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%e examine the dynamics of the electroweak phase transition in the early Universe. For Higgs boson
masses in the range 57(mH ~ 150 GeV and top quark masses less than 200 GeV, regions of symmetric
and asymmetric vacuum coexist to below the critical temperature, due to e%cient thermal nucleation of
subcritical fluctuations of the asymmetric phase within the symmetric phase. %'e propose that the tran-
sition to the asymmetric vacuum is completed by percolation of these fluctuations. Our results &re

relevant to scenarios of baryogenesIs that invoke a weakly first-order electroweak transition.
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The realization that gauge symmetries can be restored
at high temperatures, combined with the success of the
big-bang model of cosmology, has generated a lot of in-
terest in the study of cosmological phase transitions [I].
First-order phase transitions are characterized by an en-

ergy barrier separating the symmetric from the asym-
metric phase at the critical temperature Tq when the two
phases have equal free energy. First-order transitions
may generate out-of-equilibrium conditions, which can
have important eA'ects upon the properties and evolution
of the early Universe. Two well-known examples are
models of inflationary cosmology that invoke a first-order
transition at the grand-unified scale [2], and the produc-
tion of inhomogeneities at the quark-hadron transition
[3].

In this Letter we study the electroweak phase transi-
tion in the minimal (i.e., one Higgs doublet) model. Wc
will restrict our study to I'airly light Higgs boson masses,
ranging from 57 GeV (Ref. [4]) up to 150 GeV, and top
quark masses in the range 100 to 200 GeV. For this
range of parameters the phase transition is weakly first
order. The high-temperature minimum of the potential is
the symmetric state (p) =0. At some temperature Tt
& Tp the potential develops a local asymmetric minimum

at p+ ) 0. As the system cools, the difl'erence in free en-

ergy between the symmetric and the asymmetric state de-
creases; finally at the critical temperature T~ the asyni-
metric minimum is degenerate with the symmetric
minimum. Below T~ the asymmetric minimum has the
lower free energy. Eventually, at some temperature
T2 & T~ the symmetric minimum becomes unstable.

Two scenarios have been proposed for the completion
of such transitions. In the "standard" picture, the Uni-
verse remains in a homogeneous state of symmetric vacu-
um below T~, until the symmetric state becomes unstable
at T2. Then the field evolves classically to the asym-
metric minimum [1]. Recently a second scenario has
been proposed where again the Universe remains in a
homogeneous state of symmetric minimum to T~, then
between Tp and T2 the homogeneous state is terminated

by nucleation of bubbles of asymmetric (true-vacuum)
phase which grow and eventually percolate the volume
[5].

We propose that the transition is completed by a new

mechanism: percoiation of subcritical fluctuations of the
asymmetric phase. We argue that by the time the
Universe has cooled to T~, the vacuum is not a homo-
geneous state of symmetric vacuum, but rather an emul-
sion of symmetric and asymmetric vacuums, each existing
with equal probability. Below T~ the fraction of the
Universe in the symmetric state gradually decreases, and
the transition is completed by percolation of many re-

gions of asymmetric phase.
We use a method developed by Gleiser, Kolb, and

Watkins (GKW) designed to study the approach and
maintenance of thermal equilibrium in phase transitions
[6]. In this approach the thermal fluctuations of the field
are modeled by the creation of regions (bubbles) of one
phase inside of the other. These fluctuation regions are
spherical and have a size of the thermal correlation
length of the Higgs field, l. GKW use detailed balance
to find the rate of creation of fluctuation regions of
false vacuum inside a true-vacuum region to be t
x exp( —AF/T) where I5F is the difl'erence in free energy
of the region and the homogeneous state. If these rates
are large compared to the expansion rate H, then the rel-
ative population of the phases should be distributed ac-
cording to Boltzmann statistics. We find this to be the
case for the electroweak transition with top and Higgs
boson masses in the aforementioned ranges. Our results
should be relevant to the recently proposed scenarios of
baryogenesis at the electroweak scale, which naturally in-

voke out-of-equilibrium conditions during a first-order
phase transition [7].

