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We numerically study the thermal nucleation of kink-antikink pairs in (1 + 1)-dimensional classical
field theory coupled to a heat bath. We study the dependence of the kink lifetime and number density
on temperature and on the coupling to the heat bath (viscosity). We qualitatively confirm Kramers’s
prediction of the viscosity dependence, and find a slight reduction in the effective kink mass compared
with its zero-temperature value. We find no suppression of kink production beyond the Boltzmann fac-
tor, and we confirm a recent prediction of the renormalization of the barrier at high viscosity.

PACS numbers: 11.10.Lm

The study of thermally induced transitions over energy
barriers in systems with a finite or infinite number of de-
grees of freedom is of great importance in many areas of
physics, from condensed matter and nonlinear optics to
particle physics and cosmology. For example, coherent
thermal excitations over potential barriers appear in con-
nection with dislocation theory [1], Josephson transmis-
sion lines [2], and cosmological phase transitions [3]. In-
terest in the dynamics of such systems has been steadily
increasing due to recent claims that thermal effects may
play a fundamental role in the cosmological generation of
the baryon number excess during the electroweak phase
transition [4], although some authors [5] have conjec-
tured that the rate is entropically suppressed by the large
number of degrees of freedom involved. Thermal nu-
cleation of kink-antikink pairs has been studied in the re-
cent literature [6,7], as well as simulations of the nonper-
turbative thermal effects responsible for baryon number
violation at the electroweak scale [8], with interesting re-
sults. Given the relevance of the topic not only to our un-
derstanding of thermal processes that may have occurred
in the early Universe, but also to other similar phenome-
na occurring in different physical systems, we decided to
examine the thermal nucleation of kink-antikink pairs in
some detail.

The system we chose to study is the real scalar field ¢
in 1+ 1 dimensions, with a double-well potential ¥ =/
4)(p>—a?)% It is well known that this system exhibits
stable localized “kink™ solutions, and at finite tempera-
ture we expect the spontaneous nucleation of kink-
antikink pairs. As mentioned above, there have been two
previous works on this topic. Grigoriev and Rubakov [6]
examined the nucleation of kink-antikink pairs in a mi-
crocanonical approach, by following the deterministic
evolution of the field ¢ at fixed energy. Bochkarev and de
Forcrand [7] studied the stochastic dynamics of ¢ by cou-
pling it to a heat bath and solving the Langevin equation
(1) in the high viscosity limit, which then reduces to a
first-order equation in time [9]. However, their results
are difficult to interpret because the high viscosity ap-
proximation requires 73> 1 (see below), while they con-
sidered only 7 =1, where 7 is the dimensionless viscosity
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coefficient. In neither study was the measured kink life-
time compared with any theoretical predictions.

In this Letter we study the kink density and lifetime for
a wide range of viscosities and temperatures, using the
full second-order equation of motion (1), with a longer
simulation time for increased accuracy. We discuss the
theoretical predictions for these quantities, and compare
them with the numerical results, finding good agreement
in most cases.

Description of the system.— The classical dynamics of
the (1+1)-dimensional scalar field theory in contact with
a heat bath may be modeled by the stochastic Langevin
equation,

2 2

%=gx%—ng—?—k¢(¢z—az)+é(x,t), (1
where 7 is the viscosity coefficient, and & is the Gaussian
stochastic force with vanishing mean, related to n by the
fluctuation-dissipation theorem, (&(z)&(z'))=2nT8(z
—z'), where z=(x,r) and T is the temperature of the
heat bath. In writing Eq. (1) we implicitly assumed that
the system is Markovian: The correlation time scale for
the noise is much smaller than the typical relaxation time
for the system, which is the inverse of the oscillation fre-
quency around stable equilibrium points, ® =a~/2x. The
explicit kink solution is ¢x(x) =atanh(avA/2x) [10].
The size of a kink is R=1/(av/A/2) =2/, and its mass is
Mk =~/81/9a’. In the associated quantum theory the
low-energy excitations would be mesons of mass m =h .
Our analysis will be purely classical, being valid only for
energies much greater than m, when the typical field
configurations contain many quanta. This means we
must study temperatures 7> m, and take the weak cou-
pling limit (a?> ) so that Mx>m. In order for the
predictions of the next section to be valid we must have a
dilute gas of well-defined kinks, so T << M.

To simplify the analysis we first introduce dimension-
less variables ¢ =¢/a, ¥ =a-/Ax, i=a-/At, in terms of
which the Langevin equation becomes

% _9°6 _ -86 - -2 :
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where

A=nlavk, E=&la*L,
o 3)
(E(x,NEET')) =27086(f—7")6(x —x').

