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Resonant Transmission and Velocity Renormalization of Third Sound in One-Dimensional
Random Lattices
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Localization properties of third sound were studied experimentally in one-dimensional random lattices.
Transmission spectra were measured and compared with those in periodic, Fibonacci, and Thue-Morse
lattices. Not only the resonant transmission but also the phase-velocity renormalization of third sound
was observed in the random lattices.

PACS numbers: 43.20.+g, 61.42.+h, 67.40.Pm

Recently, classical-wave propagation has been reinves-

tigated extensively in one-dimensional (1D) nonperiodic
systems. Wave localization in disordered but well-con-
trolled 1D media is one of the most fascinating highlights
[1-5]. The wave propagation in 1D quasiperiodic sys-
tems (Fibonacci lattice) [6-9] has also been studied, hav-

ing in mind the close relation to the properties of real
quasicrystals [10]. The Thue-Morse lattice is another
nonperiodic system studied, an arrangement that is nei-
ther periodic, quasiperiodic, nor random [11,12]. These
phenomena have the same origin as the Bragg scattering
in a periodic system, namely, multiple scattering and in-

terference. The nonperiodic systems show qualitatively
difl'erent aspects, however, from those of the periodic sys-
tems.

When the problem of wave localization in disordered
media is discussed, two length scales are important, the
wavelength A, and the mean free path I [131. In the case
of weak localization, the relation A, &(l holds. This is the
case for electrons in weakly disordered metals. The use
of acoustic waves enables us to achieve the opposite con-
dition, X~ I, which is called the strong localization re-
gime. Under such a condition, additional symmetries, for
example, that the positions of the scattering centers are
restricted to 1D lattice sites, give rise to a resonant
transmission of waves [14-16]. That is, the random sys-
tem becomes transparent at a certain wavelength, but
otherwise the system is opaque because of the wave local-
ization. In addition, by using acoustic waves to study the
localization problem, we can attain the following advan-
tage: The localization effects can be observed separately
from correlation effects or inelastic scattering eff'ects.
The aim of this Letter is to show the localization proper-
ties of third sound and give experimental evidence for the
resonant transmission and the phase-velocity renormal-
ization of third sound in 1D random lattices, both of
which have been predicted theoretically [16], but never
observed experimentally up to now.

Third sound is a wave in a superfluid helium film which
is adsorbed on a solid surface. Because the superfluid is
almost free from the viscosity, third sound may propagate
more efficiently than surface waves in normal liquids
[3,4], as compared on the scale of either the wavelength

in question or the depth of the liquid. It is, therefore, ad-
vantageous to use third sound for the study of delicate
wave interference phenomena such as the localization of
classical waves in random media. The experimental
method for the study of the third-sound propagation in

modulated 1D media has been developed by Smith et al.
[5,17,18]. We have developed a similar technique in-

dependently [9,12,191. The original ideas of our method
are to be credited to Condat and Kirkpatrick (CK)
[1,20]. Smith et al. employed the scratches of a diamond
tip on the surface of a Si wafer as scatterers for third
sound, while we used photoetched strips of evaporated
aluminum films on a glass substrate. The scatterers of
our method are more identical to each other compared to
those of the former method. Our technique, therefore,
might have the advantage of preserving the coherency of
the multiple scattering.

The aluminum strip was 160 nm thick, 80 pm wide,
and 8 mm long. We refer to this aluminum strip as A,
and to the glass surface of the same width as B. The ele-
ments A and 8 were placed parallel to each other and
perpendicular to the direction of the third-sound propaga-
tion, and hence they formed a 1D array of scattering
centers for third sound. By arranging the elements A and
8 according to certain rules, one can make 1D binary lat-
tices such as periodic, Fibonacci, Thue-Morse, and ran-
dom lattices. The periodic lattice is produced by the fol-
lowing inflation rule, (A AB, 8 AB). As for the Fi-
bonacci and Thue-Morse lattices, the rules are (A 8,
8 AB) and (A AB, 8 BA), respectively In the.
random lattices A and 8 appear randomly. The Fibonac-
ci, Thue-Morse, and random lattices are nonperiodic. In
the present work, each lattice consisted of about 100 ele-
ments (total sample size -8 mm).

