VOLUME 68, NUMBER 25

PHYSICAL REVIEW LETTERS

22 JUNE 1992

Dimensional Expansions

Carl M. Bender, Stefan Boettcher, and Lev Lipatov @)

Department of Physics, Washington University, St. Louis, Missouri 63130
(Received 20 March 1992)

It is proposed that the dimension D be used as a perturbation parameter. The coefficients in the re-
sulting dimensional expansion, a series in powers of D, can be obtained in both quantum-mechanical and
field-theoretic models. In this paper the first three terms in the dimensional expansion for the ground-
state energy density for a self-interacting ¢ field theory are calculated. Dimensional expansions are
shown to provide accurate nonperturbative analytic results.

PACS numbers: 11.10.Kk, 03.65.Ge

In this Letter we propose a new analytical method for
extracting nonperturbative solutions to problems in phys-
ics. The procedure consists of expanding the solution as a
perturbation series in powers of a nonperturbative param-
eter, namely, D, the dimension of space-time. In any per-
turbative approach it is essential to have an analytic solu-
tion to the unperturbed problem to be able to obtain
higher-order perturbative corrections analytically. The
advantage of our procedure is that the zero-dimensional
problem can usually be solved in closed form. Moreover,
the zero-dimensional solution already contains nonpertur-
bative information.

As an illustration of the nature of dimensional expan-
sions, consider the quantum-mechanical problem of a
particle confined to a spherically symmetric infinite po-
tential well in D-dimensional space:

V=0 (r<1),
)
(r=1).

V=co

The time-independent s-wave Schrodinger equation for
this particle is

—y" () =ID—-1)/rly'(r)=Ey(r), 2)

where we impose the boundary conditions w(0) finite,
w(1)=0. The eigenvalue E satisfies the quantization
condition J —,+p,2(VE ) =0, which determines E as a
function of D. The eigenvalue spectrum E,(D), n=0,

1,2,3,..., can be expressed as series in powers of the di-
mension D:
E.(D)= 2 a,:D*. 3)
k=0

These series can be used to calculate the eigenvalues to
great accuracy. We find that the radius of convergence
of the series for Eo(D) and E (D) is 2, for E»(D) is 4,
for E3(D) is 6, and so on. The radii of convergence are
determined by branch-point singularities on the negative
real axis in the complex-D plane. For all n, the functions
E,(D) are branches of a single analytic function E (D),
E(D) has a square-root branch point at D= —2 where
Eo(D) and E (D) are degenerate; a cube-root branch
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point at D = —4 where Eo(D), E (D), and E,(D) are de-
generate; a fourth-root branch point at D= —6 where
Eo(D), E (D), E»(D), and E;(D) are degenerate; and so
on [1,2]. In Fig. 1 we have plotted the lowest four eigen-
values as a function of real D, —6.5 <D < 2. Note that
Eo(D) and E (D) are complex conjugates for D < —2,
and E;(D) and E;(D) are complex conjugates for D
< —6.

Our principal objective here is to use dimensional ex-
pansions to obtain nonperturbative solutions to quantum
field theories in D-dimensional Euclidean space. The ad-
vantage of such a procedure is that the unperturbed prob-
lem is a zero-dimensional quantum field theory, which is
the simplest interacting quantum field theory that can be
solved in closed form. In this Letter we restrict our atten-
tion to a massless self-interacting scalar ¢** quantum
field theory described by the Euclidean space Lagrangian

L=7(3¢)>+gp>*. 4)

For simplicity of presentation we limit our discussion to
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FIG. 1. Eigenvalues E,(D), n=0,1,2,3, of the Schridinger
problem in (2) plotted for —6.4 <D <2.
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the problem of obtaining the dimensional expansion of

just one function Ax(D) characteristic of the quantum

field theory, where Ak (D) is the logarithmic derivative of

the vacuum energy density as defined below. The vacu-
um energy density F is defined by a functional integral

e'FV-fquexp[—dexL] , ()

where V is the volume of D-dimensional Euclidean space

and the measure is properly normalized. In terms of F

we define
AK(D)EZKg|—D/[2K—D(K—|)IZ_§_ ®)

Note that Ax(D) is independent of an additive constant
in the ground-state energy due to the choice of the mea-
sure of the functional integral in (5). Note also that the

definition of Ax(D) contains the appropriate power of g

necessary to make Ax(D) dimensionless. The dimension
expansion of Ax(D) has the form

Ax(D)=a+pD+yD?+ - - - . @)

We describe below several ways to calculate the
coefficients a,8,7, . . ..

