-

metry, only the hole-doped case Nt, =N N, ~ 0 nee—d—s to
be considered where N, =grani and N is the number of
Cu sites.

In the zero-bandwidth limit, t= 0, the mo—del can be
solved exactly [10] and exhibits two competing ground
states, referred to below as the polaronic or "P" state and
the bipolaronic or "B"state, respectively. At half filling,
the P state favors single occupancy, i.e., nj =1 at all sites,
whereas the B state favors nt =2 and nj =0 in the two

respective sublattices. For small t&0, the half-filled P
state develops antiferromagnetic spin-density-wave order
whereas the 8 state has charge-density-wave order.
Dopant-induced holes in the P state form empty-site
small polarons [8] with a local lattice distortion Au

=ut ——C/K at a polaron "centroid site" m where n =0.
The t =0 phase boundary separating the P from the 8
state is at U= iUtti+4V, independent of the dopant con-
centration ch= Nt, /N, up to ct, —= 2. In the EP weak-

coupling limit iUtti((8iti, we expect an additional com-

peting ground state where dopant-induced carriers
remain delocalized, referred to as the "D state" below.
The observation of AF spin- (rather than charge)
density-wave correlations in the CuOz planes [2] suggests
that the cuprates correspond to the D or P state, whereas,
in the BaBi03 system [11],the three-dimensional analog
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of the B state may be realized.
To explore how these competing ground states evolve

as a function of U/t and )Util/t for finite bandwidth
8t &0, we take the Born-Oppenheimer limit, M
and consider the effective lattice potential energy
W(u) =QJ z Kuj. +E,(u), where E, (u) is the ground-
state energy of the Hubbard electron system, includ-

ing H,p, for an arbitrary displacement configuration u
=—f. . .u/. . .j. On a finite model cluster, we obtain E, (u)
by Lanczos exact diagonalization methods and then mini-

mize W(u) by steepest descent, starting from the known

(P, B,D) solutions for t 0 or Utt =0. In Fig. 1(a), we

show the U vs lUttl ground-state "phase" diagrams of a
square-shaped N =J8 && J8 lattice with periodic boundary
conditions, V 0, for Nt, 0, 1, and 2 dopant-induced
holes. Both the D-P and P-B boundaries are "first order"
in the sense that each phase continues to exist as a local
(but not global) minimum of W(u) in some finite

(U, Utt) region beyond its phase boundaries. The P-B
boundary is very close to the zero-bandwidth result,

lUttl =U, and essentially independent of Nt, even for
rather weak couplings X=lUttl/8t(&1. Most important-

ly, we find that the hole-doped D ground state is unstable
towards polaron formation already at rather weak EP
couplings, i.e., typically for A= Utt/, 8—t (0.2-0.4 for
U/t -8-12. The enhanced tendency towards polaron for-
mation can be understood physically as a consequence of
the preexisting self-localization of dopant-induced car-
riers relative to their local distortion of the AF spin back-
ground and resulting band narrowing [12] which facili-
tates phonon-induced self-localization. This picture is

supported by comparing to the corresponding spin-
polarized hole-doped system where AF spin correlations
are eliminated and the D-P phase boundary is shifted to a
much larger 1I.=-0.96 for a N= J8&& J8 cluster with

Nt, =l. The hole density, e.g. , in the single-polaron
(Ns =1) P state, is mostly localized at the centroid site I
with a hole occupancy of at least (I —n ))0.7, for
2, -0.2-0.4. This indicates a somewhat extended, but
still well-localized small polaron. Therefore, we expect
that finite-size effects do not qualitatively alter our re-
sults. We have verified this in the Holstein-Hubbard
model with up to N ~10x410 and in the Holstein-t-J
model with up to N =4x 4 sites.

