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Electron-impact ionization of atoms is a focal point of
the study of the fundamental problem of few particles in-

teracting via Coulomb forces, since it involves the simul-

taneous escape of two electrons in the Coulomb field of
an ion [1,2]. Furthermore, when these processes occur
near threshold, electron correlation effects are known to
dominate [3]. Coincident detection of the outgoing elec-
trons severely tests our theoretical understanding of these
phenomena. Experimental techniques now allow mea-
surements of the triple differential cross section (TDCS)
at energies as low as 25. 1 eV in helium, just 0.5 eV above
the ionization threshold [1,4-6]. Theoretically, Wannier
[3] showed that the electron-electron interaction was

essential to obtain the correct energy dependence of ion-

ization cross sections at threshold [7-12]. There has

been no success, however, in connecting the TDCS near
threshold to structures at intermediate energies. Byron
and Joachain [2] showed that in order to explain some

features of the TDCS of helium in coplanar symmetric
geometry, a high-order approximation was required, but
second-order Born approximations failed to reproduce the
double peak structure of the TDCS at intermediate ener-

gies (200-500 eV) [13,14]. Distorted-wave calculations
[6, 15,16] have been very successful in reproducing most

of the features of the TDCS at intermediate energies,
down to about 100 eV. Recent work has considered these
theories in the threshold region [12]. While such theories
cannot reproduce the Wannier energy dependence, they
provide insights into the mechanisms responsible for
specific features of the angular distributions. We apply a
new perturbation expansion where the electron-electron
interaction is treated in first order [17,18] to the calcula-
tion of the TDCS for electron-impact ionization of heli-

um in coplanar symmetric geometry in the threshold re-

gion.
In a recent paper [6], experimental results for coplanar

(e, 2e) cross sections in helium at low energies were re-

ported, which complemented an earlier work near thresh-
old by Selles, Huetz, and Mazeau [5]. We present here
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an improved final-state Coulomb-Born approximation
(ICBA) that reproduces remarkably well the experimen-
tal angular distribution of the TDCS at the lower ener-

gies, from 30 eV down to 25. 1 eV, just 0.5 eV above
threshold. We compare the new approximation, the stan-
dard Coulomb-Born approximation [17,18], the standard
plane-wave Born approximation (PBA), and a plane-
wave Born approximation including an improved final

state (IPBA) with experiment. We conclude that the an-

gular distribution of the TDCS at energies close to
threshold is mainly dictated by the electron-electron
repulsion, which we include in our theory through a nor-

malization factor Ãk of the repulsive Coulomb wave

function of the electron pair. Furthermore we show that
the Coulomb interaction between the incoming electron
and the screened atomic nucleus in the initial state, the
Coulomb interaction between the outgoing and ejected
electrons with the ion, and the electron-electron interac-
tion in the final state are all required to give the correct
angular distribution of the TDCS. We also show that, at
the threshold, the angular distribution given by the
present theory is in agreement with the angular distribu-
tion obtained by Wannier's analysis [10].

The main features of our theoretical approach are as
follows. We use a perturbation theory that allows the ex-
pansion of the Coulomb T matrix in terms of an effective
electron-atom potential [17,18]. In first order, the ICBA
transition matrix element corresponding to ionization of a
(lV —I)-electron atom by an electron N is given by

(Nt„„lttv., (rtv)@l I I .il YK, (rtv)+),

where V;„t is the interaction potential of electron A with
the target ion,

Z g I

i=]
(2)V-int

with rtv the coordinate of electron lV, r 1
= Iflrl

and Ni the initial (i) and final (f) target eigenstates, and
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Here a =iZ, ~r/k, so that tltk
—(r) are Coulomb waves in an attractive potential with the arbitrary strength parameter Z,.tt.
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FIG. l. Coplanar symmetric geometry for electron-impact
ionization of atoms. K; is the momentUm of the incident elec-
tron, K~ and k are the momenta of the scattered and ejected
electrons.

