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Dynamic Tunneling Ionization of Excited Hydrogen Atoms:
A Precise Experiment versus Theories
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New data for no=24, . . . , 32 H atoms ionized b' a linearly polarized, 9.908-6Hz electric field are
compared with calculations. Being more precise than laser multiphoton ionization experiments with

tightly bound atoms, our experiments distinguish between tunneling through and classical escape o[.er a
slowly oscillating barrier and between one- and many-state dynamical processes. Formulas used to inter-
pret low-frequency laser multiphoton ionization data poorly describe our results. Our data delineate
ranges of validity of other partly successful models and are best reproduced by a new 30 semiclassical
model.

PACS numbers: 32.80.Rm, 03.65.Sq, 73.40.Gk

While the realization that a "particle" could traverse a
classically impenetrable, static potential barrier arose
early in the development of quantum mechanics, there
has been continuing interest in (and some controversy [I]
over) quantum-mechanical tunneling. Questions being
raised [I] include the definition of tunneling time(s) and

how a nonstationary barrier is traversed. Several theories
[2-4] address the tunneling ionization of atoms in an os-

cillatory electric field with amplitude F. Tunneling inter-

pretations have been applied to some intense-laser multi-

photon ionization (LMPI) experiments [5-8], often with

noble gas atoms or their positive ions. However, given

that tunneling rates increase exponentially with F and

that absolute determination of relevant peak intensities
& 10' W/cm in focused laser beam pulses is said [8,9]
to be diNcult even to a factor of 2, LMPI experiments
have not provided sensitive tests of' dynamic tunneling

theory. Indeed, the term tunneling ionization was even

ascribed to LMPI experiments that were analyzed with a

model based on classical, over-the-barrier escape [6(a)].
In this Letter we use tunneling to refer specifically to a

transition through a barrier, where the transition con-

nects two states having the same total energy; we also
contrast this with mechanisms, such as MPI, involving

transitions to states with other energies.
Our dat I come from micro~ave ionization of excited H

atoms. Micro~ave technology facilitates precise deter-
minations [10] of the field amplitude and pulse shape, a

major advantage over LMPI experiments. Moreover, the

simplicity of the hydrogen atom allows us to model de-

tails of the ionization process and make a direct compar-
ison between experiment and theories. We find that a

theory [4] often used [6-8] to model laser tunneling ion-

Ization experiments fails to describe the present data.
lt is convenient to use classically scaled variables [11]

(r)t, .FO) for the f'requency to and amplitude F (atomic
units are used throughout) of the applied field, where

t&o=njj'to and Fo=noF The classical dyn. amics [11,12]
depends on only these and not separately on m, F, and the
principal classical action 10, here set equal (in a.u. ) to no

Using results from Ref. [13] for each parabolic substate
n =(no, n~, ~m ~), the highest [lowest] critical field F,'.("(n)
for classical escape is F0=0.38 [Fo=0.13] for the ex-
tremal upward-going [downward-going] (in energy as F
increases) substate (no, no —1,0) [(nn, 0,0)]. Tunneling
systematically lowers the onset of static ionization to
lower Fo values.

This Letter presents the first precise experimental and
theoretical exploration of what we shall call the "dynamic
tunneling regime,

" which, for the present conditions, is

0 ~ tto +0.05. (This is one of six regimes [141 of dynam-
ical behavior yet identified for the microwave ionization
of H atoms in various ranges of Oo. ) The experimental
apparatus has been described previously [12,15]. Briefly,
H+-Xe electron-transfer collisions produced a l7-keV
beam of neutral H atoms. A fraction of about l0 ' was
in a given parabolic state of no=7, from which ' C O.
laser double-resonance excitation took place to an ex-
tremal parabolic state in an no manifold between 24 and
32. Previous [12,14,15] and present work showed the
atomic substate distribution entering the microwave cavi-

ty [16] to correspond classically to a microcanonical en-

semble of initial orbits with fixed Io.
With the slow turn-on and turn-off A(t) of the mi-

crowave amplitude in the atomic rest frame [16], the sys-

tem may be described [17] by the Hamiltonian 'H(t)
=p'/2 —I/r+A(t)zFsin(tot+ p); the initial phase p of

the /2 tot9r. 908 6Hz microwave field was averaged by
the experiment.