The presence of self-localization in the P state implies

that W(u) exhibits many energetically degenerate or

nearly degenerate minima and hence strong anharmonici-

ty. In Fig. 1(b), we show rough estimates for the nn tun-

neling barrier height d,tt for a single dopant-induced po-

laron (Nt, =1) in the P state. Att is obtained by evaluat-

ing W(u) along a linear tunneling path in it space which

connects two minimum-8' polaronic displacement con-
figurations, u and u ', say, corresponding to nn pola-
ron centroid sites, m and I, respectively. If the path is

parametrized, e.g. , by u(s)=(I —s)u +sit ', then

W(u(s)) has local minima at s=O and s=1 and the in-
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FIG. 1. (a) U/t vs iU i/ttt(=8k) ground-state phase diagram
of a 1V JSxJS lattice with periodic boundary conditions,
V 0, and Np, 0, l, and 2 dopant-induced holes. Also shown
vs iUsi/t= 8X are (b) the 1V& —1 nn tunneling barrier height,
tttt/t; (c) the corresponding barrier width, ds/itp (in units of
up=C/K); aud (d) the logarithm of the tunneling splitting,
In(hi/t), for U/t 8 and 12 and, in (d), for 6, ri/t 0.1 and 0.2.
Dashed lines indicate corresponding results for the t 0 limit
and/or the spin-polarized system. Solid lines are a guide to the
eye.

1601



VOLUME 69, NUMBER 10 PH YSICAL REVIEW LETTERS 7 SEPTEMBER 1992

tervening barrier maximum is at s „=—,
' . In Fig. 1(c),

we also show the corresponding barrier widths dq, es-

timated as the minimum-to-minimum distance in u space.
Both hq and dg are substantially reduced by the delocali-
zation term t&0 from their respective values hg = iUtii/4
and dtt =J2ut in the t =0 limit. The second nn tunnel-

ing barrier heights (not shown) have qualitatively the
same Utt/t and U/t dependence, but, remarkably, are
about (30-40)% lower than the nn heights in Fig. 1(b).
The second nn barrier widths are about the same as in

Fig. 1(c). Thus, longer-range tunneling processes may
contribute substantially (if not dominantly) to the anhar-
monic dynamics.

Clearly, the polaronic anharmonicity described here is

a nonlocal, collective phenomenon which cannot be ade-
quately represented by a system of local anharmonic os-
cillators [9]. Nevertheless, to obtain at least a rough
order-of-magnitude estimate for the energy scale of the
anharmonic fluctuations, we have calculated the nn tun-

neling splitting A, =2t, between the ground and first ex-
cited state in the double-well potential W(u(s)), describ-
ing the constrained collective 1D lattice motion along the
linear nn tunneling path u(s) with —~ (s (~. As
shown in Fig. 1(d), 5, decreases very rapidly with iUtti,
but increases with U and t'iQ. By contrast, the small-

amplitude harmonic excitation energy h Qh„, i.e., roughly
the ground to second excited state splitting (not shown),
is within 10% of the respective bare 60, suggesting a
weak dopant-induced renormalization of the breathing
mode phonons, consistent with the experiments [13].

In multiply doped Holstein-Hubbard and Holstein-t-J
clusters (with Ni, ) 2), we find that W(u) has additional
local minima where, e.g., for Ng =2, only one of the
dopant-induced holes is self-localized while the other
remains delocalized. Near the D-P boundary, such
"mixed" states are almost degenerate with the competing
D and P states, to within (AO. It is then possible to
have polaron-to-delocalized (PD) processes whereby the
u field, near a dopant-induced hole, tunnels locally from a
self-localized to a delocalized configuration. In such a
process, an initially self-localized carrier is released from
its trap and becomes essentially delocalized whereas, in

the reverse process, an initially delocalized carrier will be

captured by a spontaneously generated polaronic local
distortion. PD processes and the ensuing partial carrier
delocalization will greatly enhance the effective carrier
mobility and may well be necessary for obtaining "metal-
lic" conductivity in this model.

