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Cooperative Instabilities of Counterpropagating Light Waves in Homogeneous Plasma
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Filamentation and Brillouin-enhanced four-wave-mixing instabilities caused by the cooperative in-
teraction between two counterpropagating electromagnetic waves are shown to possess larger convective
growth rates and smaller absolute instability thresholds than the conventional single-pump instabilities.
These cooperative instabilities may be important in certain laser-plasma interaction experiments.

PACS numbers: 52.35.Mw, 42.65.Hw, 42.65.Vh

The interference pattern of a strong electromagnetic
pump wave beating with one of its electromagnetic side-
bands drives ion waves ponderomotively in a plasma.
These stimulated ion modes act as gratings in the index
of refraction, scattering the pump wave and diverting its
energy to the sidebands. Properly phase matched, the
feedback of the pump into the sidebands leads to stimu-
lated Brillouin scattering (SBS) or filamentation [1,2],
also known as the transverse modulational instability
(TMI). Both of these instabilities require only one pump
wave interacting with either one or two sidebands. In this
Letter we examine instabilities caused by the cooperative
interaction of two counterpropagating (CR) pump waves.

In laser-plasma interactions, CR pump waves arise
when the incident pump laser is reAected from the critical
density surface or is parametrically backscattered from
the underdense plasma region. Burnthrough light, which
penetrates the target after the plasma is formed, may also
act as a source for the CR pump. The CR waves are ap-
plied externally when the laser-plasma interaction is used
for phase conjugation (PC).

In previous studies, a CR wave was shown to increase
backward SBS by seeding the Stokes sideband [3,4]. In

contrast, cooperative instabilities can have larger growth
rates than single-pump instabilities and need not have
single-pump analogs. Both thermal [5] and ponderomo-
tive [6] filamentation are absolutely unstable when driven

by CR pumps in plasmas. Cooperative TMI's [6-9] and

longitudinal cooperative Brillouin-enhanced four-wave
mixing (FWM) instabilities [10,11] have been shown to
exist in other nonlinear optical materials. Absolute PC
instabilities have also been shown to exist both in plasmas
[12] and in other materials [13]. In this Letter, the first
unified treatment of filamentation, near-forward, and
near-backward SBS of CR light waves is presented.

Let a pair of intense, CR light waves F and B irradiate
opposite ends of a uniform plasma. Each wave has a
Stokes (coo —at*, + ko —k) and an anti-Stokes (too+co,
~ ko+k) sideband. The pump-wave envelopes Fo and Bo
are initially uniform in the transverse coordinate, and the
sideband envelopes F+ and B+ introduce perturbations
of the form exp[tiki r]. By requiring all six waves to
be linearly polarized in the same direction and iks i/

askoi « I, only the near-forward and near-backward scat-
tering instabilities are treated.

The evolution of the fields is governed by the elec-

tromagnetic wave equation driven by the nonlinear plas-
ma current. The perturbed number density of the plasma
couples to the fields through this current and is governed
by the ponderomotively driven sound-wave equation [14].
The equations for the sidebands resulting from lineariza-
tion of this standard model become

L,, = —i '(ivd, +co) —c kz/2coo, j=1,2, (2)

where t =c ko/coo, L33 and L44 are obtained from L((
and L77, respectively, by the substitution i

Terms in each entry of the coupling matrix W corre-
spond to gratings produced by the beating of the fields.
The response of the gratings is characterized by I (co, k)
=c, k (to +2iv;:,to —c, k ) ' [12], where v;„. is the phe-
nomenological ion-acoustic damping rate. The CR wave

system drives two resonant short-wavelength gratings,
I ((=I (co, + 2ko+ki), a resonant long-wavelength grat-
ing, I i =I (to, kj ), and a static grating, I =1. The ele-
ments of 1V are

N(( =a[I-,F +(I-„—I )Bo],
JV)2=aI ~F0,2

N (3 =a(I i+1)FpBD,

N(4 =a(rj + I (()FOBp,

(3)

(4)

(6)

where a = —Zm, .to,'. /Sm;cooc, .'. The remainder of the

terms are 4;i =Wj 1Y72 JV) ) JV23 A ) 4 N24 =)V) 3,

N3q =N44 =N(((Fp Bp), and N34 =N(o(F 0 B()).
Single-pump backward SBS is mediated by a sound

wave which couples each sideband to its respective CR
pump. Terms in JV proportional to I

