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We construct a canonical formulation of the self-dual Yang-Mills system formulated in the gauge-
invariant group-valued J fields and derive their Hamiltonian and the quadratic algebras of the funda-

mental Dirac brackets.

We also show that the quadratic algebras satisfy Jacobi identities and their

structure matrices satisfy modified Yang-Baxter equations. From these quadratic algebras, we construct

Kac-Moody-like and Virasoro-like algebras.

We also discuss their related symmetries, involutive con-

served quantities, and hierarchies of nonlinear and linear equations.

PACS numbers: 11.15.—q

In recent years, classical self-dual Yang-Mills
(SDYM) equations have emerged as a beautiful and
powerful mathematical system, possessing beautiful solu-
tions of instantons [1] and monopoles [2,3] and serving as
an essential tool for analyzing exotic four-manifolds [4].
The SDYM system also possesses many traits of integra-
ble systems such as linear systems [5], infinite nonlocal
conservation laws [6], and Bicklund transformations.
Further, many two-dimensional (2D) systems are shown
to be reductions from the four-dimensional (4D) SDYM
equations: sine-Gordon, Korteweg-de Vries, nonlinear
Schrodinger equation, Liouville equation [7], chiral mod-
els [8], and chiral model with arbitrary Wess-Zumino
term [9]. When properly formulated, the 4D full super-
symmetric n = 3 Yang-Mills equations [10] and the full
supersymmetric n=>5 conformal supergravity [11] all
resemble SDYM equations. Thus, the SDYM system is
becoming a crossway between 2D and 4D systems from
the integrable-system point of view. All the studies so far
are mainly classical. Though the 4D theories possess
many traits of the integrable system of 2D theories, they
certainly will not and should not turn out to be integrable
in the same way as the 2D theories. However, these
beautiful characteristics of integrable systems should be
made best use of in a quantum field theoretical way.
Perhaps in the process we will find a nonperturbative ap-
proach to the 4D quantum field theories. Here we shall
present some useful results in this direction.

In studying the SDYM system, we exploit the fact that
in the J formulation the SDYM equations and action
resemble those of the Wess-Zumino-Novikov-Witten
(WZNW) model. Following the procedure developed in
Ref. [12] for the WZNW model, we construct a canoni-
cal formulation for the SDYM J fields [13]. We derive
explicitly the Hamiltonian and the fundamental Dirac
brackets for J fields that form quadratic algebras. We
also show that the quadratic algebras satisfy Jacobi iden-
tities and their structure matrices, which contain dynami-
cal variables, satisfy modified Yang-Baxter equations.
Following naturally from the quadratic algebras, we con-
struct Kac-Moody-like algebras, Virasoro-like algebras,

and their corresponding hierarchies of nonlinear equa-
tions and linear systems.

Several important features emerge from this 4D
theory: The Hamiltonian is an interactive one; in con-
trast, the Hamiltonian of the 2D WZNW model is free.
The J field can no longer be factorized into the so-called
“left”-chiral and “right”-chiral fields as in the WZNW
model. There are four distinct sets of algebras as com-
pared to two in the WZNW model. Among the algebras,
quadratic algebras are the most fundamental and will
serve as a basis for the future development of quantum
field theory [14,15]. (Our formulation here does not deal
with the globally nontrivial sectors of the SDYM theory.)

Self-dual Yang-Mills equations in the J fields (3,16,

17].— We consider the SDYM equations Fj. = €upefF”
(u,v,p,0=1,2,3,4), where F,.=3,4, — 9.4, +[A4,,4.] in
a four-dimensional space with a diag(+,—,+,—)

metrlc Usmg the hght-cone coordinates, y=x +x2

y=x'—x2, z=x?—x% and z=x’+x* the SDYM
equations become F,.=0, F;z=0, and F ;+F.-=0.
From the first and second, curvatureless eqﬁations the
gauge potentials have the followmg representdtlon
A,=D7'8,D, A.=D"'8.D, A;=D'8;D, and A:
—D_'a D. For general nxn matnces D the gauge
group is GL(N). Without loss of generality, we can
choose A; and A: to be zero, which can be achieved by
the trdnsformatlons Ay — By =DAyD ~'+DoyD !,
M=y,z,y,z. The nonzero components of the gauge fields
are A — B,=J" '6_..1, A-— B-=J '9.J, where J
=pD ~ ' and is gauge invariant. From the third self-dual
equation we obtain the equations of motion for the fields
J(y,z,7,2), 8:(J7'9,J)+98-(J "'9.J)=0, which we
call the “right”” SDYM J field equations.

