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The derivation of the nucleon-nucleon force from the Skyrme model is reexamined. Starting from
previous results for the potential energy of quasistatic solutions, we show that a calculation using the
Born-Oppenheimer approximation, properly taking into account the mixing of nucleon resonances, leads
to substantial central attraction. We obtain a potential that is in qualitative agreement with phenomeno-
logical potentials.
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The Skyrme Lagrangian, which describes a nonlinear
field theory of interacting pions, has proven to be a suc-
cessful effective theory of QCD in the long wavelength or
nonperturbative regime and in the limit of a large num-
ber of colors (Ng) [1]. It possesses a topologically con-
served charge 8 that is identified with baryon number.
The 8 1 soliton solutions yield an appealing picture of
the nucleon and its excited states, but since the theory is
a large-Ng approximation, its accuracy for real nucleon
observables is typically —I/Nc 309o (improvements
can be made by adding some finite Nz corrections to the
calculations). Until very recently attempts to apply the
Skyrme model to the nucleon-nucleon interaction (8 2)
have not met with great success [2,3]. Though all 8 2
approaches give a one-pion-exchange potential at large
distances and a short-range repulsion, the intermediate-
range central attraction has been elusive. Recent work
by Walhout and Wambach [4] appears to show that care-
ful treatment of the nonlinear nature of the Skyrme equa-
tions yields 8 2 configurations with some central attrac-
tion at the classical level, or, equivalently, to the leading
order in I/Np. It is not immediately obvious, however,
that this attraction survives the I/Nc corrections, which
corrections could go either way.

In this Letter we argue that the method used in [4] and
most previous work to project the nucleon-nucleon in-
teraction from the 8 2 Skyrmion configurations has
overlooked distortions of the Skyrmion fields at inter-
mediate distances. These distortions coupled with some
finite-Np corrections yield considerably more midrange
attraction, and potentials in qualitative agreement with
experiment. This suggests that the attraction may be a
robust property of the Skyrme model that survives at
finite Np. Thus the Skyrme approach gives promise of
yielding a correct, detailed description of the nucleon-
nucleon interaction and of providing a vital link in the
quest to "derive" nuclear physics from QCD.

There are only two stable time-independent Skyrmion
configurations for 8 2. One consists of two 8=1 Skyr-
mions infinitely separated. The other is a compact bound
state of toroidal baryon density in which the identity of

W Tps Tp~i ~

Z Tpg Tpj [3RtRj htj]

(2)

(3)

where Tgt is a one-body operator with isospin and spin
one, carried by the p,i labels, where @=a,P labels each
8 1 Skyrmion and R is a unit vector along the direction
of separation [11].

One of the important consequences of the introduction
of these operators is that algebraic methods [8,12] can be
used to obtain their explicit finite-Ng realization. In this
way we can include some (arguably the most important)

the two individual Skyrmions is totally lost [5]. To ob-
tain an interaction energy one must describe intermediate
Skyrmion configurations at finite separation. This corre-
sponds to the definition of an adiabatic collective mani-
fold [6], called the unstable manifold by Manton [7].
Each point on this manifold represents a configuration
that is stabilized by imposing a constraint. It has been
argued [7] that this manifold is at least six dimensional,
with three coordinates corresponding to the relative sepa-
ration of the two Skyrmions and three coordinates de-
scribing the relative orientation. The dimensionality
makes it virtually impossible to calculate the potential en-
ergy over the whole manifold.

Fortunately studies of the 8 2 system with the prod-
uct ansatz [2,3,8], with the Atiyah-Manton ansatz [9,10],
and with direct numerical integration of the equations [4]
have shown that much information about the 8 =2 ener-

gy as a function of separation R is contained in a particu-
lar choice of three paths, corresponding to three definite
choices of the relative orientation, or equivalently to a
special symmetry of the pion field. This allows us to cal-
culate an approximate form for the interaction energy of
two Skyrmions which can be given by the expression (the
forin used in Ref. [4] is fully equivalent)

v(R) vi(R)+v2(R) W+v3(R)Z,

which corresponds to an expansion up to first order in
terms of the two scalar operators W and Z. It is shown in
[8] that these collective operators can be written as
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finite-N~ corrections in the calculation. This includes the
well-known amplification of the nucleon-nucleon matrix
element of T by the factor (Nc+2)/Nc.