In the study of phase transitions the Higgs field (or its
equivalent) plays the role of' the order parameter. In

practice, when the system is initially in thermal equilibri-
um, the study of the phase transition reduces to the con-
struction of the finite-temperature one-loop effective po-
tential, which incorporates the interactions of the Higgs
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field with itself and with other fields in the model at some
temperature T [8]. The effective potential is equivalent
to the homogeneous part of the free energy and its mini-
ma determine the equilibrium properties of the system.
We neglect contributions of the Higgs field to the one-
loop potential. It is believed that this is a valid approxi-
mation for Higgs boson masses below about 150 GeV, for
low and high temperatures. (See, however, the discussion
below. ) In order for the potential to be stable with these
small Higgs boson masses, the top quark must be less
than about 200 GeV [9]. The transition can be studied
using a high-temperature expansion of the eA'ective po-
tential which, as shown by Turok and Zadrozny [10] and

by Anderson and Hall [5], is very reliable in the relevant
range of temperatures. (The complete expression for the
one-loop potential is still under debate at present. We
will follow Ref. [5].) According to Ref. [51 the one-loop
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where the sum is performed over bosons and fermions (in
our case only the top quark) with their respective degrees
of freedom gqtF1, and Incq =5.41 and lncF =2.64.

Apart from T2, there will be two temperatures of in-

terest in the study of the phase transition. For high tem-
peratures, the system will be in the symmetric phase with
the potential only exhibiting one minimum at (p) =0. As
the Universe expands and cools an inflection point will

develop away from the origin at &=3ET~/2) r, where

T~ is given by T~ =T2/(1 —9E /8A, rD)' . For T( T~,
the inflection point separates into a local maximum at

and a local minimum at p+, with p ~ = [3ET
~ [9E T —8A, rD(T —T2)] '~ [/217. At the critical
temperature, Tc = Tz/(I E /XY.D) ', th—e minima have
the same free energy, V(p+, Tc) = V(0, Tc).

In the usual picture of a first-order transition, the field
starts in thermal equilibrium in its symmetric minimum
at (p) =0, and as the Universe cools below Tc the sym-
metric phase becomes metastable and decays by nu-
cleation of bubbles of the asymmetric phase: Bubbles of
size greater than the critical size grow, converting the
symmetric phase into the asymmetric phase. The success
of this scenario depends crucially on the assumption that
the field is in a near-homogeneous state of the symmetric
minimum as the Universe cools below T~. However, hot
systems tend to fluctuate around their equilibrium states,
and the probability to find the system in a state other
than its ground state has a relative probability given by
the Boltzmann factor, exp[ —F(T)/T], where F(T) is the
free energy for the particular fluctuation. For high
enough temperatures and slow enough cooling rates, the
system will have a large probability to populate other ac-
cessible states. For a system with a metastable and
a true-vacuum state the equilibrium probability is
exp[ —[hF(T)]/jT], with AF(T) being the free energy

potential is

V(y, T) =D(T2 T2—2)y2 E—Ty3+ 'A.—&y4,

where the constants D and E are given by

D =[6(mw/cr) +3(mz/o) +6(m~/o) ]/24

and

E =[6(mw/ o)'+3(mzjcr)']/12~

difl'erence between the two states. For the electroweak
model with the potential given by Eq. (1), as the temper-
ature drops below T~ thermal fluctuations may drive the
system into populating the new minimum at p+. If this is

the case, as the temperature drops below Tg the Universe
will be filled by a two-phase emulsion, and the kinetics of
the transition will be quite different than the usual false-
vacuum decay scenario.