There is another equivalent set of equatlons By choos-
ing A,,A-—0 and A; —-B =Jo;J A-HB—
=J9-J ~', the equations of motion are then replaccd by
what we call the “left” equations, 8,(Jd;J ")
+9.(J9-J ~') =0, which are just the right J ﬁcld equa-
tions with the changes J«—J ~! and y,z < J,Z, respective-
ly.

Symmetries of SDYM J field equations [3,16,17].
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—The SDYM equations for the J fields are invariant under the transformations J — V(5,2)JV ~'(y,z), where V(p,z)
and V(y,z) are arbitrary matrix functions. The symmetry generated by V(y,z) can be understood as residual gauge
transformations for By, and that by ¥ (5,7) as the gauge transformations for By. These symmetries are analogous to
those in the WZNW model, g— V(5)gV (»).

A canonical formation for the SDYM J fields.— Following these hints of the analogy with the WZNW model, an ac-
tion [13] that gives the SDYM J field equations can be constructed:

A=a

1/2 L/2 1
Javazaz [ apu@s0.0 70~ fayazaz [ av [, dpurs 001~ 9,00 " 8,01)

L/2 L/2 1
+ ) dydzdz dytr(8.J98-J ") — | dydzdz dy | dptr(J "'9,J10 '8-0,J "1e.JD) |, (1)
—1/2 —L/2 0 ’)J

where a is a dimensional coupling constant.

Any one of the variables y,z,y,z can be chosen as “time.” We first pick y as time. We apply a periodic boundary
condition in the “space” direction of y, J(y,y+L/2,z,z) =J(y,y —L/2,z,z), but we shall show that physical results are
independent of L. When y is chosen as time, y (space) becomes special and the Poisson and Dirac brackets have a
nonultralocal ' term in y, yet only an ultralocal § term in the other two special coordinates z,z. Here we follow the
same procedure established in Ref. [12] and refer the reader to it for details.

The canonical momenta of the fields J is 7,3 =8A4/8(8,Jop) =a(8;J5,' —eps), Where ep, are defined by

L)

L/2
[~afdya’z dff_l/vdftr(e 9,J) ] = [second term of Eq.(1)].
Equal-time (y) Poisson brackets are

Uap(r, ), 050, x M p =0, {rep(y,x),7,s(p,x" ) p=0,
)

ap . X) Ty (0 XN p = 84y0p5 2.6 (G — 3" +nL)6(Z = 2Z")

where we used a space vector x=(j,z,7) and 62(Z—2Z')=68(z —z')8(z —2'). The constraints from the definition of
canonical momenta are Co5(x) =n,3— a(8;J5,' —ep,), which give an infinite number of constraints, one at each point of

x. We can rewrite the constraints in the following form:
Ep/jEJupCﬂﬁ =J‘,p7[uﬁ+ a[(./ -1 ar-] )[]p+ ((’J)[},y] .

The Poisson brackets for Eqp are

{Eae(y,x),Es,(y x' N p= [ —2a8,u8:50.8' (7 =y +nL) +(El8.5— 8, ELX8G — ' +nL) |62 =2Z"), (3)

where the superscript 7 denotes the transpose. We can
separate the constraints into the first-class ones and the
second-class ones, FP°= Uﬁ/gdfl,’,’;’(x)Eﬂ(x)zO, Sre
=A7Eq.,—L ~'FP° =0, respectively. The A57(x)’s are
unknown fields with the boundary condition A5;(—L/
2) =A87(L/2) =5845¢ and determined solely by the condi-
tions of first-class constraints, {F”“,Eu,} =0, which
implies [ 2/2/2dyp 755 (x) L= - 8:8(y — 7'+ nL) =0, with
solution ALy(x)=Al7(y=0,z,z) =648y, which gives
Fr°(z,2) =fli/[il/3d)7 EP(x).

