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Using velocity data obtained in the atmospheric surface layer, we examine Kolmogorov's refined hy-

potheses. In particular, we focus on the properties of the stochastic variable V=hu(r)l(rc, )'~', where

Au(r) is the velocity increment over a distance r, and s, is the dissipation rate averaged over linear inter-

vals of size r. We show that V has an approximately universal probability density function for r in the
inertial range and discuss its properties; we also examine the properties of V for r outside the inertial

range.

PACS numbers: 05.45.+b, 02.50.+s, 03.40.6c, 47.25.—c

A fruitful idea in high-Reynolds-number turbulence is

the phenomenological picture of local structure intro-
duced by Kolmogorov [1]. In its simplified version, the
picture relates to the probability density function (PDF)
of the velocity increment Au(r) =u(x+r) —u(x), where
u (x + r) and u (x) are velocities along the x axis at two

points x and x+r separated by a distance r «L, L being
the integral scale of turbulence. According to the first

hypothesis, the PDF of hu(r) depends (besides on r it-
self) only on the average rate of energy dissipation (a)
and the Auid viscosity v. The second hypothesis is that if
the Reynolds number is very large, there exists a range of
scales (the so-called inertial range) for which v becomes
irrelevant, so that the only important external parameter
is (s). The consequences of these universality arguments
are well known [2] and need no repetition. Reference [2]
also describes the circumstances which led to the
modification of these hypotheses.

Kolmogorov [3] himself introduced refinements of his

1941 theory, which abandoned local universality and in-

troduced more restrictive alternatives to the 1941 hy-

potheses. The first refined hypothesis postulated a certain
relation between hu(r) and the local average of the ener-

gy dissipation rate s„(x,t), taken over an interval of size r
centered at x. Define, following Kolmogorov [3], a veloc-

ity scale at the point (x, r) by U„=(ra„)'~ and form the
local Reynolds number as

Re„=U,r/v.

The first refined hypothesis then takes the form of the
statement that, for r «L,

where V is a stochastic variable whose PDF depends only
on Re, . The second refined hypothesis states that, if
Re, )& 1, the PDF of V becomes independent also of Re,
and thus universal. Unlike the original hypotheses, these
refinements require a supplementary statement on the
PDF of Au(r) or of a„. Kolmogorov's third hypothesis is
that the PDF of c, is log-normal with a specific form for
its variance.

The consequences of Eq. (2) have been tested in vari-

ous ways, but mainly by viewing it as a dimensional rela-
tion ~Au(r)

~

—(rc, ) '~ . The stochastic function V is usu-

ally disregarded, often leading to misinterpretations of
Eq. (2). Indeed, V contains much of the inertial range
physics. For example, if Kolmogorov's —,

' law [4]

([Au(r)]') = —-', (c)r (3)

is understood to express the cascade of turbulent kinetic

energy from large to small scales, the nonzero value of
( V ) should account for this process. Similarly, the
knowledge of the PDF of V would enable one to infer the
PDF of Au(r) from that of s, . Further, in the inertial

range, if the PDF of V is independent of c, and r, it en-
sures the same scaling behavior for both Au(r) and

(re„) '

The principal purpose of this paper is to assess the
status of Eq. (2) in some detail by constructing, from

measurement at high Reynolds numbers, the PDF of V,

its correlation with Au(r) and s„and the correlation be-
tween Au(r) and (rs, )' . A further purpose is as fol-

lows. In a recent analysis of numerical data, Hosokawa
and Yamamoto [5] claimed to have found evidence

against Eq. (2). In this paper, on the other hand, we

present strong experimental evidence supporting Eq. (2).
Measurements were made in the atmospheric surface

layer about 6 m above a wheat canopy. The microscale
Reynolds number R&, based on the root-mean-square ve-

locity and the Taylor microscale, was estimated to be
2000. Data were also acquired about 2 m above the roof
of a four-story building (R&=1500). Velocity fluctua-
tions were measured using the standard hot wire (5 pm
diameter, 0.6 mm length) operated on a DISA 55M01
constant-temperature anemometer. The anemometer
voltage was digitized on a 12-bit digitizer at sampling fre-
quencies of 6000 and 10000 Hz.