f' or each Of no=24, 7, 31, Fig. l shows a typical, mea-

sured ionization curve, where ionization means true ion-

ization plus excitation to bound states above an appara-
tus-determined cutoff n value, n, [12,14, 15].. Experimen-
tal insensitivity to variations of n, . values in the range
7~-90, i.e., far above no, along with calculations, justifies
our assumption that true ionization completely dominat-
ed. Each no & 32 curve rose monotonically and smoothly
from ionization probability P„„&[=OVo to 100%. Also
shown are calculations ulsing several theoretical models

discussed AexI. .
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FIG. l. 0, experimental data for no=24, 27, 31; 0, DK-
formula model calculations Pug, 4 ('7), semiclassical (extend-
ed) calculations P (P,',"'); *, "adiabatic" model calculations
P$ '"; 0, classical 3D Monte Carlo calculations P, ~ (with sta-
tistical error bars).

The "adiabatic" model assumes that (i) Fp is large
enough to mix strongly the initial n p and adjacent
(np+ I ) manifolds; (ii) Fp exceeds Fg" for some (np+ I )
substates; (iii) these ionize completely. The adiabatic
ionization probability P,'~~" is obtained from an average
of the classical critical [13] field F,'("(n) over the
(np+ I ) manifold. In this limit P,'~" depends only upon
Fp and can be computed by Monte Carlo integration over
the microcanonical substate distribution, if one allows for
the influence of the alternating sign of the field on
Fcrit (n)

This approximation is complementary to tunneling,
which assumes no transitions between adiabatic basis
states. The coupling constant [18] for item (i) is C„,= I 5np(Fp)(nest. a) For fixed tp. and Fp, this varies as np
In particular, the ratio C24/C3~ = I/3. Notice that experi-
mental 3D data in Fig. 1 agree fairly well with the calcu-
lated P ~"" (asterisks in Fig. I) for np=31, less well for
np =27, and rather poorly for np =24.

One may begin to explore dynamic tunneling by in-
tegrating the static tunneling rate I s(F;n) for each sub-
state over one microwave field oscillation to obtain a frac-
tional loss of population per field period fdt I s(n)
—=W(n). After N field oscillations, the ionization proba-
bility averaged over the microcanonical substate distribu-
tion is P,„„„(Fp,np) =(I —e ). Although accurate nu-
merical computation of each I s is possible [19], the sub-
sequent calculations required to produce P&„„„make this
method numerically too intensive for np»1.

Therefore, as has also been done for analyzing low-

frequency LMPI experiments, we exploit approximate
forms for I s. Equation 72 in Ref. [19] is an analytic,
semiempirical [Damburg and Kolosov (DK)l formula for
I"s. Experiments [20] with some ~m~ (3 substates of
np=30, 40 showed it works reasonably well for (near) ex-
tremal substates, but it can overestimate I g for other
states by at least an order of magnitude. The ionization
probabilities Pox(Fp,.np) (open squares in Fig. 1) calcu-
lated with use of the DK formula are discussed below.

We also used uniform [Jeffreys-Wentzel-Kramers-
Brillouin (JWKB)] semiclassical approximations for I s
to calculate the ionization probabilities P„(Fp,np) (open
triangles in Fig. 1). (Reference [21] shows good agree-
ment between JWKB and "numerically exact" values for
I s.) These calculations reproduce the P,„~t curves re-

markably well for np~ 29 and Fp~ 0.13. However,
when Fp) 0.13, for some substates Fp) Fg" (n). For
them we set P=1 because their ionization occurs on a
time scale significantly less than the total interaction
time; we treat the other, below-the-barrier substates
semiclassically. This "extended" semiclassical model

gives upper bounds, P;,"' (open inverted triangles in Fig.
1); it should be a good approximation for our pulse length

[16], but it would overestimate the ionization probability
for very short pulses.