Third-sound pulses were propagated on both the pat-
terned and the blank substrate under the same conditions.
The transmission spectrum was obtained by dividing the
power spectrum of the pulse wave form which was
recorded after being propagated on the patterned sub-
strate by that on the blank substrate. This procedure re-
moved the effect of the intrinsic attenuation of third
sound. In addition, the measurement was done at 0.8 K
to reduce the attenuation effect. The experimental details
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are described elsewhere [12].
As shown in Fig. 1, the transmission spectrum for the

periodic lattice shows (transmission) gaps and bands. In
the gaps around kd/z-0. 5, 1.0, and (less pronounced)
1.5, third sound can hardly propagate; k is the wave num-
ber of third sound and d is the width of the strip. The
other regions are the bands, in which third sound propa-
gates well and the wave function is extended over the lat-
tice. The Fibonacci lattice shows regions in which the
transmissivity diminishes (it should be noted that the
scale of the ordinate is logarithmic) around kd/z —I/r
and I/r, where r is the golden ratio (JS+ I)/2-1. 618.
These regions are referred to as (transmission) gaps. The
bands are eroded away by the narrower gaps in a nested
way. The positions of the gaps were well described by the
formula m+nr (modl), where m and n are integers.
The Thue-Morse lattice shows several narrow depressions
of transmissivity. We call these structures dips rather
than narrow gaps, because even the largest one hardly
has a well defined width compared to those of the former
two lattices. In this sense, the Thue-Morse lattice is

closer to the homogeneous medium than the periodic or
the Fibonacci lattice. A simple relation holds between
the positions of these dips [12]. The detailed properties
of these spectra are discussed elsewhere [9,12,19].

The transmission spectrum of third sound in the ran-
dom lattice (the lowest trace in Fig. I) is different from

any of the three above-mentioned systems. Spiky dips
appear randomly and the details of the structure are sam-
ple dependent. This fluctuation is essentially the same as
that observed by Belzons et al. [3,4] in a reflection spec-
trum of water waves on a rough bottom. They concluded
from the direct measurement of the spatial amplitude dis-

tribution that it was due to resonance modes of the ran-
dom bed. The following general and sample-independent
features are observed to be intrinsic to the random lat-
tices: (I) At small wave number, kd/z —0, the random
lattice is transparent and the spectrum is flat. (2) With
increasing wave number, the transmissivity decreases on
the average. (3) At around kd/z-0. 5 and 1.0 there are
minima of the transmissivity. (4) At either side of
kd/z- I.O there are regions where the transmissivity re-
covers again.

We have averaged the spectra in the random lattices,
in order to remove the fiuctuations which changed from
sample to sample. Five random lattices were prepared,
with which the transmission spectra were measured.
Those five spectra were overlaid together. Then, intervals
were set on the abscissa so that each interval would con-
tain eighty data points. Within each interval the sample
mean of log10T„was calculated, where T„ is the transmis-
sion coeScient. Figure 2 shows the averaged transmis-
sion spectra. The amount of adsorbed helium was
changed from trace a to c, which changed the scattering
power. From Fig. 2 the features (1)-(4) can be seen
clearly.

The experimental localization length ( is obtained from
the formula

2Z, /( = —(ln T„),
where L, is the sample size. In this experiment, as men-
tioned in feature (3), the localization efl'ect was most
prominent around kd/z-0. 5 and 1.0, in particular, un-

der the condition of Fig. 2, trace c. In these regions the
transmission coefficient (log in T„) reached ——2, and
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FIG. 1. Transmission spectra of third sound in the periodic,
Fibonacci, Thue-Morse, and random lattices.

FIG. 2. Averaged transmission spectra of third sound in the
random lattices. Traces a-c correspond to different amounts of
adsorbed helium, which are given in Table I.
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hence from Eq. (I) the localization length g was about

0.4L, . Therefore, here third sound was effectively local-

ized in the random lattice. On the other hand, in the re-

gion where the transmission coefficient becomes close to
1, the localization length can be much longer than the
sample size. Under such a condition a quantitative com-

parison between experiment and theory is difficult, since
most theories were developed under the assumption of an

infinite sample length. Nevertheless, features (I) and (2)
are consistent with the theoretical result of CK [20],
namely, I/g cc —k for small k.

