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A minimum-energy path in strain space has been determined which takes cubic silicon into itself. En-
ergies are computed using the Stillinger-Weber model potential and first-principles total-energy calcula-
tions. The energy along this path has an additional minimum, corresponding to a crystal structure with
a body-centered-tetragonal lattice and fivefold-coordinated atoms. Lattice-dynamics, molecular-
dynamics, and elastic-constant calculations show the structure is stable.

PACS numbers: 61.55.Dc, 61.42.+h, 64.70.Kb, 71.25.Rk

For any Bravais lattice, physically allowed (symmetric)
shear strain tensors can be derived which transform the
lattice into itself [1]. When such transformations, so-
called "magic strains, " are accompanied by special
translations of the basis vectors, then any crystal can be
so transformed. The possible physical relevance of this
novel concept is just beginning to be explored [2-5].
Here we focus on a particular application of the magic-
strain concept which is of interest for silicon and materi-
als with related structures.

Using the magic-strain concept, we have explored ex-
tensively the strain space of silicon and uncovered an in-
teresting transformation which takes the diamond struc-
ture into a body-centered-tetragonal (bct) structure with
each atom having five near neighbors. Our results are
based on the Stillinger-Weber (SW) model potential [6]
and first-principles total-energy calculations using a
local-density plane-wave pseudopotential (PS) method
[7]. The density of silicon in this structure lies, like the
coordination number, between that of the diamond struc-
ture (low density, fourfold coordination) and that of the
high-pressure P-Sn phase (high density, sixfold coordina-
tion); its energy is nearly degenerate with P-Sn. We refer
to the new structure as bct5, the 5 to distinguish it from
P-Sn, which is also bct, and the denote the fivefold coor-
dination. Our results suggest that nonhydrostatic pres-
sure could transform cubic silicon to the bct5 structure.
Once in this phase, it could well be stable at ambient con-
ditions.

We describe first the minimum-energy path in strain
space that transforms diamond into itself and passes
through the bct5 structure. Let x] denote the positions of
atoms in the fcc lattice and x2 be the positions of the
basis atoms for the diamond structure; x2=xl+ao(1,
1, 1)/4, where coordinate axes are the usual cube axes
and ao is the lattice constant. Employing Van de Waal's
method [1],we generate a magic strain (s ) with A and
8 matrices having rows (1,1,0), (1,0, 1), and (0, 1,1) for
A, and (1,1,0), (1,0, 1), and ( —1,0, 1) for 8:

0.5169 —0.2377 —0.3773
s = —0.2377 —0.3359 —0.0491

,
—0.3773 —0.0491 0.1641

2 and 8 denote two difTerent types of' primitive unit cells
for the fcc lattice. s„,is a physically allowed (symmetric)
strain which transforms from type 2 to B. The positions
of atoms in the corresponding magically strained dia-
mond are yi =(I+s»)xi and y2=t+(I+s )xz where
I is the identity matrix and t =ao(0. 1599,0.0533,
—0.0533). Diagonalization of s„,reveals a strain of
go ——0.7850 along the (0.8493, —0.1581, —0.5037) direc-
tion, a strain of f —= —0.4398 along the (0.3347,0.8991,
0.2822) direction, and zero strain along the (1, —1,2)
direction (eigenvalues and eigenvectors of s„,). To facili-
tate subsequent discussion, we write the diagonal ele-
ments of a general strain in the coordinates which diago-
nalize I+s„, as si1 = —1+(1+f) 'i'(1+g) i, sqq
= —1+(1+g) ' (1+f), and s33= —1+(1+f)
x(1+g) '~. When f and g have the magic values fo
and go, then s;;+1 are the eigenvalues of I+s„,.