We consider the ionization of He by electron impact in

coplanar symmetric geometry. In this geometry (see Fig.
I ), the initial state consists of an incoming electron with
wave vector K; parallel to the z axis and a bound atomic
electron in its ground state. Our model treats the helium
atom as a one-electron atom, i.e., one active electron plus
a passive electron whose only effect is in the screening of
the projectile to give an effective charge Z„tT and in the
spin statistics, and therefore we approximate the bound-
state wave function by a simple hydrogenic wave function
p~,. (r) =Zf rr

'~ e ", with ZT equal to the screened
charge chosen such that it gives the binding energy of the
Is electron [19]. The final state consists of two outgoing
electrons with wave vectors Kg and k with K~ =k and
K; K~ =K; k so that both electrons leave the atom at
angles Og

= —
OI, =0 which are equal in magnitude but

opposite in sign. We use the method presented in Ref.
[17] to compute the momentum-dependent efl'ective
charge Z„.a in the Coulomb waves of the incoming and
scattered electrons.

In order to account for the electron-electron interaction
explicitly in the final-state wave function, we studied
the correlated three-body continuum wave function of
Brauner and co-workers [201, which consists of the prod-
uct of three Coulomb waves, one for each of the two-
particle relative motions, and noticed that as the energy
of the incoming electron decreases, the effect of the
Coulomb function of the electron-electron separation in
the final state is dictated mainly by the normalization
constant Nq with k,,„=Y'(K~ —k). Consequently, we

include this normalization constant of the final-state wave
function in Eq. (I). Wannier's theory furthermore shows
that an additional factor Ã(K;) arises in the final-state
wave function owing to the electron-electron interaction.
We report in this Letter relative values of the TDCS,
since our goal here is to analyze the angular distribution
of the TDCS, and therefore we have set JV(K;) = I in our
calculation.

The factor Ng in the final state represents the effects
of the electron-electron interaction. It was shown earlier
[21,22] that the influence of the Coulomb interaction be-
tween the ejected and scattered electrons in PBA arises
solely in a Coulomb factor —x/{k„„[I—exp(x/k„)]],
which multiplies the TDCS. On the other hand, the im-
proved final-state approximation of Rudge and Schwartz
[23] uses an effective charge in the final state which gives

rise to an exponential factor exp( —z/k, , ), similar to
Np . A similar effective charge was used recently by Pan
and Starace [12].

The TDCS for the ejection of an atomic Is electron
with momentum k into the solid angle dAI, and for
scattering of the incident electron in the direction (ef Ipf)
into the solid angle d Q~ is then given by

(4)

577

Q'
( )4 2Kf

ding dpi d k,. Ki

Details of the calculation of T& in Eq. (I) are given
elsewhere [18].

The four calculations that we compare derive from the
present one (ICBA), which includes Coulomb waves for
both electrons in both the initial and final states and the
Coulomb factor Ng in the final state. The CBA is ob-
tained by setting N k

= 1. The IPBA retains N k, but
employs plane waves for the incident and scattered elec-
trons. The PBA employs the plane waves and further-
more sets Nq, =1. Figures 2(a)-2(d) show the TDCS
for impact energies of 30, 26.6, 25.6, and 25. 1 eV, respec-
tively, in comparison with experimental results of Refs.
[5] and [6]. All curves have been normalized to I at their
respective maximum. Notice that neither the CBA nor
the PBA gives the correct shape of the TDCS, while the
IPBA gives a shape similar to the experimental one but
with the peak at the wrong position and without the
shoulder that appears at 30 eV at an angle of 90' [see
Fig. 2(a)]. The present theory (ICBA) agrees very well

both in the position of the peak at all energies and in the
position and relative height of the shoulder. This shoul-
der clearly comes from the interference between single
and double collision processes [24,25), which gives the dip
of the TDCS at higher energies [15,17], as shown by the
fact that the position of the shoulder coincides with the
position of the dip in the CBA.

