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Some Consequences of PT Symmetry for Optical Rotation Experiments
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We perform a general symmetry analysis of optical experiments on samples in the "P'T state, " that is,

samples for which 3D inversion symmetry P and time inversion symmetry T are each broken, but which

are invariant under the product PV. We show that P'T symmetry is compatible with all known results
on optical rotation in the high-temperature superconductors. We also find a unique and accessible ex-
perimental signature for the 'P'T state.

PACS numbers: 78.20.Bh, 74.70.Vy, 78.20.Ek

A number of optical experiments [1-4] have been car-
ried out on various samples of high-temperature super-
conductors (HTSC), in search of signs of spontaneously
broken time-reversal (7') symmetry. The results of these
experiments appear to support both positions on this
question —that there is, or is not, such spontaneous sym-

metry breaking in the HTSC—since, of two sets of ex-
periments specifically constructed to select only nonre-
ciprocal effects, one [2) gave a null result, while another
set [1,4] gave unambiguous positive results. A third set
of experiments [3] strongly suggested broken 7'; these ex-
periments were not, however, constructed in such a way
as to rule out reciprocal effects.

A recent paper by Dzyaloshinskii [5] has offered the
possibility of resolving nearly all the known experimental
results. Dzyaloshinskii pointed out the consequences of a
hypothesized "antiferromagnetic" configuration of the
HTSC, in which 7 is broken in each of the metallic CuO
planes, but the sign of the order parameter strictly alter-
nates from one plane to the next. If there is only one
such plane per chemical unit cell, the resulting material is
both 7' and P invariant (where P is 3D inversion), and
no bulk effects of the broken symmetry can be expected.
If instead there are two planes per unit cell, then the ma-
terial breaks both 7' and P, while the combined operation
P'T remains a good symmetry. We call this state the
"P'T state" [6]. We note that there are good reasons to
believe that, if T is spontaneously broken in each plane,
the planes will order with alternating sign, i.e., antifer-
romagnetically [7].

Dzyaloshinskii showed that a material in the P7' state
has in general nonzero magnetoelectric coefficients of
linear response, and that such coefficients give rise to a
(complex) rotation of the polarization of light upon
reflection. He also stated that P'T invariance forbids op-
tical rotation in transmission.

It follows that an assumption of the PT state for the
HTSC is consistent with many of the experimental re-
sults: the null result of Spielman et al. [2] seeking optical
rotation in transmission, the positive results of Lyons et
al. [Il for reflection, and the positive results of Weber et
al [3] in reflection. Th. e idea gained further credit when
another prediction of the P7 model was tested. Lyons

[4] looked for rotation in reflection from samples of
LapCu04, which, unlike the other HTSC materials test-
ed, has a single conducting plane per unit cell. In accord
with the prediction of the P'T model, Lyons found a null
result for the 2:1:4material.

There remains one outstanding result which appears to
be inconsistent with the P7' state for the HTSC, namely,
the optical rotation in transmission found for Bi2Sr2-
CaCu20s (2:2:1:2)by Weber et al. [3]. Because the P7'
model reconciles all the other results (including one
which was predicted by it), we feel it is worthwhile to
pursue further the implications of the P7' state. In the
following analysis we show that the rotation in transmis-
sion seen by Weber et a/. is consistent with the P7' state,
thus reconciling all known experimental results within the
P'T model. We also propose an experimental test which
can uniquely distinguish the P7 state from other
broken-symmetry states.

Symmetry analysis We co.—nsider idealized experi-
ments in which polarized light is incident on a sample
from either the right (r) or left (I) side, and the resulting
reflected and transmitted light is detected. We take all
outgoing (o) waves to be linear functions of the incoming
(i) waves:

o=S i.

r+
Q ~

I— (2)

and similarly for i. The scattering matrix S is then

IR++ T++

, T++I

R'+
R++,
T—+
R'—+,

RI+

T+—
R—

T+-
R+—

R'

(3)

We choose as a basis the electric fields of circularly polar-
ized (cp) light: I+ is the outgoing wave on the left side of
(+) cp, etc. Thus

f+

1992 The American Physical Society 1601



VOLUME 68, NUMBER 10 PHYSICAL REVIEW LETTERS 9 MARCH 1992

We now ask how the matrix S transforms under P and
T. For P we reason as follows. Any experiment describ-
able by Eq. (I) implies that an inverted experiment, in

which inputs, outputs, and sample are subjected to P, is
also possible, since the laws of electromagnetism do not
violate parity [8]. Thus we get Po =PSP Pi, so that
PSP is the appropriate scattering matrix for the
space-inverted sample.

P exchanges left and right sides, leaves the cp unal-
tered, and reverses the wave vector k of the light; thus

l, O

+

(4)

E++(Z2, z I, a), (I)) = —,
' g+(z2, z I, to, (I))

and similarly E ——=
& g —,where

gw =g —.'+g ~t(I- g . ) .