Finally, we used a classical 3D Monte Carlo model

[11,12], in which Hamilton's equations are integrated for
orbits randomly chosen from an initial microcanonical
distribution. The resultant classical ionization probabili-
ties Pg (open circles in Fig. I) always underestimate
the present P, p$ and the discrepancy increases with de-
creasing np. [For the lower values of np (alternatively,

Op), the discrepancy near the onset of ionization is quan-
titatively similar to that for classical versus tunneling ion-

ization in a static field. For example, fields measured in

Ref. [20] to produce static ionization rates in the range
I"~=10 -10 s ' for individual substates of np=30, 40
are from 8% to 17% smaller than corresponding classical
values [13] of F,'P'( )n. ] However, in Fig. 1 the disagree-
ment of both Pg and P ~"" with P„~t seems to decrease
as Fp rises. We infer a growing importance of dynamic
couplings between bound states as Fp increases.

We may now exploit the precise calibration [10] of the
microwave amplitude to see that our data distinguish
finely between the different theoretical ionization mecha-
nisms, in particular tunneling versus over-the-barrier es-
cape. All our data, e.g., those in Fig. 1, have the same
5% absolute amplitude uncertainty but the relative am-

plitude uncertainty between data for different values of np

is even smaller. One may clearly distinguish for np
=24, 27 in Fig. I between the semiclassical (extended)
model(s) and DK formula model calculations as the
latter model yields curves having a shape different from
the experimental curves. A small global adjustment of
the experimental amplitude does not change this trend.
Both models involve tunneling, but the DK-formula mod-
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el is inferior for these lower no values at least in part be-
cause the DK formula overestimates I q.

For higher no values, e.g., no=31 in Fig. 1, the ap-
parent agreement between the DK-formula model and
experiment is accidental. As 00 increases, C„, increases,
causing the initial no manifold to become significantly
coupled to the (no+1) manifold, with a consequent in-

crease in the ionization probability. Hence, at some Qo
(or np), the experimental microwave ionization curve will

accidentally lie near the DK-formula curve.
Especially for P pt

& 20%, the adiabatic model calcula-
tions reproduce very well the no=31 experimental curve
but not the curves for lower no values. The ionization
mechanism assumed for this model, strong np to (np+ I )
excitation followed by classical escape, is very diA'erent

from tunneling.
Figure 2 compares experimental F„„pt(10%) (solid cir-

cles) and calculated Fp(10%) values, Fp(X'Po) being the
microwave amplitude at which L% ionization occurs.
Within the error bars sho~ing measurement reproducibil-
ity, the measured 10% values are no! flat versus np (A.
comparison of weighted, least-squares fits with a polyno-
mial function with orders up to 0, 1,2, respectively, strong-
ly supports this assertion. ) The average (F,„p&(10%)) is
near 0. 124; the average 50% value (F„„„t(50%))is near
0. 135 (see, e.g. , Fig. 1). These data show that a 1/9np
scaling law, claimed on the basis of data for 50% mi-
crowave ionization probability for Li and Na "hydrogen-
ic" (lml =2) Rydberg states [22], is not quantitatively
correct for H atoms at low 00.

The 3D classical Monte Carlo calculations (open cir-
cles) only start to approach F„„pt(10%) for the higher np

values in Fig. 2. At the lower end, not only is the ) 10%
disagreement significant, but the trend is wrong: With
decreasing no the calculations rise whereas the measure-
rnents gently fall.

Results of the adiabatic model (asterisks) are in near
agreement with F,„nl(10%) only for np between about 29

"6 28
VrinCiPVl Puant. um iilllH1t)PI Il„

'3')

FIG. 2. Fp(10%) thresholds us a function of np (symbols
same as in Fig. 1). The experimental error bars show the repro-
ducibility for each no. Not shown is an overall 5% uncertainty
in absolute experimental field strength.
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and 32, which shows that in a 9.9-GHz field the ioniza-
tion mechanism in this model is wrong for lower n()

values.
In contrast, the semiclassical tunneling theory (open

triangles) agrees best with F„„p,(10%) only at the lower
end, no=24-29. Though close, the DK-formula model
calculations (open squares) drop below F,„„,(10%) for
no =24-28. Note that both calculations decrease mono-
tonically with decreasing no in Fig. 2, whereas the experi-
mental results peak mildly near no=28, right where the
ionization mechanism changes.

