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Odd-Parity Singlet Pairing in the Positive-U Hubbard Model
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We consider the possibility of an odd-parity singlet pairing in the positive-U Hubbard model, which
naturally incorporates short-ranged antiferromagnetic correlations in the ground state. In a quantum
Monte Carlo simulation of a nearly half-filled Hubbard model, we find that the repulsive U enhances the
tendency for this type of pairing more strongly than for other pairing channels considered earlier. We
propose a BCS-type wave function for this pairing where the gap has no nodes over the Fermi surface,
and discuss various experimental consequences in connection to high-T, superconductivity.
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The newly discovered copper oxide materials exhibit
antiferromagnetism at half filling and high-temperature
superconductivity upon doping. In spite of their high
transition temperatures, many properties of the supercon-
ducting state are similar to the BCS case [1]. There is
strong evidence for a superconducting gap over the entire
Fermi surface, although the magnitude and temperature
dependence of such a gap has remained controversial.
Among the novel features are the persistence of antiferro-
magnetic correlations in the superconducting state and
the absence of the Hebel-Slichter peak in the nuclear re-
laxation rate. In contrast to the superconducting phase,
the normal "metallic" phase shows many anomalous
properties. The proximity of the superconducting phase
to the antiferromagnetic one and the unusual norma1-
state properties have led to an extensive theoretical
search for superconductivity in the repulsive-U Hubbard
model. Among the proposed mechanisms are the resonat-
ing valence bond (RVB) [2], the spin-bag mechanism [3],
paramagnon exchange [4], and anyon superconductivity
[5].

In a diff'erent approach to superconductivity in the
Hubbard model, Yang [6] recently discovered a class of
eigenstates which had the property of off'-diagonal long-
range order (ODLRO). Yang and Zhang [7] showed
that the Hubbard model has a pseudospin SU(2) symme-
try in addition to the well-known SU(2) spin symmetry.
Using these symmetries and the mapping between the
positive- and negative-U models, it was shown by Singh
and Scalettar [8] that Yang's superconducting states are
mapped to ferromagnetic ones under the change in sign
of U. Thus by exact mapping to the Nagaoka problem
[9], these eigenstates become the ground states of the
negative-U Hubbard model in the presence of a spin po-
larization. One of the most distinctive features of this
new pairing is that the pairs have a net momentum x.

In this paper, we explore momentum-x pairing in the
positive-U Hubbard model by Monte Carlo simulations.
Although previous numerical studies have examined pair-

ing instabilities for various relative angular momentum
channels, the center-of-mass momentum was restricted to
zero. On-site s-wave pairing is strongly suppressed by the
positive U, while the extended s-wave channel showed
only a very weak, temperature-independent enhancement,
consistent with the rigorous results of Zhang [10]. Only
the d 2 y2 wave pairing shows a substantial enhancement
near half filling. To study pairing with total momentum
z, consider the operator

~x X ( 1 ) (Cr1Cr+x j Cr 1Cr+x1)

=2+ sin (kx) ck1c —/(+
k

and similarly h~. Both operators are spin singlets. Under
the parity transformation c, c —,, they change sign.
A state exhibiting ODLRO in 6„" and h~ operators shall
be called an odd-parity-singlet-pairing (OPSP) state.
Note that the oddness under parity arises because of the
(tr, tr) pair center-of-mass momentum; the relative-co-
ordinate wave function remains even, consistent with the
Pauli principle [1 1].

As we shall show, the pair function for the OPSP state
is nonvanishing only when the up and down spins belong
to diff'erent sublattices. An odd-parity momentum-z
pairing state for spins on the same sublattice must neces-
sarily be triplet. This gives the OPSP state a more ex-
tended antiferromagnetic character than the d-wave case.
Furthermore, this pairing has a lower angular momen-
tum. Thus we expect it to be most favorable near the an-
tiferromagnetic phase. Such a pairing operator is impli-
citly used in the spin-bag mechanism of Schriefrer, Wen,
and Zhang [3], who considered pairing of eigenstates in
the presence of long-ranged spin-density-wave order
which mixes k and z —k. It also arises in the theory of
Kampf and Schrieffer [3], where the quasiparticle ener-
gies at k and z —k are nearly degenerate due to the
dressing of low-energy antiferromagnetic Auctuations
[12].