GKW assume that the dominant statistical fluctuations
are unstable subcritical bubbles of roughly a correlation
volume which interpolate between the two minima of the
free energy. Denoting the minima for the electroweak
model pp and p+, for the symmetric and asymmetric
states, the rates for fluctuations between the two states
are

r(T) lp +1=m p(T) exp [ F+ (T)/T], —

r(T) 1+ pl
—-mp(T)exp[ —Fp(T)/T],

(3)

for a fluctuation of the asymmetric (symmetric) phase
within a region of the symmetric (asymmetric) phase.
F+(T) is the free energy of a fluctuation of the asym-
metric phase and Fp(T) is the free energy of a fluctuation
of the symmetric phase. For simplicity, we assumed
the same correlation length [l(T) ' =mp(T) =[V"(0,
T)]'~ j around the two minima. Now we must estimate
the free energies F+(T) and Fp(T). The free energy of a
fluctuation in the order parameter is given by (for details
see GKW)

F(T) =J~d x [ —,
' (Vp) + V(p, T)l, (4)

where V(P, T) is given by Eq. (1) and the order parame-
ter P is the amplitude of the Higgs field. We are interest-

Here T2 is the temperature at which the origin becomes
an inflection point (i.e., below T2 the symmetric phase is

unstable and the field can classically evolve to the asym-
metric phase), and is given by T2 = [(mH —88o )/
4D]'~, where the physical Higgs boson mass is given in

terms of the one-loop corrected 1 as mH =(2A, +128)o,
with 8 = (6mw+3mz —12m))/64m o . We use mw
=80.6 GeV, mz =91.2 GeV, and cr=246 GeV. The
temperature-corrected Higgs self-coupling is

4

ln(mF/CFT ) (2)
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ed in fluctuations of roughly a correlation volume that
convert regions of symmetric phase into regions of asym-
metric phase and vice versa, which will give the dominant
contribution to the transition amplitude. Since these field
configurations are not solutions of the Euclidean equa-
tions of motion, we adopt a variational approach to deter-
mine the dominant configurations with minimal free ener-

gy. Thus, we take for the subcritical bubbles,

pi(r) =y+exp( r'/I—'),

yp(r) =y+[I —exp( —r'/I')],

."0

0

(b) ',

{~t): MI=- l 00 C'eV

{b): M =130 ('cV

(L-): M7=-- ] 60 (;@V

{d): M~=-190 C;eV

where p+(p)(r) is an O(3)-symmetric bubble of asym-
metric (symmetric) phase nucleated in the symmetric
(asymmetric) phase. Introducing the dimensionless vari-
ables X(p)—=p(r)/a, l(T) =l(T)cr, B=T/o, and p=rcr,
the free energies are given by

BO 100
M, (C;eV)

120 140

FIG. 1. The free energy of the subcritical fluctuation at the
critical temperature as a function of the Higgs boson mass for
several values of the top-quark mass.

F (8) = 3I X I 342+I DJ2(82 82) EBJ3X + r X2
8 4 9 32

(6)

and

F (8) =rr X lcr' +I —(r —8 )(J2 —8)+X X —1+ — + +EB 3 — + X+
8 4 8 9 32 4 9

(7)

The free energy F+(T)/T for T=Tc is shown in Fig. 1

as a function of the Higgs boson mass for several values
of the top mass. This free energy will determine the
equilibration properties of the system as the temperature
drops below Ti. Note that F+(T) increases as the tem-
perature drops. This is a consequence of the fact that the
free energy is dominated by the gradient energy, and as
the temperature decreases the asymmetric minimum

moves away from the origin. In order to efficiently popu-
late the asymmetric phase at p+, the thermal fluctuation
rate in going from &=0 to p=p+ must be large com-

pared to the expansion rate of the Universe: I lp +1/
H&1, with H =1.66g+ T /Mpl, and go=110 is the
number of effective relativistic degrees of freedom at the
electroweak scale. Neglecting prefactors, this condition
can be easily seen to lead to the inequality F+(T)/
T (34. For Fi (T)/T ) 34, the usual nucleation
scenario applies.

From Fig. 1 we see that for all parameter space studied
F+(Tc )/Tc is comfortably less than the critical value of
34 [11]. For mH =60 GeV and m~=130 GeV, I /H
=10 . Thus, we conclude that at T~ the Universe is not
in a near-homogeneous state of symmetric vacuum as as-
sumed in all previous works on the subject. This result
can also be interpreted as the inadequacy of the one-loop
perturbation theory to properly describe the transition.
In fact, at finite temperature the loop expansion parame-
ter is )rT/mH(T), whe. re mH(T) is the temperature
corrected Higgs boson mass. Noting that X~=k, at T~

we can write A, rTc/mH(Tc) —1 74[mH. /(100 GeV)] .