The system is now independent of a, A, and A: The kink
mass is M =+/8/9, and the dimensionless temperature is
6=T/(vAa?), so M/0=M/T. The high viscosity ap-
proximation mentioned above involves ignoring the
826/ * term, which is valid when 7> 1.

Theoretical results.— The quantities measured were
the density of kink-antikink pairs 7, the kink lifetime 7o,
and their dependence on viscosity and temperature. By
standard arguments [e.g., Eq. (18) of Ref. [11]] the equi-
librium kink density is

=N (0) o —L exp(— M/0) 4)
dx N
where we expect MC.I=M.
The other quantity we measured was the equilibrium
kink lifetime, or kink pair correlation time 7, defined by

G(&) =+ D)aE); — (AN =Aexp(— /7)), (5)

where (- - - ); denotes an average over a large interval of
time 7. It can be written in terms of the pair nucleation
rate per unit length I' and the kink density 7 [11]:

fo 'acl/i. 6)

The pair nucleation rate per unit length has been calcu-
lated for classical field theories without friction [12] and
for multidimensional particle systems in the large and
small viscosity regimes [13,14]. At large viscosity the
rate is suppressed by overdamping. As the viscosity drops
the rate rises, until we reach small viscosity where we
again expect suppression since it is harder for the heat
bath to feed energy into the system. However, at very
small viscosity the rate should go to a constant, since even

in the absence of noise there will still be some kink pro-
duction [6,12]:

[ f(7)(1/V6) exp(— Bei/B) |
)
F/a+a6$)'"2 =52 Giz1),

f(")={a+bﬁ (<),

Here @), is a frequency associated with the curvature of
the top of the barrier, of order 1, and a and b are con-
stants that depend on the barrier and also, potentially, on
the temperature [13]. Naively one would expect the
effective barrier to be B,y =2M, since kinks are nucleated
in pairs. However, in the high viscosity limit the motion
of a kink will be diffusive, so that its mean square dis-
placement is (AX*(7))=2Di (with diffusion coefficient
D =06/7). Since the lifetime 7 is the time taken for a
kink and antikink to meet and annihilate, it follows that
(Ax* (7o)« 1/7* [11], so from (4), (6), and (7) we can
write

too [1/f () exp(Ue/6) ,
(8)
o N {chﬂ (high viscosity),

Unr=Ber—Mer= 2M —Mr (naive).

Note that the high viscosity result corresponds to a nu-
cleation barrier B.r=3M.y, which deviates from the
naive estimate because of the effects of friction on the nu-
cleation process.

Numerical analysis.— We study the thermal produc-
tion of kink-antikink pairs by numerically solving the
Langevin equation with periodic boundary conditions on
a spatial lattice of length L =200 and lattice spacing
1=0.5, with time step £¢=0.02. The lattice field ®;(n) is
the average of ¢ over the ith cell at time 7 =ne¢, and IT;(n)
is the average of 8¢/d7 at i=(n— §)e. We propagated
them by the leapfrog algorithm:

;(n+1) =11;(n) + elld;— | (n) + D, 4, (n) — 20, (n)1/1* — 7iT1; (n) — D; () (D () — 11 +Z;(n)},

O (n+1)=d;(n)+ell;(n+1),

where the Gaussian noise Z;(n) obeys (Z;(n))=0 and
EiE;(m))=(276/1)6;;6un.

For each value of viscosity and temperature we pro-
pagated the Langevin equation through 9% 109 iterations,
corresponding to a final time of t,-=l.8><lO5 in dimen-
sionless units. We chose homogeneous initial conditions,
®;(0)=—1 and I1,(0)=0. The noise and viscosity
thermalized the system quickly, and caused the formation
of kink-antikink pairs. A typical snapshot in time is given
in Fig. 1. To count the number of kinks and antikinks
while ignoring thermal noise we first calculated a
smoothed field by averaging ® over blocks of dimension-
less length of AL =35, which is roughly the size of two
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kinks. We then counted one kink (or antikink) whenever
the smoothed field went through zero. This criterion has
the advantage of being symmetric under ®— —®, so it
is equally easy to create a pair starting from a fluctuation
around ®=1 or ®= —1. In order to obtain the dimen-
sionless kink lifetime 7o we evaluated the correlation
function [Eq. (5)] and fitted with an exponential. When
errors are quoted on measured values of 7o they will de-
limit the range of values that gave a reasonable fit by eye.