We have used the determinant Monte Carlo method
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[13] to compute the 9 X 9 susceptibility matrix [14]

A,"(r)= g( —1)"c„i(r)c„+,t(r),1

N

where a takes on value 0, ~x, ~y, + x~y. From M,"g

we construct various pairing susceptibilities P,(r) in the
a =s, p, and d angular momentum channels with r denot-
ing the spatial structure of the pairing [13]. We compare
these fully correlated susceptibilities with the uncorrelat-
ed ones P„which include only the self-energy dressing of
the quasiparticles, to infer the enhancement of the effec-
tive interaction vertex I, defined by [15]

(3)

In Fig. 1 we show Pd(x —y ), Pd(x —y ), P~~(x),
and P~~(x) as a function of temperature on 4X4 lattices
at half filling. In Fig. 2, we show the effective vertex for
the two channels. I is more strongly enhanced for the
OPSP case than for the d wave [16]. The effective densi-

ty of states in the OPSP pairing, which enters P, is, how-
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ever, lower. In an RPA-like treatment, I P, =l deter-
mines the transition temperature. At the lowest tempera-
tures studied, I,P is about 25% higher for the OPSP
case than for the d wave. At half filling we do not expect
superconducting order to develop. As one moves away
from half filling, the two susceptibilities show similar be-
havior. The vertex enhancement appears maximal at half
filling [14]. However, the low-temperature density of
states will increase rapidly with doping. These two effects
will give a maximum T, at some finite doping.

We shall address finite-size effects more fully in a sub-
sequent paper. The vertex I remains large and increases
slightly as the lattice size is increased to 6&6 and 8X8,
but the equal-time structure factor decreases. It is gen-
erally believed that the susceptibilities, and hence I, are
the more sensitive probe of pairing correlations. Thus the
robustness of the vertex with increasing size might be the
more fundamental feature. However, the equal-time
measurements need to be carefully studied before the
final interpretation of the finite-size effects is completed.

We now construct a BCS-like OPSP ground state and
discuss its nature. Since 6„"and A~ order are degenerate,
the ground state will be an appropriate linear combina-
tion. We shall take the form h, "+ihJ" which leads to a
full pairing gap over the Fermi surface and maximizes
the gain in condensation energy. In the presence of such
an order, the quasiparticles experience an anomalous
scattering amplitude with the condensate, which is
characterized by a gap function h(k, kJ ) ec sink„
+i sinkJ. To proceed further, we need to assume a form
for the renormalized quasiparticle dispersion cI, . The
most natural description for momentum-z pairing arises
in terms of the "pocket" Fermi surface [17] around
(+' tr/2, ~ tr/2), as indicated in Fig. 3. OPSP corre-
sponds to pairing the quasiparticle states in the same
pocket but on opposite sides of the U=0 half-filled Fermi
surface. Our analysis is unchanged for the case of a large
Fermi surface if there exists a ghost Fermi surface of
low-lying excitations composed of a bare particle near the
Fermi surface and a low-lying magnon near (tr, tr) [18].
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FIG. l. Plots of the susceptibilities (a) PP(x) and (b)
Pd(x~ —y ) as functions of temperature. The open circles in-
clude only the self-energy dressing of the individual quasiparti-
cles, while the solid circles represent the fully correlated suscep-
tibilities including the interaction vertex. All data are for the
4X4 system at half filling, with U =4 and t = l.
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FIG. 2. The vertices I P (squares) and I q (circles) as func-
tions of temperature.
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FIG. 3. Fermi surface with pockets around (+' x/2, ~ z/2).
The dashed line shows the U =0 half-filled Fermi surface.

In both cases, one obtains uk+ = ek. The resulting equa-
tions of motion

~k~k t +~k~ —k )

ECk j
= GkCk ) AkCn —k

can be diagonalized by the Bogliubov transformation

&kt &k fkt+vk)' —kJ

&k) &k fk) vk g —kt

with complex coefficients uk and vk defined by

IukI =
2' (1+«/Ek), Ivk I

——, (1 —«/Ek),

Ek =(«+I~kI')' '
ukvk =~k/2Ek.

(5)

The OPSP ground state is annihilated by the operators
yk . The squared modulus of the pairing gap is propor-
tional to sin k„+sin k~, which is nonvanishing every-
where on the Fermi surface.

Both the single-particle and the two-particle correla-
tions can now be calculated. The ground state I 0) does
not have any nonvanishing charge, spin, or current densi-

ty, i.e., (pq&o) =(Sq) =(Jq) =0, but it does have an anom-
alous pairing amplitude

bk =(err k tck J ) —uk vk Ak /2Ek .

This pairing amplitude breaks U(1) phase symmetry, lat-
tice translational symmetry, parity, and time-reversal
symmetry. However, it conserves spin-rotation symme-
try. Since u +kv~+k = —ukvk, the Fourier transform of
bk gives a Cooper-pair wave function (c,tc pJ) which van-
ishes identically when r] and r2 belong to the same sub-
lattice.