To compare to experiments, we assume t =0.35
(~0.05) eV, U=3.5(~0.5) eV [7(b)], and K=MA
=9.6 eV/A. , obtained from t't ed =50(+ 10) meV, and
M=16 amu for the oxygen c-axis mode [5,13]. If we

roughly identify the observed apical oxygen anharmonic
fluctuation energy scale in Tl(2212) [3(b),3(c)l,
6A, '„h -10 meV, with the nn polaron tunneling band-
width St, —=4h„ i.e. , 4A, /t —0.029, we can estimate the re-

quired EP coupling strength as X= iUgi/St —=0.30. Thus,
C=(iU&iK) ' -2.8 eV/A. Since K=0.30 is quite close
to the D P-phase boundary, A, =0.25 for U/t =10, the
mixed state, e.g. , for Nt, =2 and N =JSx J8, is only
-0.3660 above the P state. Thus, PD processes may
contribute substantially to the anharmonic dynamics.
From k, U/t, and up =C/K-0. 30 A we can predict the
barrier heights hq-70 meV and Ag-50 meV for nn and
second nn tunneling, respectively, and the magnitude of
single-site fluctuations in the apical oxygen equilibrium
position due to intersite and PD tunneling, hu, =0.22 A,
in rough agreement with the observed double peak in the
apical oxygen pair distribution function of Tl(2212) with
hutt'"P~=0. 3 A [3(b),3(c)]. A nn Coulomb repulsion
with V/t=1. 0, say, changes these results by no more
than 5 lo.

In light of recent theoretical proposals [9], it is of some
interest to estimate from the foregoing values the possible
superconducting T, due to anharmonic fluctuation ex-
change in our model. The effective anharmonic pairing
strength from [9] A,,„h-2p(0)C (hu ) h/h Q,„h is about
X,„h-25))1, using p(0)-2x(8t) '=0.7 eV ', say,
and a fluctuation amplitude &Au ),„h- —,

' dtt-0. 023 A
from the nn tunneling double well W(u (s) ). Hence, from
[9,14] kttT, —=0.18t1((c0 )»P»h)' and the f-sum rule

[9], we get k Ttt, =O. ISAC[p(0)/Ml' -7 meV, to be
compared to the experimental ka T,("P)=-10 mev. As in

other anharmonic models [9], this calculation implies a
large isotope effect a= —dlnT, /dlnM= —,

' for X,„h&)1.
However, it also neglects Coulomb correlations and AF
spin fluctuations, which could suppress both T, and a, as

well as couplings to other lattice modes which could in-

crease T, . It thus remains to be established to what ex-
tent anharmonic fluctuations contribute to pairing in the

cupr ates.
To summarize, we have developed the first general mi-

croscopic model of oxygen breathing mode anharmonicity
in cuprate superconductors. Based on a Holstein-Hub-
bard model, we have shown that, in the presence of strong
Coulomb repulsions and AF spin correlations, a moderate
bare EP coupling strength, X-0.2-0.4 can cause self-
localization, and hence strong lattice anharmonicity, at
substantial dopant densities. The resulting low-energy

(AQ, „h(10 meV) anharmonic lattice modes have very

strong eff'ective coupling, X,„g & 20-30, to the conduction
electrons. From more detailed systematic studies, we find

qualitatively and quantitatively very similar results in the
Holstein-t-J model on lattices with up to N =4x4 sites
and for other types of EP coupling involving, e.g. , planar
oxygen breathing modes [4] or out-of-plane oxygens in

the electron-doped T'-phase cuprates [3(d)]. We are
thus confident that the existence of Coulomb or spin-
fiuctuation-induced polaronic anharmonicity at weak EP
coupling strengths is a generic feature of the local charge
response in Hubbard- and t-J-type electron systems near
half filling. Our basic physical picture is qualitatively
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consistent with the observed anharmonic lattice fluctuta-
tions [3] and also with other experimental evidence sug-

gesting possible polaronic effects in doped cuprates well

into the superconducting regime [15].
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