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Two-Particle Spectral Properties of Generalized Landau Liquids
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The matrix elements of the up-spin and down-spin electronic density fluctuations taken between the
ground state and the gapless elementary excitations of the Hubbard chain in a magnetic field are ob-
tained. The small-co charge and spin conductivity spectra are derived. Our results clarify the physical
character of the pseudoparticles of the new Landau liquid theory, and identify them as the transport car-
riers. A generalized adiabatic continuity principle concerning the elementary excitations at finite mag-
netic field in the limit where momentum and frequency tend to zero is established.
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The main purpose of this Letter is to explain the reason
for the existence of generalized Landau liquids which, ex-
cept for the absence of quasiparticle peaks in the single-

particle spectral function, have most of the features of a
Fermi liquid [Il. We study an exactly soluble model—the Hubbard chain at densities n & I [2]. At zero
magnetic field H the ground state of the model is spin ro-
tationally invariant and the low-energy physics can be
studied by the method introduced by Haldane [3]. That
requires the use of two eA'ective Hamiltonians which cor-
respond to two decoupled harmonic (Gaussian) models,
describing charge- and spin-density ffuctuations [3,4].
This leads to the holon and spinon excitation picture [5].
Haldane's description is, however, not valid for finite
fields because when H & 0 there is a change in the nature
of the gapless excitations and their S matrix [6]. Recent-

ly, conformal field theory allowed the calculation of the
critical exponents at arbitrary magnetic fields [7]. They
were given in terms of the elements of a "dressed charge
matrix. " Nonetheless, the connection of these relevant
parameters to the microscopic electronic representation
remained unresolved.

The new Landau liquids include the (single phase)
Fermi liquids and the (multiphase) one-dimensional
Landau-Luttinger liquids introduced in Ref. [I]. Other
generalized Landau liquids are expected to exist in two
dimensions [5]. Transitions between the phases con-
sidered here can be realized by changes of the particle-
particle interactions. In the case of the Hubbard chain
we distinguish three phases. Both at U=O and in the fer-
romagnetic phase at U& U, . the system is a noninterac-
ting Fermi liquid. Otherwise, it is a Luttinger liquid,
with a fully incoherent single-particle spectral function.
Fixing two of the three quantities U, H, and n, the fer-
romagnetic phase corresponds either to interactions U
& U, (H, n), fields H & H, (U, n), or densities n &n, (U, .

H), where the critical values are defined by Eq. (2) of
Ref. [6] (with H, replaced by H in t.he cases of U, and
n, ) The pha. se. diagram of the model for various densi-
ties corresponds to Fig. 1(b) of Ref. [6] (with H, re-.

placed by H). The adiabatic continuity principle, which

is a crucial requirement of Fermi-liquid theory, is valid
here within each phase. Although it is not valid across
the phase boundaries, we show in the following that for
electronic Landau liquids it "survives" in the case of exci-
tations of lowest momentum and energy.

Since in the Luttinger phases the single-particle matrix
element Z vanishes [5], it is suggestive for a spectral
definition of the generalized Landau liquids to consider
the two-particle matrix elements, which play a relevant
role in the transport properties. Let us consider an elec-
tronic interacting system of arbitrary dimension. Accord-
ing to many-body theory the charge-charge and spin-spin
response functions can be written as [8]

2' jo
ta,'o —(to+i tI)' '

where d=p, cr- refer to the former and latter functions,
respectively, the j summation is over the eigenstates, and

cojo are the corresponding excitation energies. The ma-
trix elements are defined by density and spin fluctuation
operators

(p) A A A (rr ) A A A

&k &kt+&k) &k &kt nkvd nk &&k+k', Wk',
k'

(2)
We are here particularly interested in the low momentum
and frequency limit. In the case of a three-dimensional
Fermi liquid there are three kinds of excitations to be
considered when 0 =p in ( I ): (i) single-pair and (ii)
multipair particle-hole processes in the quasiparticle
bands, and (iii) zero sound excitations [8]. In the limit
k 0 only (i) and (iii) contribute to (I). Nonetheless,
in that limit the only matrix elements on the right-hand
side of (I } which do not vanish are the ones connecting
the ground state to the excitations (i) [8] (the same holds
true for 0=cr-). Let us denote the states (i) by lko, k;o')
where ko and ko+ k are the pseudomomentum of the
quasiparticle of spin projection tr (o = t, f } before and
after the particle-hole process, respectively. As k 0 we
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approach the Fermi surface and the single-pair quasipar-
ticle state becomes a real electron-hole excitation. Thus,
in a Fermi liquid,

lim (kjj, k;rrlnk. .IO) =& . '.
I( .0

(3)

The equality (3) is an alternative two-particle criterium
for a Fermi liquid. In contrast to Z, this type of matrix
element does not vanish in the Luttinger phases of the
generalized Landau liquids.