The static structure factor in the OPSP state is given

by

S+-(q) =X(lukI'Ivq+kI' ukvkuq+—kvq+k) ~

k

At q=0, the two terms cancel each other, showing that

the ground state is a total spin singlet, while at q =(x,x)
they add constructively as h, +k = —h, k. This leads to a
peak of S+ (q) near q =(x,x). S+ (q) decays as one
moves away from the (x,z) point, giving rise to an anti-
ferromagnetic correlation length of order the supercon-
ducting coherence length. Within the single-mode ap-
proximation, a peak in S+ (q) implies the presence of a
low-energy magnetic excitation near (z,x). Coupling
these soft magnons to the quasiparticles naturally leads to
the pocket band structure [18].

The breaking of parity and time-reversal symmetry by
bk may be related to anyon superconductivity [51. Here,
we compare it to superAuid He. Since the pair wave
function b(r) =eke' —"bk is intrinsically complex, there is
an associated current b*(r)Vb(r) —b(r)Vb*(r). Howev-
er, this does not give rise to a macroscopic current but
only to a density-current correlation function (p(0)J(r)),
similar to the Anderson-Morel phase of He. Such a P-
T-breaking correlation function might give a "chiral
sense" to the system if it leads to a net orbital angular
momentum. It has been argued by Leggett [19] that
such an eA'ect is only microscopic, i.e., of the order of 1

rather than N. For this reason, we believe that this T-
breaking eA'ect is not macroscopically observable.

Since the gap in the OPSP state is nonvanishing every-
where on the Fermi surface, experiments which are only
sensitive to its magnitude, such as the temperature depen-
dence of the London penetration depth k(T), the lower
critical field H, ~(T), and the Knight shift K, (T), should
yield results similar to the conventional BCS supercon-
ductors. This is consistent with most of the experimental
data on high-T, superconductors. On the other hand, an
NMR experiment below T, is sensitive to the coherence
factors which, with standard hyperfine coupling, enter in

the form Iukuk +vkvk*I for a scattering from k to k'.
For the conventional case, uk and vk are uniform, leading
to a constructive interference and the Hebel-Slichter
peak. For the OPSP state, u, +kv, +k = —ukvk, leading to
destructive interference if the susceptibility is dominated
by q =z. This could explain the suppression of the
Hebel-Slichter peak in high-T, superconductors [20,21].
Another striking feature of the OPSP state is the coex-
istence of superconductivity with short-ranged antiferro-
magnetic correlations and low-energy magnons near
(x,x). These features are also observed in recent neu-
tron-scattering experiments on 1-2-3 materials [22].

We now discuss an experiment which is unique to
OPSP order. Zhang has shown [23] that any form of su-
perconductivity in the Hubbard model leads to well-
defined collective modes whose existence is dictated by
the pseudospin SU(2) symmetry. In the present case, 6„"
(and siinilarly b~), its Hermitian conjugate, and the
current operator j„=g„(c„~„+„-c, ) form a triplet rep-
resentation of the pseudospin SU(2) group. Below T,
this leads [23] to an extra absorption peak in the optical
conductivity o(co) at energy U —2p, with intensity pro-
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portional to ~(A„")
~

. Hence, as long as the system is well
described by the Hubbard model, the OPSP order can be
directly observed in the optical conductivity.

To conclude, in this paper we have considered a new

symmetry for the superconducting gap function, namely,
an odd-parity singlet pairing state, and argued that it is
most favored by antiferromagnetic correlations. Quan-
tum Monte Carlo simulations show that such a pairing
vertex is more strongly enhanced in a nearly half-filled
repulsive-U Hubbard model than are other channels con-
sidered earlier. A BCS-type theory has been constructed
for the OPSP state where the gap is shown to be nonvan-
ishing over the entire Fermi surface. This state breaks P
and T symmetries, and has short-ranged antiferromag-
netic correlations. We have argued that it may lead to a
suppression of the Hebel-Slichter peak in NMR, and
have made predictions for a collective mode which may
be observable in optical-absorption experiments.
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supported in part by the NSF under grant No. DMR-
9017361.

Note added. —After completion of this paper, we be-
came a~are of a preprint by G. Fano, F. Ortolani, and A.
Parola, who show that the ground state of the 4 &4 Hub-
bard model with two holes has p-wave symmetry with
momentum (zr, tr) for U & 3. For larger U this state stays
very close to the ground state. This is further evidence
that the OPSP state is a candidate for superconductivity
in the repulsive Hubbard model. We also learned of un-

published work by A. Moreo, where finite-momentum
pairing is studied and a similar conclusion is reached.
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