~i

—
I character-

ize this interaction. Backward SBS grows as yL/(
=(aFDL/t ) 'i [koL(c, /c)(c/v)] 't' [1,2]. Single-pump
near-forward SBS and filamentation are mediated by the
I & grating, which couples a pump wave to both its Stokes
and anti-Stokes sidebands. The peak growth rate for
single-wave filamentation is aFo (a80) for the I'orward

(backward) pump, where the grating is driven non-

resonantly at co =0.
Cooperative instabilities are driven by the action of

LA =O'A,

where A=(F+,F*,B+,8* ) . The propagation matrix
L is diagonal, having entries
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FIG. I. Convective gain spectrum of (a) the seeded sideband, and its (b) forward FWM, (c) Bragg scattering, and (d) PC coun-
terparts.

both pump waves. The two PC interactions couple Stokes
shifted sidebands to their CR anti-Stokes shifted side-
bands through the I ]], I i, or the static grating. Two
Stokes or two anti-Stokes shifted sidebands couple
through either the I & or static grating due to Bragg
scattering by FWM. The cooperative filamentation of
CR waves is the four-sideband analog of single-pump
filamentation. The simultaneous action of PC, Bragg
scattering, and single-pump filamentation drives the I &

grating nonresonantly to produce a four-sideband insta-
bility.

These single-pump and cooperative instabilities can be
identified in the linear convective gain spectrum of the
four sidebands. In Fig. 1, the single-pass convective gain
of each sideband is plotted as a function of k ~L/2k p and
Re(cpL/v), the real part of the perturbation frequency,
for Bp =Fp, c,./rc =O.OOI, kpL = l000, and v;,. /0;„. =0.2,
where 0;„. is the ion-acoustic frequency. The pump power
is aFpL/v=0. 43 which is 0.95 of the minimal absolute
threshold intensity for cooperative filamentation [6-8].
These spectra were calculated by numerically integrating
the coupled-mode equations (l )-(6) with B+ (L) =0,

F (0) =0, and Fi(0) =8, where F+(0) seeds the in-
teraction and 8(&1. Peaks in the gain occur when the
sidebands are oriented and spectrally tuned such that
their linear and nonlinear phase shifts are optimally
matched inside the medium, where the beat frequency
and wave number correspond to the frequency-degenerate
gratings, the resonant 1 & gratings, or the resonant I i]

gratings. Peaks in the convective gain spectrum which
occur at finite k & indicate the presence of transverse
structure, where the scattering angle 8 =2(kiL/2kp)/
koI

At large k&, pure PC between F+ and B—due to both
resonant and nonresonant gratings is recovered, as seen in
Fig. l(d). Near ki =0 for Re(rpL/v) near neither zero
nor one of the ion-acoustic resonances, single-pump
filamentation due to Fi and F is recovered [see—Fig.
l(b)]. For k~L/2kp —Re(rpL/v)&& 1 in Fig. l(c), non-
resonant Bragg scattering due to F+ and B+ is recovered
[9].

For smaller values of k ~, where Re(rpL/v) is near zero
or one of the ion-acoustic resonances, the one- and two-
sideband instabilities overlap causing hybrid instabilities
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[9]. The largest convective gain in Fig. I, located near
Re(ruL/v) =0 and ka L/2kp=3. 1 for each sideband, is
due to cooperative filamentation [9]. Backward SBS is
detuned as co deviates from the ion-acoustic frequency, so

shares the I [[ resonance with the two PC interactions.
Their spectral overlap is clearly illustrated in Fi . 1(d) at
k — —0

in ig. at
and the I ]] resonance. This convective gain

analysis suggests that cooperative instability growth rates
can exceed single-pump instability growth rates by a
significant margin and that transverse eAects can be im-
portant.

While single-pump backward SBS is known to become
absolutely unstable when the pump intensity is above
aFpL/i )sas=vi. L/4crup(cr/c)2 [2], the CR pump wave

introduces several cooperative absolute instabilities. In-
tensity thresholds for cooperative absolute instabilities
predicted by Eqs. (1)-(6) are plotted in Fig. 2 for two
values of the ion damping rate, v;,/0;, =0.2 and 0.05, re-
spectively, and Fo =80. In the upper graphs of Figs.
2 ) and 2(b) the threshold intensity is measured in units
of t e sing e-pass convective gain for filamentation f th
orward pump. The threshold intensity corresponding to

aFpL/v = I is
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part of the perturbation frequency at these threshold
+

eso s,
Re(roL/v), is plotted in the lower graphs of Figs. 2(a)

and 2(b). The ion-acoustic frequency of the short-
wavelength grating is 0;;,L/v —2k pLc;/c =2.