In the case of the Hubbard chain at finite fields there
are two kinds of single-pair particle-hole states involving
the bands for the charge (c) and spin (s) pseudoparticles,

(a)
1.0— H=Hc0

0.8

0.6—
H=0.3

H—0

&c I ~ k& I 0&

H—0

0.4 — /
Q 3 +c I i k, I 0&

— I
I
I

0. 2 I i H=0. 6J
s

0H=Hc0 g — ——— — J
I

(b)

0

1.0

0.5
U/Uc

H=HOc

H=0. 6

H= 0.3

1.0

(s I A g) I 0)
H 0

H—0

0 6 H=0. 3

/
/

/ —&s I n k)10&
0. 4 —I'

I H=0. 6
—I

I
I /

0. 2", /

/
/ 0H=Hq

0
I

0.5 1.0
U/ Uc

FIG. 1. The matrix elements (a) (cIni iIO& (solid lines),
(/ I ni j I0& (dashed lines) and (b) (s I///, j IO& (solid lines),
—(sIn i IO& (dashed lines) as a function of U/U, for n =0.7 and

various magnetic fields. We note that when II — 0, (5) and (6)
change continuously from I/J2 for U —- 0, io —,

' for U-- ~, yet

both at U =0 and U =U, =~ they are given by I and 0, respec-
tively. Since U, - ~ as H = 0, when H — 0 the U/U, rescal-

ing hides in (a) their true U dependence for 0 & U & U, .

respectively [6]. In one dimension the zero sound excita-
tions do not exist. Moreover„as in a Fermi liquid, in the
limit k --- 0 the multipair excitations do not contribute to
( I). We denote the single-pair eigenstates I'or 0 & (
& U, by Ikjj, k;a&, where a =c-,s, and introduce the not;i-

tjon &nln/, -10) =lim, .„(kjj,k;nln/. IO& We a« then ijnj-
ited to the following four relevant matrix elements

j'(/ In/, j IO& &r I ///, j IO&

(sIn/, jIO) &rInijIO&
(4)

(@In/ j I0) = I +@„.(2k/, 2k/ )

—@,, (2k/, ,
—2k/:) —(c ln/, j 10),

(c In/, j IO) =Au, (2k/ , k/ j) —@r, (2k/ -,
—-k„j), -

&s I n/, j IO& = /I/„(k „j,2k„)
—@„(k/ j, —2k/. .) —

&s In/; I I 0),

&sin/, jl0& = I +e, , (k/ j, k/j) & . (k/, 'j . k/. 'j),

(5)

(6)

(8)

where the pseudoparticle phase shifts N in units of 2x,
which were studied in Ref. [I], define the 5 matrix for

the elementary excitations [6]. Equations (5)-(8) show

that the electronic matrix elements (4) are fully deter-
mined by that 5 matrix. The matrices (5)-(8) can also

be expressed as simple combinations of the elements of
the dressed charge matrix [9]. In Figs. I (a) and I (b) we

plot the matrix elements (5)-(8) as a function of U/U,
for n =0.7 and several magnetic fields. For H&0 these

At L/'=0 the single-pair excitations refer to electrons. If
we replace the bands ~ and s by the bands for up- and
down-spin electrons, the corresponding No matrix is the
unit matrix, in agreement with (3). Since the one-
dimensional pseudo-Fermi surfaces reduce to two points,
in the limit of very low momentum and energy the veloci-
ties i, = j, (2k/), /r =i, (k/:j) [6] and the four matrix ele-
ments (4) fully determine the functions (I ). On the oth-
er hand, by applying a charge or spin probe, those func-
tions can be calculated as in a Fermi liquid [8]—the
transport properties are described by kinetic equations
that govern the How of pseudoparticles, which are the
transport carriers. This can be simply understood by re-

calling that at finite fields all the gapless excitations can
be described by particle-hole processes in the pseudopar-
ticle bands [6]. Then, following the form of the functions

(I), for low momentum and low frequency the delta

peaks which constitute the charge and spin dynamical
form factors are produced by these processes. Since these
factors embody all properties that are relevant to the
scattering of the probes, it follows that the electronic de-

grees of freedom couple to the probes through the pseu-

doparticles of the one-dimensional theory. After deriving
the amplitudes of the matrix elements (4) by calculating
expressions for the I'unctions (I), the use of a boundary
condition allowed the evaluation of their relative phases.
The final result is