The presence and exact position of a single peak at the
lower energies [Fig. 2(b)-2(d)] is clearly reproduced by
the theory. Note that as the energy decreases the peak
moves closer to 90 and the shoulder disappears. This
single peak corresponds to the peak in the normalization
constant ~N~, ~

. This is shown in Fig. 3, where we plot

~Nk, ~
at different energies. This implies that as the en-

ergy gets closer to threshold, the angular distribution of
the TDCS becomes narrower and narrower around 90 .
The fact that the position of the peak is always at angles
greater than 90 indicates that backward scattering is
dominant at lower energies. We can understand this
feature by noting that, as the energy approaches thresh-
old, the binary-encounter peak disappears since all of the
initial momentum must be transferred to the nucleus. A
mechanism, electron-ion scattering, provides this transfer
and is included in CBA but not in PBA. Accordingly, the
CBA gives relatively larger and larger backward cross
sections as the energy approaches threshold. The com-
bined effect of the backward peak in the CBA amplitude,
i.e., the peak at 180, and the 90 peak in the electron-
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FIG. 2. TDCS for He corresponding to an energy of the incoming electron of (a) 30 eV, (b) 26.6 eV, (c) 25.6 eV, and (d) 25. 1

eV. The solid line is the present calculation, the broken line is the PBA, the dotted line is the CBA, the dash-dotted line is the IPBA,
and the solid dots are the experimental results from Ref. [6] in (a) and (b) and from Ref. [5] in (c) and (d).

electron factor INk I'- gives a peak at the experimentally
observed position at angles slightly larger than 90'. A

calculation using a correlated three-body continuum wave

function [20] but a plane wave in the initial state does not

give the correct position of the peaks, nor does it give the
correct position and relative height of the shoulder at 30
eV [26]. Our calculation shows that this is due to omis-
sion of Coulomb distortion in the initial state.

Close to threshold, the width of the angular distribu-
tion is dictated by the normalization factor INk I

—,which

at y =20=x is given by [22]
7

TDCS is given by the product of the exponential factor of
Eq. (5) and a slowly varying function of energy and an-

gle. Our results show that this function is accurately
given by the Coulomb-Born approximation.

We have presented a calculation of the TDCS for

INk, , I
'=exp

k, ,,

gr 7r=exp — exp
~E p I /4p

with hy=48lrc rad =91.5' being the full width at half
maximum of the Gaussian form derived by several au-

thors using the Wannier threshold theory [7-11]. This
shows that the angular distributions obtained within the
present theory, and therefore the experimentally observed

ones, are in agreement with predictions using the Wan-
nier threshold theory [10], even though they are shifted
from 90'. In essence, the angular distribution of the

/
e
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I'ICi. 3. Amplitude squared of the Coulomb normalization
factor !/Vq !

-', normalized to 1 at 90', corresponding to an en-

ergy of the incoming electron of 25. 1 eV (solid line), 26.6 eV
(broken line), 30 eV (dashed line), and 100 eV (dotted line}.
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electron-impact ionization of helium at energies close to
threshold in coplanar symmetric geometry using an im-

proved final-state Coulomb- Born approximation. We
have shown that this theory reproduces the experimental
results remarkably well even at energies as low as 0.5 eV
above threshold. The presence of a single peak in the
TDCS, as well as the position of the peak and the depen-
dence of its position on the energy, has been reproduced
by the theory. These features have been sho~n to stem
primarily from the electron-electron interaction in the
final state, which eA'ectively weights the double-peak
structure of the TDCS in the CBA, and becomes the
dominant element at energies close to threshold. We con-
clude that in order to explain the angular distribution of
the TDCS it is required to include the Coulomb interac-
tion between the incoming electron and the screened
atomic nucleus in both initial and final states as well as
the electron-electron interaction explicitly in the final
state, consistent with Wannier's threshold theory [10].
We include the latter in our theory by multiplying the
final-state wave function by the Coulomb normalization
factor Ng .
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