For H atoms exposed to about 3x10-' oscillations of a
9.92-GHz field, the comparisons in Figs. 1 and 2 show

tunneling to become the dominant ionization mechanism
for no~28, or 00~0.033. Notice that for an initial
no=28 atom the classical electron hits the moving barrier
(20p) =15 times per half period of the oscillatory
field, which sets a time scale for tunneling to become im-

portant. Earlier studies [12,14, 15] showed the impor-
tance of coupled-state ionization mechanism(s) at higher
00,' even classical calculations gave good estimates of ion-

izing field amplitudes for 00~ 0.1, or no~ 40 at 9.9 GHz.
We continue with quantal models [3,4] inspired by

Keldysh [2], who initiated attempts to describe oscillato-
ry-field ionization for a range of frequencies from the
tunneling limit (y«1) to the MPI limit (y» 1); the
"Keldysh parameter" y is the ratio of the tunneling time
(see the second sentence of this Letter) and the field

period. Though these double inequalities are consistent
with Keldysh's original presentation [2], one finds in the
LMPI literature [6(a)] y&1 (not y« I) being called
"the tunneling regime.

" For H atoms y = tu/n pF
=npru/npF = f) p/Fp [13]. With y ranging from 0.40
down to 0.17 for our 10%-ionization fields, y &'. l is an

insu%cient condition for tunneling.
Moreover, our data do not support another published

tunneling condition, viz. , that of Ref. [23]: ".. .the tunnel
condition for highly excited states (n*)&1) is y n*«1."
Our present data cover the range 0.69 ~ y no~ 5.2. At
nq=28, where we observe tunneling to set in for a 9.9-
GHz field, y no=2. 0.

Keldysh or later theories have been used to model re-

cent LMPI experiments [5-8]. Using Eq. 9.24 of Ref.
[4(b)], which is the Ammosov-Delone-Krainov (ADK)
model applied to H atoms and which should be valid for
arbitrary initial states [24] in the tunneling regime, we

calculated Fp(10%) for a microcanonical substate distri-
bution. The ADK values (not shown) are nearly a factor
of 2 below experimental values for no=24-32. Since a
tunneling ionization rate depends exponentially on F, this
is a huge discrepancy. Alternatively, evaluating ADK at
experimental F,„p,(10%) values gives ionization probabil-
ities above 97%, far too high.

e have found the main reason for this failure. For
np))1 the tunneling rate formula [4] is a product of a
prefactor and a factor of the form exp[ —npg(Fp, np)l,
where g(Fp, np) varies relatively slowly with np When.
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no» I, g depends only on Fo and the ratios n~/no, nz/no,

and (m (/no. The amplitude at which g =0 is clearly im-

portant: For large no this is just Fg" (n). The exponen
tial factor in ADK l4J has its zero at the wrong value of
F. For no= l this leads to small errors. Our calculations
for no = I show that the three values of Fo(10%) obtained
from ADK, the DK-formula model, and the present semi-
classical method all agree. However, the error in ADK
rises dramatically with increasing no. Therefore, the as-
sertion (Ref. [7], p. 863) that ".. .the validity of the ADK
theory improves as n* increases" is wrong for Rydberg
atoms.

In summary, our low-scaled-frequency microwave ion-

ization data, with precision much beyond that of pulsed-
laser experiments, distinguish finely between different
theoretical models near and past the onset of dynamic
tunneling. Whereas only Keldysh-type theory was avail-
able years ago for interpreting the first H-atom mi-

crowave ionization data [25], and it is still often applied
to pulsed-laser experiments, our experimental and
theoretical results clearly reveal its limitations. The ex-
tended model introduced in this Letter yields the first 3D
quantum-mechanical calculations to reproduce mi-

crowave ionization data for 3D excited hydrogen atoms.
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