VOLUME 68, NUMBER 6 PH YSICAL REVIEW LETTERS 10 FEBRUARY 1992

elements are analytical functions of the on-site interac-
tion. Unlike a Fermi liquid, when 0& U & U, they are
not simply given by 1 or 0. Although the pseudoparticles
refer to eigenstates, they are not dressed electrons: In
contrast to a Fermi liquid, when k 0 the operators (2)
do not fully project the ground state IO& on the corre-
sponding single-pair excitation. In addition, det No & 1.
Then the overlap is only partial and the diagonal ele-
ments of (4) are smaller than I (and the off-diagonal ele-
ments are different from 0). Such behavior implies Z =0
[9]—only when the overlap becomes total as k 0 does
the excitation refer to a real electron and the single-
particle spectral function show a peak. For U 0 the
matrix (4) tends continuously to the unit matrix, which is

nothing but the corresponding matrix for the noninteract-
ing system. Also in the limit U U, . the two matrix ele-
ments involving the charge pseudoparticles tend to 1 and

0, which are the values for up-spin electrons. On the oth-
er hand, the on-site electronic interactions induce a
change in the structure and nature of the eigenstate spec-
trum and there is a crossing of states as U 0. Nonethe-
less, in the case of a Landau liquid we are mainly con-
cerned with the excitations of lowest momentum and en-

ergy. The continuous manner in which the matrix (4)
tends to the unit matrix as U 0 [and (5) and (6) tend
to I and 0 as U U, ] establishes a generalized adiabatic

1

continuity principle which is valid for the gapless charge

and spin excitations of electronic Landau liquids. We
emphasize that this continuous behavior is not required
when the corresponding excitation branch collapses in one
side of the transition [as in Fig. 1(b) when UjU, I].

Figures l(a) and I (b) confirm that the zero magnetic
field case has a different physics: In the limit H 0 the
matrix elements (4) and (5) are singular as U 0, and
the above adiabatic principle is not valid (this singular
behavior, however, does not show up in the static suscep-
tibilities and critical exponents [9]). The generalized
definition of a Landau liquid requires that all gapless ex-
citations can be described by particle-hole processes in

pseudoparticle bands. At H =0 the Hubbard chain is not
a Landau liquid because the spin string excitations, which
involve two spin pseudoparticles and have a gap for
H ) 0, become gapless [6]. Furthermore, the spin pseu-
doparticle particle-hole excitations collapse at H =0.
This implies that at H =0 the S matrix for gapless excita-
tions acquires a different nature. Nonetheless, the limit
H 0 of the finite field expressions provides the correct
values for the zero-field critical exponents, static suscepti-
bilities, and stiffnesses.

The combination of the kinetic equations with the con-
servation law for charge and spin allows the derivation of
the charge and spin currents. As the energy [I], these
can be written as a functional of the pseudomomentum
deviations. To first order in the deviations we obtain

&J'"'(x, t)& = "
dq8, (q;x, t)J,'~'(. q),2z 4 —~

Wn
( f IFt

&J ' (x t)& =
J dq 8 (qx t)J, (q)+ „.

dpi'~(px

t)J, (p) (io)

respectively. We note that in this framework the devia-
tions depend on the position x and time t. The elemen-
tary current spectra of the pseudoparticles J,. ~ (q),

(n ) (o )J, (q), and J,, (p) are independent of the form of
these deviations and involve the velocities and f functions
introduced in Refs. [1,7,9]. Equation (9) shows that the
spin pseudoparticles carry no charge. Since in the
domain of energy where the only contributing states are
the single and multipair excitations the one-dimensional
liquid has only forward scattering [6], these states are not
expected to be connected to the ground state by current
operators. On the other hand, there are other higher-
energy charge and spin states which bring about the dissi-
pative part of the spectra. Each of the latter states has a
gap, which implies that the charge and spin conductivity
spectra in the nondissipative region, which is defined by
the smallest of these gaps, are given simply by

where e ~ = —e, e = —. , —e is the electronic charge,
(~ )and D ~ and D are the charge and spin stiffnesses

which were calculated previously for zero magnetic field
[4,10]. The spectrum (11) agrees with numerical results

[I I]. Based on the small momentum and frequency ex-
pressions for the functions (I) we could evaluate these
important quantities for arbitrary magnetic fields. The
result is

2 D"'=J,"'(2k,)y(-.)
(i 2)

2trD = [J,. (2kF) —2J,. (kpI]/ —.