We now define

E+ +( ——) (Z 2 Z I, t0) = E++(——)(Z 2, Z I

(9)

that is, E gives the response of the time-reversed sample;
thus E+ ~ = —'g~. The g,p, being coeScients of linear
response, obey Onsager relations [11]as follows:

p-cp electric field at position z2, given that a source is
emitting v-cp light at z] of unit amplitude. It is easily
shown [101 that

so that
g~p(Z2, Z I, QI, @)=gp~(z I,Z2, 0),(I)) .

This gives g+ (z2, z I, co) =@+(z I,Z2, t0), or

(10)

0
I

P 0
0

100
000
001 0
010

0
P" —

I

0'g-

PSP

/R++ T++

T++ R'++

R" + T'+

R+—

,
T'+-
R'——

R+—

where e„ is the 2&2 Pauli matrix. Thus we get

E++(——)(zziz l~) E ——(++)(z(,zz, to) .

A similar derivation gives E+ —(z2, z I) =E+ —(z(,z2) and
E-+(z.,z)) =E +(z( z2)—.

We can make contact with our earlier notation by sim-
ply strategically locating z] and z2 to give reflection or
transmission from either side. The above results for the
E„, then give us the entries in the matrix S=S(—(I)) in
terms of those S. Thus we get

S =S(—(I))

, T"-+ R'+ R' R' R/+ T+—
For time reversal T we cannot make a strictly analo-

gous argument to that used for P, the reason being the
second law of thermodynamics. The strict time reverse of
an experiment with dissipation is an experiment with an-
tidissipation, " which is not realizable. In the past, the
"principle of reciprocity" (POR) has been invoked to an-
alyze time-reversed light-scattering experiments [9]. The
POR relates intensities at polarizing analyzers in an ex-
perirnent and its time-reversed version. Since we are in-
terested in the phase as well as the magnitude of the ele-
ments of the scattering matrix S, we will avoid invoking
the POR.

Instead, we can generalize an argument due to Halpe-
rin [10]. Consider an emitter at zI emitting cp light, so
that the emitted electric field is E(z() =(I/J2)(x+ iy)
—:E~(z)) (time dependence e ' ' is implicit). In linear
response the field at z 2 is

E.(z )=2gg.pEp(z I),

where the functions g,p=g, p(z2, z), a),&) are the linear
response functions of the "system, " i.e., the sample and
the surrounding medium, and (a,P) are Cartesian coordi-
nates x or y. N is an order parameter which is nonzero
when the sample breaks T. Finally, we define
E„,(z2, z I, a),@) (p, v=+ or —) to be the amplitude of

R
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(12)

We can rewrite the above in the simple form S
=JS J ', where S is the transpose and

R'—+

R'

T'-+

R+—
T+—

R++

T+—
R'

T++
(14)

R'—+ , T++ R++,/ l

We are now prepared to investigate the constraints im-

posed by PT symmetry on the rotation of the polariza-
tion of light. Consider an input beam of x-polarized light
on the left: i = ( I / J2) ( I 0 I 0) . The transmitted wave

0 1

io
Finally, for the P7 state, we have that PSP ' =S. This
gives

S ='PJS JP
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is in general elliptically polarized. Define

( r+ T+++T+—
T —++T— (is)

i.e., the preferential absorption is sensitive only to the ab-
solute ( ~ ) circular polarization.

For broken T and P but unbroken PY, we get

then the azimuth 0 and ellipticity e of the transmitted
wave are given by [12] 8= —

2 arg(+) and tane
=()+) —I)/()9')+ I ). From Eqs. (3) and (14) we see
(as noted by Dzyaloshinskii [5]) that P7' symmetry
alone is sufficient to give the constraint T'++ =T'——for
i =r, l. However, T'+ —and T' ~ are unconstrained, so
that we find no general constraints on 8 or e. The same
conclusion holds for the reflected wave.

Let us then increase the symmetry of scattering system
(sample). Our postulated PV symmetry for HTSC can
be augmented by orthorhombic or tetragonal symmetry,
giving the magnetic point groups [5,13] m'm'm' or
4/m'm'm', respectively. For the orthorhombic case, m'

(equal to reflection times 7') symmetry in the a-b plane
gives S =S. (Here and henceforth we assume propaga-
tion along the c axis. ) Given these additional constraints,
we find, for x-polarized input, %'2. =(%'2-) '&1. Thus, in

the orthorhombic case, an input (x) which propagates
unchanged in the absence of 'T and P breaking is subject
to a rotation in the PT state.

