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Experimental Study of the Geometrical Effects in the Localization of Deformation
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We have studied the localization of deformation in a 2D packing model. The samples consist of regu-
lar packings of equal parallel cylinders (drinking straws). The local stress-strain characteristics, at the
contact between two straws, shows a softening part, responsible for the localization of the deformation.
We have analyzed the roughness of the localization band, i.e., the width 8'of the localized zone versus
its length L. Our results demonstrate the self-affine character of the localized zone: We find a po~er
law, IY-Lr with /=0. 73 ~0.07, which is consistent with recent work on the "weak" disorder model.

PACS numbers: 62.20.Fc, 46.30.Nz, 62.20.Mk, 64.60.Cn

The deformation process in solids is often heterogene-
ous, and one of the most interesting cases is that of locali-
zation: The deformation is essentially concentrated in a
narrow zone. This effect is generally due to hetero-
geneities in the solid or to a nonlinear behavior with a
softening character. This localization can take various
forms: breakdown, plastic instabilities, shear band ob-
served in soil mechanics [1],etc.

One can try to explain this behavior with the help of
bifurcation theory, by considering that the constitutive
equation describing a homogeneous deformation may ac-
cept an alternative nonhomogeneous solution leading to a
localized deformation [2]. Another approach has been

developed recently in statistical physics for the fracture of
disordered media: The disorder is explicitly taken into
account in a discrete lattice [3]. The disorder is often a
"disorder" in the "local" characteristics: For example, in

the fuse network mode/ it is due to fluctuations in the
breaking voltage [4]. In a real material, the disorder is

difficult to characterize, and it is difficult to make an ex-
perimental study of its effects on the localization of the
deformation.

The honeycomb two-dimensional cellular solids show a
peculiar mechanical behavior [5]: Under an increasing
compression —for example, uniaxial —their deformation
is first elastic, by (elastic) bending of the cellular walls,

and then the deformation becomes localized, by an "elas-
tic buckling" of these walls. The same behavior is ob-
served if the honeycomb lattice is replaced by a regular

packing (Schneebeli model) of hollow cylinders (drinking
straws, for example). This material appears to be adapt-
ed to a study of geometrical effects on localization, with

three types of disorder generally observed. (i) Disorder
of contact: Even cylinders formally identical present
slight defects responsible for an, even weak, heterogeneity
in the contacts [6]. (ii) Geometrical disorder: Mixing of
cylinders with different diameters yields amorphous
structures [7]. (iii) Disorder of composition [8]: By mix-

ing the straws with hard cylinders, it is possible to create
a disorder of composition.

%e present here the first part of a systematic study of
this model, related to contact disorder: Only the behavior

of ordered arrays of identical cylinders (same geometry,
same material) under uniaxial compression is considered.

%e have studied "Schneebeli" models, consisting of
regular packings of equal cylindrical straws with horizon-
tal parallel axes. The samples are made with 58 horizon-
tal rows of alternatively 55 and 54 cylinders: The
cylinders have a 3 cm length, suScient to avoid an overall
buckling of the samples under the compression, and a 3
mm diameter. The samples are built in a rigid U-shaped
frame. To try to avoid edge effects, i.e., nonsymmetrical
distribution (no sixfold axes) of the contact stresses on
the straws touching the walls, and friction on the walls,
the walls of the frame and of the upper piston have been
Teflon coated and the straws in contact with them have
been replaced by Teflon cylinders with the same diameter
and the same length. The samples are placed in a testing
machine: A vertical displacement hh is imposed on the
upper plate, at a very low speed (0.2 mm/min). As
verified experimentally, the observed phenomena can then
be considered as rate independent. The compressive ver-
tical force is measured. During the experiment, photo-
graphs of the sample are made in order to allow a geome-
trical analysis of the strain within the sample.

Figure I shows (a), in the upper right corner, the local
stress-strain characteristics (at the contact between two
straws). At low stress, the (elastic) deformation is due to
the bending of the wall of the straw. Then, we observe a
maximum of the stress (at "controlled" displacement),
folio~ed by a softening zone corresponding to a negative
slope. Finally, the slope becomes positive. The main part
of the figure shows (b) the global characteristics, relative
to the packing, which is very comparable to the local one.
%e first observe a nonlinear e1astic behavior and then a
short zone with a negative slope, followed by a plateau
which extends over a large range of deformation. The
two regimes are also observed in the case of breaking
with "controlled" displacement (type I).

Figure 2 shows two photographs of the sample. In the
first (a), clusters of "crushed" straws appear whose num-

ber and size increase with the strain. These clusters
coalesce in a very tortuous band (b), which extends
across the sample. The number of straws in this band be-
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comes larger and larger when the displacement increases,
without any change in its geometry; on the contrary, we

observe that some of the compressed straws out of the
band relax (i.e., become normal) at the beginning of the
plateau. At all stages of the process, the deformation is

invariant along the axis of the stra~s: The geometry of
the band is quite identical at the rear of the sample.