Since calculations in the product ansatz have shown
that higher-order corrections to (I) are small [8], we take
it to be exact. The problem we address here is how to ob-
tain a nucleon-nucleon interaction which includes some
finite-Nc effects, from (1). To date most workers have

simply sandwiched (1) between states containing two nu-
cleons for each value of R and called that the interaction.
This is definitely not the nucleon-nucleon interaction
determined phenomenologically from scattering phase
shifts, where we can only require that the state contains
two nucleons at large separation. For shorter distances
when the hadrons are interacting they can be (virtually)
whatever the dynamics requires, for example, 6's. We
know [10] that the baryon density is strongly deformed
for moderate R—a deformation that finally results in the
toroidal shape with its 70 MeV of binding. That con-
figuration corresponds to a great deal of mixing between
all states of the individual Skyrmions. This admixture
will lead to additional attraction at intermediate dis-
tances. The purpose of this Letter is to estimate the
effect of this mixing on the N-N interaction for N~=3
starting with (1). The need for state mixing has been
realized before [13] in the context of the product ansatz.
But that ansatz is a poor starting point. Furthermore, as
we state below, state mixing only makes sense for finite

Nc. At the same time there are algebraic finite-Ng
corrections to matrix elements that are difficult to include
in the formalism of [13]. For these reasons, these early
attempts to introduce state mixing did not find sufficient
central attraction. We should remark here that a very
different formalism, based on a study of fiuctuations
around the product ansatz [14], has been used to show

that some attraction exists in two-pion range. Unfor-
tunately the expansion underlying this approach fails in

the region that is most crucial to central attraction, when

1 &R &2 fm.
For large N~, one can distinguish two energy scales or

reciprocally two time scales. The slower time scale is as-
sociated with the motion in the collective manifold, i.e., R
and the orientation. The other time scale corresponds to
the almost instantaneous response of the pion field to
changes in R and the relative isospin orientation. We

cannot separate the time scales for the two sets of adia-
batic modes, as can be seen in the highly correlated
doughnut. For Nc equal to 3 the situation changes. The
R motion is typically much slower than the rotational
motion which leads to the separation of the nucleon and h,

states. We thus have three energy scales, and we can cal-
culate a Born-Oppenheimer potential for the R motion,
which constitutes the slowest degree of freedom.

All of the effects of quick response of the pion field at
each R are already in Eq. (I). It is the effect of the rota-
tional states we want to include. As a guide, we begin by
studying it perturbatively. Let us call the full potential
between the two nucleons, including the effects of the ro-
tational excited states, V. In terms of the Skyrmion in-

teraction v of (I ) and to second order, V is given by

V(R) =(NNIv(R)INN)

+g' &NNIv(R) Is)(EIv(R) INN&

E~~(R) E,(R)— (4)

(Here Egg is the two-nucleon energy and E, is the ener-

gy of the relevant excited state. ) The first term on the
right-hand side is the direct nucleon-nucleon projection of
v and is the term that has appeared in the literature. The
second term is the correction due to rotational or excited
states. It is clear from the energy denominator that the
second term is attractive. For Nc =3 the states Is) that
can enter are INh), IAN), and IAh). Except for a centri-
fugal term we add below, the excitation energy is as-
sumed to be independent of R, and thus can be expressed
in terms of the N-6 energy difference, 300 MeV.

To evaluate (4) it is convenient to introduce states
INNLSJT& labeled by the conserved (total) isospin T and

angular momentum J, as well as the NN channel orbital
angular momentum L and spin S. The model space splits
into two parts that are either symmetric or antisymmetric
under interchange of the particles [15]. We select the an-

tisymmetric part where the NN states satisfy the stan-
dard selection rule L+S+T is odd. To account for the
effects of centripetal repulsion at small R, we add the
centrifugal energy, t'i L(L+ I )/2MR, to channel ener-

gies. We take M to be the reduced nucleon mass in all

channels.
For each total isospin, T =0, 1 we write V in the

INNLSJT) space as

(NNLSJTIV, +V, cr' crz+V, rJ crj~(3R;R& —b~))INNL'SJT). . (5)

It is the V, , V, , and V& that we study. We have extract-
ed the necessary values of v~, vp, vg from the work of
Walhout and Wambach [41. This is an uncertain process
for large R since the potentials are quite small in this re-
gion and are calculated in [4] on a lattice by first calcu-
lating the total interaction energy of the B=2 system and
then subtracting the rest energy of two free Skyrmions.
In Fig. 1 we show the central potentials V, calculated

from Eq. (4), first from the first term on the right-hand
side of (4) only (this is the result of Ref. [4]) and then

with the second-order corrections. Note we only show the
result for intermediate R, 1 &R (2 fm. The effects of
mixing are quite large and attractive, as we expect. We
do not plot the other potentials since there is only a minor

change relative to the results obtained by [4]. We see
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FIG. 1. The central potential V~ as a function of R. The

solid line gives the result of [4], identical for T 0, 1. The
dashed line and the dotted line represent the perturbative result,
for T 0, 1, respectively. The dash™dotted line represents the
result of the diagonalization for T 1. The T 0 diagonaliza-
tion result is almost indistinguishable from the perturbative one.

that the correction is of shorter range than the leading
term. This is as we expect since, in the language of
meson exchange, it requires more exchanges. We also see
that though the effects of the perturbative corrections are
modest for large R they become large for intermediate R
and the perturbative approach becomes suspect. We
must then turn to a more complete treatment.