We checked the dependence of our results on the lat-
tice length, the lattice spacing, the time step, the final
time, the random number generator, and the random
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FIG. 1. A sample field configuration at temperature 6 =0.24,
and its smoothed version in which thermal noise is greatly re-
duced.
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number seed. Within the limits of numerical accuracy,
no dependence was found, implying that the lattice calcu-
lation correctly approximates the continuum classical
field theory.

Numerical results.— (1) Kink density /. As one would
expect for an equilibrium quantity, 7 turns out to be in-
dependent of 7. In Fig. 2 we give the temperature depen-
dence, which shows an excellent fit by the Boltzmann law
[Eq. (4)] although the effective mass is

Mr=1(0.75+0.05)M (measured) . (10)

Compared with the result lv.[c,r=0.55/v7_found in Ref. [7],
this is closer to the expected value M. =M, but still
shows a significant reduction. Marchesoni [15] points out
that this may arise from the finite size of the solitons,
finite length of the lattice, or phonon dressing effects due
to the lattice discretization. It is also interesting to note
that the data favor higher M.y at lower temperatures,
suggesting that we may be seeing the effects of thermal
noise, which swamps the tails of the kink configuration

Mg = 0.75M
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1/6
FIG. 2. Soliton pair density (logarithmic scale) as a function
of inverse temperature. The errors were less than 1%. The
fitted curve for Mr=0.75M is shown [see Eq. (4)].
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FIG. 3. Kink lifetime as a function of viscosity, at tempera-
ture 6=0.24. Fits with the high and low viscosity predictions
[Eq. (7)] are shown.

(see Fig. 1).

(2) Kink lifetime 7o versus viscosity at temperature
0=0.24 is shown in Fig. 3 for 7=0.002 to 10.0. For
viscosities outside this range it became hard to fit G(7)
by an exponential: The increasing size of the error bars
at the ends of the range reflects the onset of this problem.
We see a good fit with the predicted behavior [Eqgs. (7)
and (8)]. The high viscosity fit used @, =0.8, which is of
order 1 as expected. To the best of our knowledge this is
the first qualitative confirmation of Kramers’s prediction
for systems with an infinite number of degrees of free-
dom.

(3) Kink lifetime versus temperature. In Fig. 4 we
have given 7 as a function of 0 at three different viscosi-
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FIG. 4. Kink lifetime as a function of inverse temperature
for three different viscosities 7=0.02, 1.0 and 4.0. The error
bars on the 7j=1 observations have been omitted for clarity;
they would be a little larger than the plotting symbols. Fits
with the expected exponential dependence [Eq. (8)] are shown.
For 7=4.0 we used the slope that fitted 77 =1.0.
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ties: 7=0.02, 1.0, and 4.0. For j=1 we see Usr=(1.7
+0.2)M, which also gives a reasonable fit for 7=4. By
(10) this is equal to (2.3+£0.4)M gy, consistent with the
prediction [Eq. (8)] that U,y should be twice the effective
mass, and verifies the prediction of Hinggi that the bar-
rier height By would be renormalized at high viscos-
ity. At the lowest viscosity we measure U.y=1(0.85
+0.15)M =(1.1 £ 0.2) M.z, which is not consistent with
the naive estimate [Eq. (8)] which would predict
Uar=(1.25+0.05)M. This is probably due to the tem-
perature dependence of the low viscosity prefactor, which
is known to occur in multidimensional systems (Ref. [13],
Sec. 2.5).

Our analysis shows no extra temperature suppression
of the nucleation rate of nonperturbative field configur-
ations. However, we have confirmed the high viscosity
barrier renormalization result of Ref. [11]. This fact has
important consequences in most physical systems in
which thermal nucleation plays an important role, for ex-
ample, in the creation of monopoles in the early Universe.
Related questions arise in the study of cosmological phase
transitions. A first-order transition may generate an out-
of-equilibrium phase of false vacuum which decays by
nucleation of bubbles of true vacuum. This is assumed in
most inflationary models, baryogenesis at both the grand
unification and the electroweak scale, and the formation
of quark nuggets at the quark-hadron phase transition
[3]1. However, this picture may be wrong, since if a sys-
tem cools slowly enough then it could remain in equilibri-
um. Recently, it has been suggested by Gleiser, Kolb,
and Watkins [3] that nonperturbative effects play a cru-
cial role in the equilibration properties of these systems.
Clearly, the Langevin approach is ideally suited to study
this question. Another application is baryon number gen-
eration in the electroweak phase transition. As our re-
sults indicate, knowledge of n (which is related to the
coupling constants in the model) will ultimately deter-
mine if enough baryon number excess can be generated
[16]. We intend to investigate these questions in the near
future.
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