The exclusive dependence of D ~ on J ~ (2kF), confirms
that the charge is transported by the "charge pseudopar-
ticles. " On the other hand, the form of D shows that
spin transport results from the coherent superposition of
charge and spin pseudoparticle currents. In the limit

(a )H 0, J,. (2kF) vanishes and spin transport results ex-
clusively from the flow of spin pseudoparticles. The
second terms on the right-hand side of Eqs. (12) and (13)
have a remarkably simple form and a profound physical
meaning. The charge and spin stiffnesses are a linear
combination of the velocities which determine the linear

873



VOLUME 68, NUMBER 6 PHYSICAL REVIEW LETTERS 10 FEBRUARY 1992

term of the specific heat [6), weighted by the squares of
the matrix elements for charge- and spin-density Auctua-
tions, respectively. These are simply obtained from Eqs.
(S)-(8), their amplitudes being 1 for U 0. The param-
eter det No, which is 1 in the limits U 0 and U U, ,
is otherwise smaller than 1. This is a consequence of the
fact that the above-mentioned dissipative states of higher
energy and zero momentum remove spectral weight from
the single-pair excitations, which can be confirmed by the
study of the sum rule for the conductivity spectra [12].
For H & 0, as at H =0 [4,10], the ratio (2/V„D '" )/~(T)~
gives the fraction of spectral weight associated to the 6
peak of o '" (tu), and the kinetic energy (T) is related to
the ground-state energy by (T)=tBE/Bt [12]. The 6
peak exhausts the sum rules in the limits U 0 and
U U, A detailed study of the dependence of the
stiAnesses on U, H, and n will be presented elsewhere. In
the limit H —0, Eqs. (12) and (13) reproduce the results
obtained previously [4, 10].

The renormalized charge and spin of the pseudoparti-
cles at the pseudo-Fermi points are defined as

e, =J, (2kt.-)/t. , , s, . =J,. (2kF)/v, , e, =0,(n )

and

s, =1, ' (kF I)/v, .
(n )

While s, = ——', or close to —&, e, and s,. are rather

field dependent. Their limiting values are presented in

Table 1, where go is the parameter that regulates the crit-

ical exponents [7] and thermodynamic quantities [6] at

H =0. While the spinon excitations gain a gap, at finite

fields the holon excitations change their character be-

cause the charge pseudoparticles acquire spin for H & 0.
Their spin changes continuously from s,. =0 as H- 0 to

s, = —' as H- H, . We emphasize that the generalized

adiabatic continuity principle introduced above does not

imply that for U 0 the charge and spin pseudoparticles

map on up-spin and down-spin electrons, respectively; al-

though in that limit the matrix (4) transforms continu-

ously to the unit matrix, the charge pseudoparticles are

still dressed by the down-spin electrons in such a way that

their eAective charge and spin are given by the values of
Table 1 (and the spin pseudoparticles remain chargeless).

On the other hand, in the limit U U, . that principle is

corroborated by the almost "Fermi-liquid"-like character,
.e., e,. and s, tend to the corresponding values for up-spin

electrons.
In this Letter we have defined the new generalized

Landau liquids from the point of view of the two-particle

spectral properties. The nontrivial spectral properties of
the Luttinger phases arise from the fact that the parame-

ters that regulate the low-energy physics [1,6,9]—phase

shifts (or elements of the dressed charge matrix [9]) and

f functions —are controlled by two-particle matrix ele-

ments between the ground state and k 0 pseudoparticle

particle-hole excitations. In contrast to a Fermi liquid,

TABLE l. Limiting values of the renormalized charge e, and
spin s, ((0=J2, 1

I'or U 0, ~, respectively, and as U ~ 0,
2t sinkt, t, e, 2t sink/'I).

—e(o
0

—e(I+(,/i )
-'(I —(,/i )
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where the single-pair quasiparticle states become elec-
tron-hole excitations as k 0, the two-electron operators
partially project the ground state on higher-energy dissi-
pative states, which remove part of the spectral ~eight.
As illustrated in Fig. 1, unlike a Fermi liquid [see Eq.
(3)], these matrix elements are interaction dependent.
Nonetheless, on the boundaries to the Fermi-liquid
phases they tend continuously to the values (3). We ex-
pect the existence of such Z=O two-dimensional Landau
liquids [S]. This implies separate (chargeless) spin and
(not necessarily spinless) charge transport carriers
confined to the condensed-matter system. Although from
the electronic point of view these pseudoparticles are
complicated collective modes, within the many-body sys-
tem they obey a simple Landau liquid physics [1,6,9].
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