We obtain a minimum-energy path between the un-
strained and magic-strained structures by stepping f or g,
whichever produces the smallest increase in energy, by
some fraction of their magic values, while allowing the
basis and volume V to relax with each step. For example,
a step size of 0.02 requires 100 steps to go from f=g =0
to f/fo =g/go =1. Results so obtained for the energy and
structure using the SW potential are shown in Fig. 1.
Also shown are energies calculated by the PS method us-

ing the structures obtained from the SW calculation. We
see that although there are substantial diAerences be-
tween the results of the two calculations, both show a
minimum in energy at the midway point. Starting from
the structure at this minimum, the SW energy is further
lowered (triangle in Fig. 1) when the lattice is allowed to
relax with respect to all possible strains, i.e., by including
nonzero ofT-diagonal elements of s. The structure at the
minimum, with a suitable coordinate transformation,
is seen to be body-centered-tetragonal, space-group
I4mmm, with atoms occupying the e sites (WyckoA nota-
tion) [8]. Once the symmetry of the new structure was
determined, we then carried out PS calculations to mini-
mize the energy within the constraint imposed by the
l4mmm symmetry. This lowered the PS energy to that
given by the plus symbol in Fig. 1.

The lattice parameters predicted for bct5 silicon from
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SW (PS) calculations are a =6.329 (6.26) bohrs and
c =12.292 (11.26) bohrs, and the internal structure pa-
rameter [8] z =0.1810 (0.194). In this structure, illus-

trated in Fig. 2, each atom has four near neighbors at a
distance of 4.786 (4.60) bohrs, with the fifth at a distance
of 4.450 (4.37) bohrs. Each atom is at the approximate
center of a pyramid with corners occupied by the five

near neighbors.
The analogous structure for binary compounds has

lower symmetry (I4mm), resulting in a polar, in princi-

ple, ferroelectric, crystal. Three compounds (GeP, GeAs,
and SnP) are known to form with this structure when

prepared at elevated temperatures and pressures [9].
These are metallic systems. Our calculations predict bct5
silicon would also be metallic.

FIG. 1. Energy and structural parameters as a function of
step number (steps of f/fo and g/go of 0.02): (a) SW energy
(solid curve), PS energy for the SW structure (open circles),
fully relaxed SW bct5 structure (triangle), and the fully relaxed

PS bct5 structure (plus); (b) strain parameters V/Vo, f//o, and

g/go corresponding to the solid curve and open circles in (a);
and (c) the corresponding values for basis-vector translation t
with respect to standard Cartesian coordinates along principle
axes of the unstrained (cubic) structure.

FIG. 2. The bct5 structure with structural parameters as in-

dicated. Two sixfold rings lying in perpendicular (110) planes
are denoted by solid and dashed bonds.

TABLE l. Elastic constants (in Mbar units) for the bct5
structure of silicon as predicted from the Stillinger-Weber
(SW) model and from first-principles pseudopotential (PS) cal-
culations.

SW model PS

C]3

C44

Cee

4. 15
2.43
1.39
2.08
0.40
1.01

1.44
1.24
0.45
1.60
0.35
0.63

To investigate the stability of bct5 silicon we have cal-
culated its elastic constants using both the SW model and
PS results (Table I). The SW values were computed us-

ing the long-wave method [10], while the finite-strain ap-
proach [11] was employed for the PS results. Total ener-
gies, with basis-vector relaxation included, were calculat-
ed for selected strains (—4% in magnitude) and substi-
tuted into the corresponding lowest-order expansions to
solve for the elastic constants. The increase in energy for
such strains, typically, 2-8 mRy, was calculated to an ac-
curacy of -0.2 mRy in the energy differences. The
finite-strain approach was also employed with the SW po-
tential to check the formulation and estimate errors re-
sulting from the use of 4% (rather than infinitesimal)
strains. The overall uncertainty in the PS values reported
in Table I, due to finite strains and imperfect conver-
gence, is estimated to be less than —15%. While large
differences exist between the SW and PS elastic con-
stants, the conditions for elastic stability [101 are satisfied
for both SW and PS values. In our case the stability
conditions are C] ] & 0, C33 & 0, C44 & 0, C66 & 0, C] ]—C~2) 0, and C33(C~~+C~q) —2C(3 )0. The fact that
these conditions are satisfied implies that if cubic silicon
is strained (as in Fig. 1) to some point in the vicinity of
the bct5 structure, it will tend to relax to the bct5 struc-
ture.
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The softest PS strain is the one corresponding to
C[] C]2. This particular strain results from equal
amounts of stretching and compressing along [100] and
[010] directions in the basal plane. We carried out calcu-
lations which show that the low value of C]] C]2 is not
an indication of a nearly unstable structure. Specifically,
we find that the energy associated with C] [