Feature (4) is to be attributed to the resonant
transmission (different from the resonant mode in Refs.
[3,4]). When a multiple of the half wavelength of third

sound is commensurate with the width d of the scattering
center A or 8, the scatterer does not contribute to the
scattering of third sound. The random lattice becomes
transparent in spite of its randomness under this condi-
tion [cf. Fig. 3(b) of Ref. [161]. Figure 2 shows, howev-

er, a splitting of the resonant transmission. This is due to
the fact that the third-sound velocity does depend slightly

on substrate A or B. This diA'erence causes there to be
two wave numbers, kq and kq, according to the sub-

strates A and 8, respectively. The wave number k men-

tioned so far was the average of k~ and kq, strictly
speaking. Thus, the resonant transmission below (above)
kd/z-1. 0 corresponds to the condition k~d/z-1. 0
(kid/&-1. 0).

The CK theory [16,20) predicted the renormalization
of the third-sound phase velocity. From the phase

C3 2
1
— (r N —2r+ I ),

C3o 4r
(2)

where C3 and C30 are the renormalized and bare third-
sound velocity, respectively. Equation (2) gives the re-
normalization of the third-sound velocity of about —20%
for case c of Table I, while the experimental result is

about —3% as can be seen from Fig. 3, trace c. This
quantitative disagreement is not surprising, however,

partly because the localization length is longer than the
sample size in the long-wavelength limit, and partly be-
cause the theory was based on the lowest-order perturba-
tion. As mentioned in Ref. [16], if the contribution from
the higher-order diagrams is taken into account, the ten-
dency is to remove the discrepancy.

TABLE I. The parameters N and r (defined in the text),
which are necessary for the evaluation of Eq. (2). The parame-
ters were obtained from the gap widths in the periodic lattice
and the time-of-flight data. In the present cell, 1x10 mole of
helium formed a roughly 1-atomic-layer-thick film on a glass
substrate. Trace labels a-c correspond to those in Figs. 2 and
3.

analysis of the Fourier transform of the pulse wave form,
the wave-number dependence of the third-sound phase
velocity was obtained experimentally as shown in Fig. 3.
As a reference, the phase velocity of third sound in the
periodic lattice is indicated by the lines in Fig. 3. Here
the drop of the phase velocity at kd/x —0 is due to the
baseline distortion of the pulse wave forms and the bend-

ing toward kd/x —0.5 is due to the resonancelike nature
of the transmission gap. But otherwise the phase velocity
for the periodic lattice stays constant. In contrast to the
periodic lattice, the phase velocity of third sound in the
random lattices decreases gradually as the wave number
decreases. This fact is thought to be evidence for the
phase-velocity renormalization effect in random lattices.
The tendency observed in Fig. 3 agrees qualitatively with

the CK theory [cf. Fig. 3(a) of Ref. [16]].
In Table I, we summarize the parameters which are

relevant to the evaluation of the formula in the theory,
N=k~/kq and r =h~/hg. Here h~ and hg are the heli-

um film thicknesses on A and B, respectively. These
values were obtained from the width of the transmission

gaps in the periodic lattice and the time-of-Aight data.
The scatterer density is I/2d for the present experiment.
According to Ref. [16], the renormalization of the third-
sound velocity is expressed by the following formula in

the long-wavelength limit:

kd/n

FIG. 3. Relative change of the third-sound phase velocity
against wave number. Lines are for the periodic lattice and

symbols are for the random lattice, for which the same averag-
ing procedure as that of Fig. 2 was employed. Conditions for
a-c are the same as in Fig. 2.

Trace

Amount of He
fed into the cell

(10 mole)

2.67
3.15
3.63

1.16
1.22
1.28

1.10
1.15
1.20

Gap width
(kd/K)

0.121
0.167
0.210
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In conclusion, we have studied the transmission proper-
ties of third sound in the random lattices. The wave-
number dependence of the averaged transmissivity agreed
qualitatively with the theoretical prediction of Condat
and Kirkpatrick. In particular, the resonant transmission
and the phase-velocity renormalization of third sound
were observed.
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