D

2

[ D/2
A|(D)=[—] r >

Note that the radius of convergence of this expansion is
2.

To test the convergence of this series numerically
we evaluate the sum at D=1 (the case of quantum me-
chanics) for which the exact answer is A4,(1)=27"172
=(0.7071068 ... . Of course, the Taylor series in (10)
converges at D =1. The sum of the first eleven terms in
the Taylor series is 0.70695... . However, we can sum
the series in (10) more efficiently if we form the diagonal
Padé approximants Py(D). We obtain

Pl (1)=0.6159728, P3(1)=0.6930203,
P3(1)=0.7076109, P$(1)=0.7071068 ,
P3(1)=0.7071074,

and so on, which converges quite rapidly to the exact re-
sult.

For the interacting theory (K > 1) it is possible to find
the exact value of the coefficient B in (7) using analytical
means. To do so we add and subtract a mass term to L in

4):
L=7@¢)’+ 1m?9 +gp™  — 1 m??, an
where we choose M =g !/12K=D(&K=D]

The Feynman rules for the weak-coupling expansion of
the Lagrangian in (11) are 1/p2+m? for a line,
—(2K)!'g for a 2K-point vertex, and m 2 for a 2-point ver-
tex.

The normalization in (6) is chosen so that the coeffi-

cient a in (7), determined by evaluating the zero-dimen-
sional version of the functional integral in (5), is unity:

a=Ax(0) =2kg%E
dg

= — i [ ® _gxu]
2Kgdg In f_wdxe
=1. (8)

The higher-order coefficients in the dimensional expan-

sion in (7) are more difficult to calculate. However, for
the special case of a free field theory (K =1) we can ob-
tain the entire dimensional expansion by solving for
A (D) exactly. The functional integral in (5) is easy to
evaluate when K =1 because it is Gaussian.

We obtain for the free energy

D/2
1 (4% 22 |_1|¢g
F 2](2”)01;1[1 7D | (1—D/2),

9

where we have omitted an infinite additive constant (in-
| dependent of g) associated with the zero-point energy
field fluctuations. From (9) we obtain

2
I ——] =1 —g[ln(2n)—y]+?—8[61n2(27r) —12yInQr)+ 2246720+ - - . (10)

The free energy density F of L in (11) can be expressed

as the sum of two quantities, F,+F,. F) is the ground-
state energy density of the free theory described by Lo:

Lo=14(39)2+ L m?p?.

For this free theory the exact result for F; [see (9)] is
D/2
m?
F|=—[— ra-n/2), (12)
4r

up to an additive constant independent of g. Note that
(12) is singular at D =0.

The energy density F; is the sum of all connected vacu-
um graphs constructed from the Feynman rules above,
except for the polygon graphs contributing to F,. All
such graphs are infrared and ultraviolet convergent for
0< D <2. Each graph when evaluated gives a function
of D which is finite at D =0 times m ~2. Thus, since F,
in (12) is singular at D=0, F; is already higher-order
correction in D compared to F|. Hence, we can evaluate
all these vacuum graphs at D =0. The result for F, is

— 2K
o JZedxe ™™
no—=axe =
—_y2
[Zwdxe™*7?