—C]2-type
distortions increases monotonically for strains larger than
2%, to about 8 mRy/atom for a 20% strain, the largest
strain considered. An explanation for the low value of
C]] —C]2 is suggested by the structure. The sixfold rings
lying in (110) planes can be quite rigid, as their structure
is similar to that of single graphite layers, but cross-ring
interactions can be soft. To lowest order, the C]] C]2
distortion does not change the ring structure, and thus, is
soft.

Lattice-dynamics calculations for the SW model in the
bct5 structure produce positive real frequencies for all
modes, indicating complete stability. Zone-center optic-
mode frequencies were also computed from PS total ener-
gies using the standard "frozen phonon" technique.
These modes (Raman active) have Eg and A ~~ sym-
metries with predicted frequencies, respectively, of 603
and 385 cm ' (SW) and 520 and 340 cm ' (PS). For
comparison, the triply degenerate Raman-active mode in

the cubic phase is 523 cm ' (Expt. ), 600 cm ' (SW)
[12], and 521 cm ' (PS) [13]. We have not carried out
frozen-phonon PS calculations for short-wavelength
(zone-boundary) modes. If a zone-boundary mode were
unstable, the resulting distortion would further stabilize
the fivefold-coordinated structure by relaxing to a new
bct5-like structure of lower symmetry.

Molecular-dynamics simulations were performed for
SW silicon in the bct5 and p-Sn structures. In each case
the computation employed periodic boundary conditions
on a cell containing 432 atoms. The simulations were
carried out for conditions of zero pressure and tempera-
tures ranging from 0 to 2520 K. At each temperature the
simulation was allowed to proceed for 11000 time steps
(5000 for equilibration and 6000 for averaging) of dura-
tion 0.00038 ps each. The bct5 structure transformed to
the liquid during the equilibration from T=2020 K to
T=2270 K. This is similar to the case of cubic silicon
[12]. On the other hand, the p-Sn structure was found to
be less stable, transforming to liquid between 1510 and
1760 K. The melting of bct5 occurs with very little
change in density, less than 1%, while the p-Sn form is

denser than the liquid by —6%. The latent heat, howev-

er, is greater for bct5; 20.9 kJ/mole compared with 6.3
kJ/mole for P-Sn.

Volume-dependent energies are shown in Fig. 3 for the
cubic, bct5, and p-Sn structures as derived from PS cal-
culations. Energy diA'erences between different structures
are estimated from convergence studies to be correct to
within 2 mRy. Also shown are results for minimum ener-
gies and corresponding volumes for these structures ob-
tained from the SW model. For each volume the remain-
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FIG. 3. Energy as a function of volume for the P-Sn (0),
bct5 (A), and diamond (0) structures. Solid lines are fitted to
results of PS calculations (open symbols). Solid symbols are
SW results for minimum energy and corresponding volume,
with the energy scale shifted to match that of the PS diamond
structure. Slopes of the dashed lines give transition pressures
for cubic to P-Sn (84 kbar) and cubic to bct5 (126 kbar).

ing structural parameters were relaxed to minimize the
energy. Our results for cubic and p-Sn silicon are in good
agreement with earlier PS calculations [14,15]. Refer-
ence [15] considered another low-energy form of silicon
(BC-8) which is quite unlike bct5, having exclusively
fourfold coordination and an equilibrium volume closer to
cubic silicon than that of the p-Sn form. From the com-
mon tangent construction we find a transition pressure of
84 kbar for cubic to p-Sn (compared with 99 kbar in Ref.
[14]) and 126 kbar for cubic to bct5.