For mH) 80 GeV, the expansion parameter exceeds uni-

ty. Infrared corrections become important, and thermal
fluctuations modeled here by subcritical bubbles can have

a dramatic effect on the dynamics of the transition. Fur-
ther evidence that large fluctuations in the Higgs field

will be present can be obtained by evaluating, at T =Tc,
the two-point function (p(x)p(y))q—=d(x —y). F'~i .tuc-

tuations of a correlation volume (x —y=m '),

A(m ') =(m /2rr ) g K [(1+n a )' ]/(1+n a )'
n 1

with a=m/T, and Kl[z] the modified Bessel function of
first kind. (Ref. [12] and Gleiser, Ref. [6].)

Since h(m ') is obtained for a free field, [V(rlr, T)
=D(T —T2)p ], we can use it to estimate the probabil-
ity that fluctuations around (p) =0 will spread over the
inflection point p;„r, P(p;„r)—exp[ —p;„r/26(m ')]. A
careful analysis shows that for mz ~ 130 GeV and

mH ) 57 GeV, p;„r/24(m ') ( 5. Since in this case non-

linearities decrease the eff'ective barrier, we interpret this
result as an indication of large fluctuations around (p) =0
[13].

So far we have established that thermal fluctuations
efficiently populate the asymmetric phase at Tp. In this
case, as T drops below Tc, the Universe will be filled by a
two-phase emulsion, with rapidly Auctuating regions of

symmetric and asymmetric phases separated roughly by a
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sume a metastable symmetric phase below T~ only be-
cause there is a barrier between the two phases.

We would like to thank Scott Dodelson, Erick Wein-
berg, and Michael Turner for very helpful conversations.
This work was supported in part by the Department of
Energy and NASA (Grant No. NAGW-2381) at Fermi-
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FIG. 2. The ratio of the fluctuation rate to the expansion
rate as a function of temperature.
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correlation volume. Below Tg, fluctuations from the
asymmetric phase back to the symmetric phase become
more and more suppressed, and the asymmetric phase
will occupy more than 50% of the Universe. The mecha-
nism by which the transition is completed is complicated
and will depend on the temperature at which the fluctua-
tion rate freezes out, TF. If TF ) T2, the symmetric
phase is still locally stable, and correlation volume re-

gions of this phase will shrink under surface tension,
while regions of the asymmetric phase, having lower free
energy, will percolate. In Fig. 2 we show the ratio of both
rates to the expansion rate as a function of the ternpera-
ture for mH =60 GeV and mr =130 GeV. Only for fair-

ly light Higgs bosons will TF be larger than T2. For
TF & T2, the symmetric phase becomes spinodally unsta-
ble and fluctuations to the symmetric phase can classical-
ly roll back down to the asymmetric phase. The Universe
will be quickly permeated by the asymmetric phase, since
any interface region is energetically disfavored and will

move toward the symmetric phase converting it into the
true vacuum, promoting the final approach to equilibri-
urn.

We have shown that for the minimal standard model,
with 57 &mH &150 GeV and mr &200 GeV thermal
fluctuations away from the symmetric phase may lead to
a very different dynamics of the electroweak transition
than that of nucleation of critical bubbles.

We assumed that the dominant thermal fluctuations
are subcritical field configurations of roughly a correla-
tion volume, since these are the statistically dominant
fluctuations at temperature T. The free energy of these
configurations was estimated by assuming they are O(3)
symmetric and that they interpolate between the two
phases. We have also argued that our results are con-
sistent with the failure of perturbation theory, due to the
magnitude of the loop expansion parameter around Tg.

Our results can be easily extended to the recently pro-
posed scenarios of baryogenesis at the electroweak scale
[14,15]. A successful baryogenesis scenario cannot as-
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