The total Hamiltonian is then Hy= -—A,,,+fd3x
X UgeE qe, where Ap is the integrand for the p integration
of the third and fourth terms of the action, Eq. (1). The
functions wu, are solutions of the following consistency
conditions: {H7,Es}p=0, i€, Ozuee=—9:(J 7'9.J),
and u,s=x,5+ Ay, where A is the homogeneous solution
(thus independent of y) and y is the particular solution.
Now the total Hamiltonian is

Hr= [fd‘}x;(“E,,f—Am]+fd3xA,5E,,s‘ 4)
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The canonical equations of motion of this Hamiltonian
can be shown to give Euler-Lagrange equations for the
J fields, 8,(Jo8:J D ={H7rJ8;J 1=—08.(J8-J7").
Note that this Hamiltonian is interactive; in contrast, the
Hamiltonian of the WZNW model is free, corresponding
to having only the last term [12] in Eq. (4).

Similarly, we can choose y as time and y as space with
periodic boundary condition and obtain Egs. (2) and (4)
with J«»J ' and y<>y, Z«<>z. We then can also choose
z or z as times and obtain two other sets of quadratic
algebras. [They are Eqgs. (2) to Eq. (4) with the obvious
corresponding changes.] So, in total, the 4D SDYM sys-
tem is spanned by four different Hamiltonian quadratic
algebras.

Quadratic algebras of Dirac brackets and Kac-
Moody-like algebras.—From the canonical formulation
given in the previous section, we can derive the following
Dirac brackets which are quadratic algebras:

{j|(x)..7n(x')}p=.7|(x)j||(x')M|,||, (5)
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where
Min=—Pry/2a) [ 1 26—y +nL )e"Q""+(l/Q|_||)]82(Z -7,
and Q1= (F] —F{})/2a; the superscript T denotes the transpose. The J fields are related to the J fields by a zero-

mode factor J(x)=J(x)exp(—yF7/2alL).
{A|,B||}a7‘p,55 f4®1 o1 ®B}ﬂ7_ps= {A,,p,B,a}.

The bracket of any tensors A|1=A®I and B;=/®B is defined as
The permutation matrix Py

is defined through the expression

P1.1i(41B1)Py 1y =B Ay, for any matrices 4 and B, and Py Py ;i =1. The function &(x) stands for the sign of the argu-
ment x. We will see that the current formed from J, not J, satisfies the Kac-Moody-like algebra. Taking the limit

L — oo, we obtain an L-independent result:

lim Miu=— P25 G —7') — §coth(Q1./2)+(1/01.11)16%2(Z - Z") . (6)
One can easily check that the quadratic algebras Eq. (5) satisfy Jacobi identities. The interesting point is that M,
which is now a dynamical quantity and has nonzero brackets with J, {M, mJuld o —J|1|M| 111, can be shown to satisfy
modified Yang-Baxter relations, [M i, My ]+ My, Myl + My, Muand + Mg+ Mg + My =0, which

we shall elaborate in a future publication when we quantize the system [15].
From the invariance of the action of J ﬁelds Eq. (1), under the ¥,V transformations a conserved current equation can

be derived, i.e., 8,/ =0, where j(7,7)=2af" ,/zdzJBJ

. Indeed this is also true in the canonical formulation, i.e.,

9,j={Hr.j}p —0 We then derive a set of Kac-Moody-like algebras,

17,2, 0020 p =2alP 28 G — 5 +nL)sG =) +PuGu—j) X6G —5' +nl)sG —7")

which can be easily shown to satisfy the Jacobi identity.
The current j(y,z) generates the left symmetry V(5,2)
by the relations {f %7/ dyfdztrle(5,2)j(5,2)], J(x)}p
=v(5",2')J (x"), where V(7',z)=1+0v(",7").

Similarly, other sets of quadratic algebras and their re-
lated Kac-Moody-like algebra of currents can be derived.
Choosing y as time, and y as a space coordinate with
periodic boundary condition, we obtain Egs. (5) to (7)
with the changes J«>J ! j<>y, and Z+<>z. Choosing z
as time and Z periodic, we obtain Egs. (5) to (7), with the
changes y<»>z and y<>z. Choosing z as time and z
periodic, we obtain Egs. (5) to (7) except with the
changes J«»J !, y<«>z, and y«>z. So, there are a total
of four sets of algebras.