For further analysis, we interpreted a time trace as a
spatial cut by invoking Taylor's frozen turbulence hy-

pothesis. The sequence x " is simply x =x +ki, ~

heing the sampling interval (the inverse of the sampling

frequency). We take the velocity dilferences to bc
&u

' (r) =u(x "+" ) —u(x " ), where r is expressed in

units of sampling intervals. We approximate the energy
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dissipation rate by its one-dimensional surrogate s(x)
—(du/dx), and discretize it as s(x " ) =[u(x +' )
—u(x )] . The local average of s is taken to be

=(I/r)gs(xt' ), the sum extending from i=k to
k+r —1. The inertial range is defined as the range in

which Eq. (3) holds, and L as the scale at which

&Ihu(r)I ) asymptotes to a constant (see Ref. [6]). Both
/t u (r) and (rs„) '/ are normalized by (L&s&) '/ .

For the results to be quoted below, we have used units

most convenient for data handling purposes. For exam-

ple, r is quoted in units of sampling intervals. In these
units, the inertial range spans approximately between
r;„=10 and r,„=300, L has a value of 10000, and
(L&s&)'/ a value of 3.1. These numbers are related to
their counterparts in CGS units (denoted by primes) by
the following conversion factors: hu'/hu =87.3, r'/r = —,', ,

and a'/@=3.86 X 10 . V' is dimensionless and related to
V by the relation V'/V=1. 37.

Figure 1 shows rr.„, (hu), !jul, and V for one set of
data, and corresponds to r =100 in the inertial range.
The segment (a) shows that s„ is a highly intermittent
quantity; its scaling properties have been studied exten-
sively [7]. It is clear from Figs. 1(b) and 1(c) that (hu)
as well as !Au I are also intermittent. Since V is the ratio
of two intermittent quantities, it might be thought that it
is ill defined in general. This is not so because e„ is an
average over an interval r, which renders it well behaved
at least when r is large enough. We have investigated ve-

locity data sampled at diff'erent frequencies, employed
diff'erent schemes of differentiation to obtain s, and found

that the eAects on V are not large enough to change its
statistics perceptibly. Figure 1(d) shows the stochastic
variable V for the same duration as Figs. 1(a)-1(c).

Records (a) and (b) reveal that regions of strong ac-
tivity in (hu) and rs, coincide quite often [8]. This sug-

gests an instantaneous communication between inertial
range scales and dissipation scales —at least when the
forcing (i.e., local the energy flux s, ) is large enough.
This feature would be obscured if one blindly computed
the correlation coefficient between Au and (rs, )'/; the
correlation coefficient is small (of the order 0.05; see Fig.
2) partly because hu alternates rapidly in sign [see Fig.
1(b)), and partly because the correlation in the two sig-
nals is weak when the amplitudes are small. A considera-
tion of !jul instead of Au eliminates the former problem,
and one can expect the correlation to improve. Figure 2
shows that the correlation coefficient between Id, u(r)l
and (rs, )'/ is around 0.5 in the inertial range, and de-
creases weakly with r.

Let us move on now to the properties of the variable V.

Figures 3(a) and 3(b) show the PDFs of V conditioned
on (re„)'/ for r =50 and 100, respectively, both in the
inertial range. The PDFs coalesce for a range of values

of (ra, ) t/3, and the shape is preserved in going from
r =50 to 100, indicating an approximate independence of
r and e. In Figs. 3(a) and 3(b), the mean of the PDFs is

zero and their variance is unity. Noting the conversion
factors given above, this means that the true (or, real
world) V has a variance of 1.37 =1.88.

We have examined (but not shown here) the correla-
tion between V and (rs, ) '/. Irrespective of whether we

consider V or I VI, the correlation coefficient in the iner-
tial range is close to zero. Since zero correlation between
two random variables does not guarantee independence,
we have considered the mean value of Ihu(r)I condi-
tioned on (rs, ) '/ . It follows from Eq. (2) that
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FIG. 1. Time traces of (a) re„ the total dissipation in a box
of size r, (b) (hu), (c) !Au(r)!, and (d) the stochastic vari-
able V. The "box" size r =100. Notice the correlation between
(a) and (c). Both rs, and [Au(r)I' have been normalized by
L( e ). For clarity, only every 100th point has been plotted.