Tetragonal symmetry is equivalent to full rotational in-

variance along the axis of propagation (for c-directed
propagation). Imposing this further constraint sets the
ofl'-diagonal blocks of S (and hence of S and PSP) to 0.
It is then easily shown that, given P'T symmetry and an

arbitrary linearly polarized input, +I/+;, =&'++/'r' ——
= I. Thus, with the qualtftcation of rotational invariance
we find "no optical rotation in transmission" for the P7.
state.

For the case of reflection we still have that R++
&R'—— in general. Thus both rotation and ellipticity
may result from reflection from a sample of arbitrary ro-
tational symmetry in the P7 state, as suggested by Dzy-
aloshinskii.

Anisotropic dissipation. —The fact that R'+ y &R'——is
a signature usually associated with broken T symmetry;
as we have seen, it is also associated with broken P and
7', with P7' unbroken. We find another signature of the
P7' state below, which is usually associated with broken
P. We will continue to work with the assumption of rota-
tional symmetry; the consequences of dropping this as-
sumption will be discussed subsequently.

Define (y+) =IR'++
I +)T'++) so that I —(y+)

gives the absorption of + cp light incident from the left,
and similarly for the others. If P is broken, we get

(y+)' —(y' )'=(y' )' —(y+)', (i6)
which says that preferential absorption is sensitive only to
the handedness (right or left) of the light —which is what
we expect for broken P. For broken 7 we get

(y
f ) 2 (y

I ) 2
y

2 (y
I ) 2 (y

I ) 2
y

2

IR+ I
—IR'——

I
= —(IR+ I

—IR'——
I ) (19)

Therefore, any experiment which can measure explicitly
the right-hand side (RHS) and the left-hand side (LHS)
on a single sample could be used to unambiguously signal
the P7 state, for which Eq. (19) is uniquely true: bro-
ken T alone gives

IR'
I

—IR" )2=+(IR+ I

—IR I )

awhile broken P alone gives RHS=LHS=O.
To our knowledge at least one group [14] can now

measure )R'y+) —IR'——
) . A test of the P7' state for

the HTSC, using Eq. (19), would then require a nearly-
defect-free sample, so that the antiferromagnetic ordering
is maintained from one surface to the other. Ideally, the
size of broken 7. domains within the planes should also
be larger than the laser spot size.

We have defined the P7' state, and examined its conse-
quences for experiments on optical rotation. We find that
optical rotation in transmission is forbidden in the P7
state only if the additional requirement of rotational sym-
metry is imposed. The experiments of Weber et al. [3]
on 2:2:I:2 show large optical rotation in transmission,
which is not allowed if we assume the P7 model plus
tetragonal symmetry for the material. In fact, 2:2:1:2 is
only pseudotetragonal [14], as there is usually an incom-
mensurate modulation of the lattice along the a or b axis.
The resulting symmetry is orthorhombic, which we have
shown to give a rotation [15] in the P7' state, even for in-

put which is polarized along a principal syrnrnetry axis of
the material. The experiment of Spielman et al. [2] mea-
sures arg(T' — /T++). Interesti—ngly, this quantity may
be nonzero for the general PT state, but is strictly zero
for orthorhombic symmetry or higher —and hence for the
HTSC in the PT state.

Our symmetry analysis has also led to a new relation
[Eq. (19)] which uniquely distinguishes the P'7 state
from other broken symmetries. This relation suggests a

(y' )' —(y' )'=)R'

(y )z (y. )z IR+ I
IR"—

I
=IR'- —Iz IR++I',

so that, finally,

(y+)' —(y' )'=(y' )' —(y+)' (P7 state).

We see that Eqs. (16) and (18) are identical: A P7 ma-
teria) is like one with broken P alone in that its circular
dichroism is sensitive only to the handedness of the in-

coming light.
Equation (18) can also be shown to hold for the ortho-

rhombic case (m'm'm'). Furthermore, regardless of the
degree of rotationa1 symmetry, we know directly from Eq.
(14) that
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further test for the PT state which appears to be within
the realm of experimental feasibility. Any material obey-
ing Eq (19) must be in the PY' state, that is, it must
break P and T while remaining invariant under PV
Equation (19) holds without further assumptions —in

particular, without assuming rotational invariance. It ap-
plies to a quantity which is currently experimentally ac-
cessible. We look forward to its future application as a
test of the P7' state for the HTSC.
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Note added. —Since this work was submitted, we have
received a paper from Spielman et al. (to be published)
reporting a null result in reAection for 1:2:3 and 2:2:1:2.
This result disagrees with the P'7 model in the weak
sense that a null result is found where a positive result is

allowed. We also have received a theoretical paper by
Shelankov and Pikus (to be published) which treats ques-
tions similar to those addressed in this paper. In particu-
lar, their analysis of the eA'ect of time reversa1 on the
scattering matrix agrees with ours.
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