As can be seen in Fig. 2, the position of the band does
not arise from the top corners of the sample, as was the
case without Tellon cylinders along the walls. However,
the band is generally localized in the upper half of the
sample; this reveals a gradient of deformation, due to the
friction at the walls [9].
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FIG. 1. Typical force-deformation curve of a Schneebeli
model of hollow cylinders. Inset: The local characteristics for
two straws in contact. The points 2a, 2b give the positions at
which the photographs of Fig. 2 have been taken.
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If one suppresses the stress just at the beginning of the
plateau, the sample relaxes and recovers its initial height:
The test is not destructive, and seems to be reversible. At
the second application of the pressure, the geometry of
the band is exactly the same, because the structure of the
sample is invariant (quenched disorder).

One of the most striking aspects of the localization is
the complex geometry of the band, although our experi-
mental setup is extremely ordered. We have previously
shown [6] that even in ordered packings of cylinders
small geometrical defects are present (at the scale of the
deformation, the cylinders are not rigorously the same,
and they are never perfectly ordered). These defects
create fluctuations in the geometry and in the mechanics
of the contacts between grains: This is the disorder of
contacts, which determines many aspects of the nonlinear
behavior of granular media [10]. This disorder, albeit
weak because the geometrical defects are small compared
to the large deformation of the system, is present in our
samples.

A central problem in the experimental study of the lo-
calization of the deformation in mechanics is a precise
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F16. 2. Two photographs showing (a) the growing of the
clusters in number and size and (b) the coalescing of the clus-
ters in a band. The white section areas are Teflon cylinders.

FIG. 3. Two superpositions by the Moire'. technique corre-
sponding to pairs of points (a) A-8 and (b) B Cin the global-
characteristics. The second one shows a char separation of the
medium into two parts: The boundary line corresponds to the
location of the band.
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FIG. 4. Variation of the normalized height h of the n lowest
rows below the band (see Fig. 2) vs the variation of the total
height H of the sample. This height is also normalized. The in-
tersection of the two lines gives the point where the localization
is fully realized.

analysis of the evolution of the sample geometry, and of
its relation to the macroscopic stress-strain characteristics
[11]: For example, in what part of the characteristics
does the localization start when taking into account the
fact that the observation of large clusters of crushed
straws is no more than a consequence of the localization
of the deformation? We have used two techniques to
study this. The first is the Moire one: By superposing
two successive transparent photographs of our samples,
we can detect very small heterogeneities in the dynamics
of the deformation. Figure 3 shows two of these superpo-
sitions, corresponding to the pairs of points A-B and B-C
of the macroscopic characteristics: In the region A-B, the
deformation is no longer homogeneous and the localiza-
tion has already started; in the region B-C, the band
divides the sample into two parts, and the localization is
fully realized. The second technique allows us to deter-
mine precisely the point where this occurs. Observing
photographs of Figs. 2 and 3, one can see that the defor-
mation remains homogeneous in the lower part of the
sample, under the band. Using the fact that the band is
localized in the upper half, we have studied the normal-
ized variations of the height h of the n lowest rows below
the band (where the deformation is supposed to be homo-
geneous) versus the variation of the total height H—
normalized too—of the sample: One of the obtained
curves is given in Fig. 4. In the homogeneous elastic"
zone, the curve is a straight line with slope 1, and abrupt-
ly, at a point which corresponds to the maximum of the
macroscopic characteristics, the curve becomes another
straight —but horizontal —line: The lower part ignores
completely the deformation imposed on the top of the
sample.

In this study, the final state of the localization is

FIG. 5. A log-log plot of the width W of the clusters vs their
length L for (0) five small samples and (o) one large sample.

defined by the spreading of the band across the total
width of the sample. But if one wants to study the statis-
tical geometry of the band, it is necessary to define a cri-
terion to decide if a site is crushed or not: A straw is con-
sidered as crushed if, in the photographs, one cannot in-
scribe within a section of the straw a circle with a diame-
ter 3 of the initial diameter.

Our experimental system can be seen as a model for
diff'erent types of localization of the deformation in ma-
terials. So, the central question now is to verify if this as-
sumption is correct. Some recent papers have analyzed
the roughness of crack interfaces [12], characterized by a
power law W-L~, where L is the length of the crack and
8' its width. For "weak" disorder, a universal value
(=0.7 ~0.07 was found, not far from the universal value

obtained for the random directed polymer problem.
We have analyzed the geometry of the clusters when their
size increases with the deformation. To itnprove the
statistics, measurements have been made on five different
samples. During the growth phase, up to the final "one-
band" phase, the geometry of the clusters is the same for
all the samples; the relation between the width W and the
length L of the clusters, measured by marking the
crushed straws in the clusters and giving them their ini-
tial size, can be fitted by a power law with an exponent
/=0. 73~0.07, compatible with the value obtained nu-
merically for the roughness of crack interfaces [12]. The
same study on a larger sample (140 rows of alternatively
125 and 124 cylinders) give comparable results: The best
fit gives /=0. 75. Figure 5 shows a log-log plot of the
measurements.

We should like to thank J. Desrues, A. Gervois, A.
Hansen, and S. Roux for many fruitful discussions.
Groupe Matiere Condensee et Materiaux is URA CNRS
N o. 040804.
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