It is most interesting to note that the quadratic alge-
bras Eq. (5) and the Kac-Moody algebras Eq. (7) of the
SDYM system are the same in form as those of the
WZNW model derived in Ref. [12] with the addition of
two dimensions, which are ultralocal. This may give a
hint that it is easier to go to higher-dimensional theories
via the algebraic way. On the other hand, the two
theories are very different in the following ways. (1) The
Hamiltonian H7 of the SDYM system is interactive, in |

¢))

contrast to the Hamiltonian of the WZNW model, which
is free. (2) The J fields cannot be factored into multipli-
cation of “chiral” factors, i.e., J= L(y,z2)R(y,z), as in
the WZNW model. (3) There are four distinct sets of
algebras in the SDYM system, as compared to two in the
WZNW model.

Virasoro-like algebras and hierarchies of nonlinear
and linear systems.— Using the Sugawara construction
[18], we can derive the Virasoro-like fields

UG,2)=—/4al)trlj(5,2)]?

5

=—(a/L)tr [fdz.iafj ! ]
that satisfy the Virasoro-like algebras
e UG 2N, =0UGE,2)8G -5
+B:UG.DIsG -5 NG —2").
(8)

Note that these Virasoro-like algebras have no central
charge. The Virasoro ﬁeld_U()?,E) generates a nonlocal
transformation on the field J,

WweE.n.Jo xNp=—L"" [fdz]a,-j "].i(y',x')a(y‘ DLICEFU

Therefore the fields U(y,z) here have rather indirect relations with the conformal transformations.

We do not expect

these algebras to be as powerful as the Virasoro algebras in the WZNW model. The more important algebras are the

quadratic algebras.

In the following, we derive hierarchies of nonlinear and linear systems of SDYM equations.

It is known that an

infinite number of involutive conservation quantities /,[U] can be constructed from the Virasoro-like field U(5,7). The
following bracket is important to consider, {j(7,2),U(",z')}p =8;(j(7,2)8(5 —5')8(z —z')). The involutive conserva-

tion quantities take the following simple forms:

LW =n ' [d5azlU GO, n=12,. ..

; LWL, W, =

9)
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Now we can introduce new time variables 7, through the

following equations:
.. )={j()_),2_,t|,tz, oo LIUul,

=9;u""),

9, j(V.2,t1,1,.

where n=1,2,.... These nonlinear equations form a
hierarchy of nonlinear equations of the SDYM system.
We will identify one of the times ¢, with y. It is easy to
write down the linear system,

vV, w=8,+U" " Dy(p,z 0505 ...)=0 (10)
(n=1,2,...),

such that the SDYM hierarchy nonlinear equations be-
come the consequence of the curvatureless condition
v,,,Vv,1=0(n=2,3,4,...). The other curvatureless
conditions [V, ,V, 1=0 (m,n=2,3,4,...) automatically
follow. Therefore, the equivalence of the linear system to
the hierarchy of nonlinear equations is proven. We can
incorporate the conservation equations 9,/ =0 into the
SDYM hierarchy equations by adding one more equa-
tion, 8, w(y,z,y,12,¢3, ... ) =0, to the linear system.

Similarly, three other sets of Virasoro fields and
SDYM hierarchies of nonlinear equations can be con-
structed by choosing y, z, and z as time, respectively.

This work is partially supported by the U.S. Depart-
ment of Energy and the University of California INCOR
program through the Center for Nonlinear Science at Los
Alamos National Laboratory.

Note added.— After the distribution of this manuscript
we saw a manuscript by Nair and Schiff [14] that gives a
different canonical formulation of the SDYM equations.
Their canonical formulation is for the Lie-algebra-valued
gauge fields A4,, in contrast to our group-valued gauge-
invariant fields J; therefore they did not obtain the quad-
ratic algebras which we consider to be more fundamental
and important, especially for the quantization of the
theory [15]. They also did not discuss the hierarchies of
nonlinear and linear equations. The quantization of the
SDYM has been done; see Ref. [15].
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