FIG. 2. The correlation coefficient as a function of r between
(rs, )'~ and the quantity p where p is (a) Au(r) (circles) and
(b) !hu(r)! (squares). The correlation coefficient is defined as
corr (x,y) =((x —&x)) (y —&y) ))/o„o~, where the variance o,
=&(z —&z))')' '.
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F1G. 3. (a), (b) The logarithm of the PDF of V conditioned
on (rc, ) '~' for different values of r Each so. lid curve corre-
sponds to a different value of the conditional parameter (rc, ) '~3.

The value of r, the number of curves, and the minimum and
maximum values of a =(rc„)'~3/(Llcl) '~ considered here are
(a) 50, 14, 0.024, and 0.24; (b) 100, 15, 0.03, and 0.29. The in-

termediate values of a are equally spaced linearly between the
minimum and maximum values. The dashed curves correspond
to a Gaussian of mean zero and unity variance. 1n (a), the
three innermost curves (which are distinct from the ones that
collapse) correspond to the three lowermost values of (rc, ) '~'.

(c) The logarithm of the mean value of ~Au~ conditioned on

(rc, )'~ as a function of the logarithm of (rc, )'~'. The four

coalescing solid curves correspond to r in the inertial range of
20, 50, 100, and 200. The dashed line has a slope of I.

If V were independent of (rc, ) '~ in the inertial range, it
is clear that the left-hand side of Eq. (4) would be a
linear function of (rc, ) '~ for all values of r in the inertial
range. Figure 3(c) shows that this is indeed the case.

The fact that emerges is that the stochastic variable V

in the inertial range is independent of r and s„and that it

is approximately universal. It then follows from Eq. (2)
that the mth-order structure functions are given by

([Au(r)] ) =(V )((rc, )

We have remarked that (V ) =1.88, a value quite compa-
rable to the accepted estimates [2] of the Kolmogorov
constant in second-order structure functions. Comparison
of Eqs. (3) and (5) shows that (V ) = —

—, . Thus, ap-
pearances to the contrary, V is indeed skewed (with the
normalized skewness of the order —0.3). The data
records in our experiments were not long enough to ob-
tain a converged value for (V ), but we obtained numbers
of the right order of magnitude (and, of course, the right
sign).

The situation for scales below the inertial range is

shown in Fig. 4. Figures 4(a) and 4(b) present PDFs of
t' for r = 5 and 10, respectively; each curve corresponds to

FIG. 4. (a), (b) The same quantities as in Figs. 3(a) and
3(b) for r values below the inertial range. The relevant num-
bers are for (a) 5, 10, 0.004, and O. l; for (b) 10, 9, 0.007, and
0. 13. The values of (rc, )'~ increase as we go from the inner-
most curves to the outermost. (c) The analog of Fig. 3(c) for
r =1, 2, and 5. These curves collapse more or less but not as
well as those for the inertial range. (d) They can be collapsed
onto a unique line of slope unity if an ad hoc dependence
(see text) on r is imposed by changing the abscissa to
logioI(rc„) ' r ' ].

different values of (rc„) ' . The uncertainty is somewhat

high (because the averaging intervals are small). Figure
4(a) shows a bimodal distribution exhibiting a strong
dependence on (rc, )'~. For r =10, the bimodality be-

comes weaker but the dependence on (rc„) ' continues to
persist [see Fig. 4(b)]. According to the first refined hy-

pothesis, the dependence can occur only through Re, [or
on r(rc, ) ' '—since in our measurements the fluid viscosi-

ty is fixed parameter]. This is evidently not true because
Figs. 4(a) and 4(b) together show that fixing r(rc, ) '~'

does not guarantee the same shape for the PDF of V.