e[ e

Fz--m

. (13)
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Comb.ining Fy and F; and using the definition of  A43(1) are 0.89065... and 1.02106 . .. while the first two
Ak (D) in (6) we have terms in (14) evaluated at D=1 give 0.597 ... (33% rel-

ative error) and 0.657 . .. (36% relative error).
Ax(D) =1 ——D—ln [89‘7e_‘+‘/Kr2 |+L] We do not know how to calculate analytically the
2 2K coefficient y of D? in the dimensional series (14). How-
+yD2+ - (14)  €ver, we now propose an approximate method for com-
puting the higher-order terms in this series. This method
The first two terms in this series give fairly accurate nu-  is based on strong-coupling lattice techniques [3,4]. We
merical results at D =1. The exact values of 4,(1) and | briefly summarize the results below. First, the formula
I for Ax(D) is
Ax(D) = (DK/K~D(K - D] 1+2aosi [connected strong-couplmg] } (1s)
de vacuum graphs ’
where |
e=[ga K ~DK=D] = VK (16) and so on. The details of this calculation are given in a
separate paper [5].
is a dimensionless parameter which for fixed lattice spac- As is shown in Refs. [4,5], D-dimensional strong-
ing a and large coupling constant g is regarded as small. coupling lattice graphs are polynomials in the parameter
The Feynman rules for the vacuum graphs are D having integer coefficients. Specifically, a vacuum
9262(x —y) for a line and Vi, =a 2P0 =Venp . for a graph having n lines is a polynomial of degree n in D.
2n-point vertex, where L, are numerical constants de-  The lowest power of D in this polynomial is at least 1 and
pending on K. The first few L, are for most vacuum graphs the lowest power of D is much
greater than 1. Therefore, only a small subset of all pos-
L,=rG/2K)/T(1/2K) sible vacuum graphs can contribute to any given order in
Ls=T(5/2K)/T(1/2K) —3T2(3/2K)/T2(1/2K) | the dimensional expansion (14). In Table I we give the

total number of nth-order vacuum graphs (those having n
Le=T(1/2K)/T(1/2K) —15T(3/2K)IT(5/2K)/T*(1/2K) lines), the number of graphs contributing to order D, and
. - 2
+3003G/2K)/F (1 /2K) . the n.umber of graghs contributing tohorder D~ .
Using the graphical rules we obtain from (15) a series
l representation for Ax (D) in powers of D:

Ak (D) =gPK/BK=DK =DV 4 D[ —2L 16+ 20362 — (613 —L3/3)e*+ (80LS —6L3LF+L2/60)eb+ - - - ]
+D2@L3+2L)e> = (12L3+6L,L ) e+ (12L 3 +4L3L ) e*
+(60L3 +30L3Ls—20L,L3/3 —5L4Le/6)€’
—(I180LS +36L3L4—12L3LF —LoLaLe)e®+ - - 14+ - -} . a7

TABLE I. The number of graphs contributing in order D and in order D2 Notice that
graphs having an odd number of lines contribute in order D2 However, the total number of
0(D?) graphs is not much more than the number of O(D) graphs.

Number of Number of graphs Number of new graphs Total number of graphs
line n in order D to consider in order D? contributing in order D?
1 1 0 1
2 1 | 2
3 0 2 2
4 2 | 3
5 0 4 4
6 3 2 5
7 0 9 9
8 10 7 17
9 0 37 37
10 25 37 52
11 0 176 176
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We have carried out this calculation to order £'? in the
coefficient of D and to order &' in the coefficient of D2

To obtain the dimensional expansion in (14) it is neces-
sary to extrapolate the series in (17) to its continuum
limit a— 0 (which is equivalent to e— o). This extrap-
olation is done by converting (17) to Padé form and then
setting € to o. The specific extrapolation procedure is
described in Ref. [5]. With this extrapolation procedure
we obtain the numerical value of the coefficient of D in
(14) accurate to between 5% and 10% (depending on the
value of K), and the coefficient of D2 accurate to - - -
Our final results are that

A2(D)=1-0.40284D+(0.23£0.01)D*+ --- , (18a)

A3(D)=1-0.34275D+(0.26 £0.01)D*+ - - - . (18b)
We can sum these series at D=1 to obtain numerical
predictions for 4,(1) and A3(1). These predictions are
accurate to 7% for K =2 and 10% for K =3.
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