,

In Fig. 2 the lowest nonresonant threshold is plotted as
solid line and has ruL/i =0. The minimal intensity

threshold occurs on the nonresonant branch at aFpL/v
=0.45 for k iL/2k p =3.1 and is due to cooperative
filamentation. In the linear regime light scattered by this
cooperative filamentation instability has frequency
and forms a hollow cone with (),. =(6.2/kpL) . This and
other signatures of cooperative filamentation have been
observed in atomic gas experiments [15]. The dashed
curves in Fig. 2(a) and the dotted curves in Fig. 2(b) are
the minimal resonant absolute intensity thresholds for

y;.,/0;, , =0.2 and 0.05, respectively. They are frequency
shifted by the acoustic frequency of the I [] grating. Near
k& =0 these thresholds have a hybrid character. At large
k+ they approach the PC threshold. These results show
that the cooperative filamentation instability can be im-

portant even when cooperative resonant absolute instabil-
ities occur. The cooperative absolute instability intensity
thresholds can be much lower than the single-pump
thresholds, as stated previously.

The minimum values of the absolute instability thresh-
o ds and some of their PC limits are plotted as a function

0
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FIG. 2.
lute thr

a e resonant (---) and nonresonant ( ) b8 SO-

u e hresholds and their frequency shifts for yi~lrt;;i =0.2. (b)
The resonant (OOO) and nonresonant ( ) absolute thresh-
olds and their frequency shifts for y;„/0;, , =0.05.

of (Bp/Fp)' in Fig. 3 following the labeling convention of
Fig. 2. In the limit (Bp/Fp) I the minimal thresholds
found in Fig. 2 are recovered. At (Bp/Fp) = I the lowest

three threshold curves are due to the resonant modes at
)';.,/0;., =0.05 where aFpL/v =0.24, 0.2g, and 0.33 for
kiL/2kp=0. 0, 20.0, and 0.0. The nonresonant thresh-
olds are aFpL/v =0.45, 0.72, and 0.79 for k iL/2k p =3.1,
20.0, and 20.0 and the resonant threshold for y;„. /0;„
=0.20 is aFpL/v =O.gO at kiL/2kp=0. 0. Note that the
cooperative TMI threshold given by the aFp2L/i =0.45,
kiL/2kp=3. 1 curve remains degenerate with ru=0 and

is below the degenerate phase conjugation threshold over
2the entire range of r - shown. The phase conjugation

thresholds for aFp2L/v =0.72,0.79 at ki2L/2kp=20. 0 can
become nondegenerate as shown by the small frequency
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pump energy can be scattered into sideband modes mak-

ing them more virulent than single-wave interactions and
potentially important in the initiation of the subsequent
fully nonlinear evolution.
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FIG. 3. The minimal absolute thresholds as a function of
(Bo/Fo) -' and their frequency shifts.

shift that they acquire as r is decreased. Near r =1, this
frequency is in agreement with the expected frequency
shift of the phase conjugate signal, (Ftt —Bo )/2. Howev-
er, as Bo approaches zero, Re(raL/t ) =0.2, which is the
resonant frequency of I &. Observations consistent with
the kiL/2ko=0. 0 results are described in [I 1]. The
cooperative absolute instability thresholds are lower than
the single-pump or PC thresholds even when the pump in-
tensity ratio is small.

This work can be extended to include three-dimen-
sional geometry [16], plasma inhomogeneity, plasma
motion, and distinct pump-wave frequencies. Further
work is of particular interest since recent laser-plasma in-
teraction experiments may indicate that a CR pump will
enhance the growth of backward SBS or filamentation
[I 7].

The coexistence of single- and multiple-sideband in-
teractions is ubiquitous. When they are simultaneously
phase matched the resulting hybrid interaction need not
behave as the superposition. A CR light wave introduces
cooperative filamentation and cooperative hybrid reso-
nant instabilities which can be attributed to the combined
effect of one- and two-sideband instabilities. These
cooperative instabilities can have larger convective gains
and lower absolute instability thresholds than single-
pump instabilities, and their absolute intensity thresholds
increase slowly as a function of (Bo/Fn) . Coupled-wave
interactions increase the number of channels by which
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