Figure 4(c) shows a plot of log~a[(~hu (r)
~ ~

(rc„) '~ )] as
a function of log~a[(rc, )' ]. Although all three curves
(corresponding to r =1, 2, and 5) have roughly the same
slope of &, they do not collapse on each other well. They
can be made to coalesce by empirically postulating a

quarter power dependence of (V~(rc, )'~ ) on r Writing.
Au(r) =f'„"+'(du/dx)dx, and using the Cauchy-Schwarz
inequality we find that

- ]/z

~Au(r)( ~ J dx
t~+~ du

so that (~Au(r)
~

~(rc„) ' ) =K[r(rc, )] 'Z
TfT(c„,r), where

the function p has a value less than or equal to unity. I'or
r =1, p is obviously equal to unity and independent of c„.
Assuming some continuity in p, it may be expected that P

for slightly larger r would be essentially independent of ~,
but slightly smaller than unity. A possible form for p
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FIG. 5. In (a) and (b) are plotted the same quantities as in

Figs. 3(a) and (b), but for r values above the inertial range.
The corresponding numbers are (a) 500, 18, 0.07, and 0.49; (b)
1000, 19, 0.11, and 0.65. The dashed lines correspond to
Gaussians with o =0.6 for (a) and o =0.4 for (b). In (c),
which is the analog of Fig. 3(c) but for the r values 500, 1000,
2000, 5000, and 10000, the curves are approximate straight
lines with a slope of unity (dashed curve). The ordinates of the
straight line approximation to these curves organize themselves
in a straight line as shown in (d); a simple argument can be
given in favor of —

3 slope, but a slope of —0.4 seems to fit the
data better.

inertial range, are well correlated —suggesting an instan-
taneous communication between the inertial range scales
and dissipation scales. Even so, the correlation coefficient
between h, u and e, is close to zero because of the rapid os-
cillations in the sign of hu and the relatively poor correla-
tion during weak events. Second, the basic tenets of the
second refined hypothesis, namely, the existence in the
inertial range of a universal stochastic variable V, is ap-
proximately true. The variance of V is approximately
1.88, and consistency with Kolmogorov's —', law demands
that (V ) = —

s . Finally, the measurements reveal that,
on either side of the inertial range, there are different
dependences of V on r. These dependences have been
determined empirically.
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Similon, and Ira Bernstein for their helpful comments.
The work was supported by DARPA.

Note added. —After this work was submitted for publi-
cation, two related preprints [9] were received. R. H.
Kraichnan and M. Nelkin have mentioned to us the ex-
istence of another related preprint by A. Praskovsky. We
had first thought that the contrary conclusion of Ref. [5]
might have been a consequence of the low Reynolds num-
ber of the flow considered there. However, a repeat of
the present analysis for a low-Reynolds-number laborato-
ry boundary layer has shown that this is not the case.
This was also emphasized to us by Kraichnan.

satisfying these requirements is l/r, where t5 is a real
positive number. It turns out from Fig. 4(d), which
shows that [ogio[(ihu(r) i i(re„) 't )] is a unique function
of [ogle([r(re, )l't /r't ), that a suitable value of 8 is —,'.
We thus have the result that

&ihu(r)i i(re„) ' &=K[r(re„)] ' /r'

Note that (re„) 't r't =[r(re„) 't ] 't (re, )'t, which is in

the form of the right-hand side of Eq. (4) and shows that
the dependence of (i Vi i(re, ) 't ) is of the form Re„' /r 't .

For scales above the inertial range, the PDFs start to
accumulate roughly onto a Gaussian shape [Figs. 5(a)
and 5(b) for r =500 and l000]; they appear to be in-

dependent of (re, )'t but dependent on r. To a first ap-
proximation, this dependence may be thought to enter
through the variance of the distribution which decreases
with increasing r. In Fig. 5 (c), we have plotted
logio[(ihu(r)i i(re, )'t )] as a function of logan[(re, ) 't ]
for r =SOQ, 1000, 2000, SOOO, and 10000. These curves
are all straight lines with a slope of l. This confirms that
(i Vi i(re, ) ' ) does not depend on (re, ) 't but depends on
r. The straight lines of Fig. 5(c) can all be collapsed if
we take (i Vi i(re„)'t ) =K/r t, as shown in Fig. 5(d).
The 5 dependence is, of course, purely empirical.

The following summary statements can be made.
First, regions of strong activity in hu and e„ for r in the
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