Having demonstrated the stability of the bct5 struc-
ture, we now consider the prospects for making it experi-
mentally. The magic-strain path (Fig. I) starts out pri-
marily as a contraction along the (0.3347,0.8991,0.2822)
direction relative to the usual axes of a cubic crystal.
Thus, we propose applying uniaxial stress along this spe-
cial direction. Since the magic-strain path is a min-
imum-energy path, the remaining structural parameters
should, in principle, follow approximately that predicted
in Fig. 1. The difficulty will likely be in preventing frac-
ture before reaching the bct5 structure. Thus, a sudden
application of stress, as in a shock experiment, may be
preferable. Hydrostatic pressure, in combination with
uniaxial stress, might help produce the desired transfor-
mation and prevent fracture.

Finally, we note that phenomenological models used
for simulating liquid and amorphous silicon should be
tuned to give reasonably accurate results for the bct5
structure, since this structure is accessible from thermal
energy available in the liquid phase. In this regard, we
also note that fivefold coordination is not far from that
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found in liquid silicon (6.4) [16] and is conjectured to be
important in the structure of amorphous silicon as well
[17].

We are grateful for helpful discussions with Dr. B. M.
Klein. Computer codes used in the lattice-dynamics cal-
culations were developed, in part, by X.-P. Li. We thank
I. D. Brown of the Institute for Materials Research,
McMaster University, for carrying out the Crystal Data
computer search [9].

" Also at Sachs/Freeman Associates, Inc. , Landover, MD
20785.

[1] B. W. Van de Waal, Acta Crystallogr. A 46, FC17
(1990).

[2] L. L. Boyer, Acta Crystallogr. A 45, FC29 (1989).
[3] L. L. Boyer, Ferroelectrics 111,63 (1990).
[4] M. J. Mehl and L. L. Boyer, Phys. Rev. B 43, 9498

(1991).
[5] L. L. Boyer, E. Kaxiras, and M. J. Mehl, in Proceedings

of the Materials Research Society Fall Meeting, Boston,
Massachusetts, 1990 (to be published).

[6] F. H. Stillinger and T. A. Weber, Phys. Rev. B 31, 5262
(1985).

[7] Plane waves with kinetic energy up to 16 Ry were includ-

ed in the basis, norm-conserving pseudopotentials were
employed to model the atomic cores [G. B. Bachelet, D.
R. Hamann, and M. Schluter, Phys. Rev. B 26, 4199
(1982)], and the local-density approximation of Ceperly
and Alder [D. M. Ceperly and B. J. Alder, Phys. Rev.

Lett. 45, 566 (1980)] was used for the exchange and
correlation energy. Calculations were carried out for
several uniform-density k-point meshes, including the
scheme of Monkhorst and Pack [H. J. Monkhorst and J.
D. Pack, Phys. Rev. B 13, 5188 (1976)], in order to study
and establish convergence criteria. A 5l2 k-point mesh,
centered, with one k point at the origin, was used for the
elastic-constant calculations. The force exerted by one
sublattice on the other was computed and used to mini-
mize the energy with respect to relaxation of the basis.

[8] International Tables for X ray C-rystallography, edited
by N. F. M. Henry and K. Lonsdale (Kynoch, Birming-
ham, England, 1959).

[9] P. C. Donohue and H. S. Young, J. Solid State Chem. 1,
143 (1970); P. C. Donohue, Inorg. Chem. 9, 335 (1970).
These references were found with the aid of a computer
search in Crystal Data for all binary compounds with the
I4mm space group.

[10] M. Born and K. Huang, Dynamical Theory of Crystal
Lattices (Clarendon, Oxford, 1954).

[11]M. J. Mehl, J. E. Osburn, D. A. Papaconstantopoulos,
and B. M. Klein, Phys. Rev. B 41, 10311 (1990).

[12] J. Q. Broughton and X. P. Li, Phys. Rev. B 35, 9120
(1987).

[13] O. H. Nielsen and R. M. Martin, Phys. Rev. B 32, 3792
(1985).

[14] M. T. Yin and M. L. Cohen, Phys. Rev. B 26, 5668
(1982).

[15] M. T. Yin, Phys. Rev. B 30, 1773 (1984).
[16] Y. Waseda and K. Suzuki, Z. Phys. B 20, 339 (1975).
[17] S. T. Pantelides, Phys. Rev. Lett. 57, 2979 (1986); 58,

1344 (1987).

718