To calculate the full effect of the mixing on the NN in-

teraction we follow a procedure familiar from the Born-
Oppenheimer approach to molecules. We diagonalize the
interaction in the NN, Nh, AW, M, space at each R in the
iLSJT) representation. We follow a state from large R
where it is made up purely of nucleons, to small R where
we have mixing. The energy eigenvalue of this state as a
function of R gives the adiabatic potential curve familiar
from molecular physics, that is, the interaction energy in

that channel. Among the many coupled LSJT channels
we choose a bare minimum of lowest J that allow us to
extract the VT. The result of this calculation is also plot-
ted in Fig. 1. We see that for large R the result is identi-
cal with the perturbative result, as it should be. At inter-
mediate R the perturbative and exact diagonalization
answers are different in the T 1 channel, but the effect
of mixing the 6 states is still large. Clearly the mixing
leads to considerably increased attraction.

We wish to compare the Skyrme-based potential with a
realistic nucleon-nucleon interaction. One cannot relate
our result to modern effective potentials, such as the Bonn
[16] and Paris [17] potentials, since their central parts
contain explicit momentum-dependent terms. For that
reason we compare our potentials to the Reid soft-core
(RSC) potential [18]. We form V, and V, from the
RSC in exactly the same channels as used to extract the
Skyrme-based potential, and we find that the V, pieces in
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the RSC are somewhat less attractive than in our calcula-
tion. However, if we compare the more physical S-
channel (L -0) potentials, see Fig. 2, we find that the po-
tentials obtained from Skyrmions with channel mixing
and the RSC look remarkably similar, while those ob-
tained without mixing do not resemble the RSC potential.
At the largest value of R the details of the comparison
should not be taken too seriously, because of the uncer-
tainties in the underlying v;(R) at large R. Finally the
tensor interaction in our calculation (which is almost
identical to the one found in [4]) looks remarkably simi-
lar to the tensor interaction in the RSC.

Here we have shown that the Skyrme model can give
strong midrange attraction that is in qualitative agree-
ment with phenomenological potentials. This is in sharp
contrast to early results based on the product ansatz.
Two improvements play a key role in obtaining the at-
traction. First one must pay attention to the nonlinear
nature of the Skyrme Lagrangian, as shown in Refs.
[4,10], but second one must also include configuration
mixing at intermediate distances as we have stressed here.
This mixing is not easily formulated in the large-Np lim-

it, but is easily included for Ng =3, and hence brings with
it some other finite-Ng effects. The combined effect of
the careful treatment of the nonlinear equations and the
configuration mixing is to give substantial central mid-
range attraction for the NN system that is in qualitative
agreement with the data. To go from this work to a
theory that can be confronted with experiment in detail is
a difficult challenge. There are R-dependent corrections
to inertial parameters to include, there are dynamical
quantum corrections, there are nonadiabatic effects that

R (fm)

FIG. 2. The potential in the 'So (T I) and Si (T 0)
channels. The solid line (T 0) and the dashed line (T 1) are
our results obtained through diagonalization. The dotted and
dash-dotted lines gives the same channels (T 0 and T 1, re-
spectively) for the Reid soft-core potential [18]. The long-
short-dashed line gives the same result for the nucleons-only
calculation of [4], which is identical for T 0, 1.
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are particularly important at small R, and there are other
mesons to include in the Skyrme Lagrangian. All these
are under study. The success so far encourages us to
proceed and to suggest that the results obtained so far
will be robust under these refinements.

In summary we have shown that including the effects
of channel coupling (A mixing) in the projection of the
nucleon-nucleon interaction from recent studies of the po-
tential in baryon-number-two Skyrmion systems, substan-
tially increases the strength of the midrange central at-
traction, bringing it into qualitative agreement with ex-
periment. To obtain this result we introduce some quan-
tum corrections (equivalently corrections for the finite
number of colors). Many more sophisticated quantum
corrections remain to be made. But our results show that
a nonperturbative approach to the problem of obtaining
the "static" nucleon-nucleon interaction from QCD based
on the Skyrme approach has great promise not only of
phenomenological success, but also of being expressed in

the language of meson exchange that has been the lingua
fi'anca of that interaction for 45 years.
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ment of Energy and National Science Foundation and the
Natural Sciences and Engineering Research Council of
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