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Development of Hard-Turbulent Convection in Tvvo Dimensions: Numerical Evidence
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New numerical evidence for a transition to hard turbulence in 2D Boussinesq convection is presented.

These 2D simulations agree with some, but not all, experimental results for the scaling properties of 3D
hard turbulence. The transition to 2D hard turbulence, as measured by a change in the Nusselt-

Rayleigh scaling law, coincides with a gradual change in the velocity probability distribution from

Gaussian to exponential form and with the development of a "well-mixed" central region.

PACS nornbers: 47.25.Ae, 47.25.gv

Experiments of unit-aspect-ratio Rayleigh-Benard con-
vection conducted at The University of Chicago [1-4]
have characterized a previously unknown regime of tur-
bulent convection. The major aspects of this confined
flow include the following: (i) the emergence of a robust
roll characterized by a mean vertical sidewall velocity V,
directed oppositely on either side of the cell, a horizontal
temperature gradient h /L, and a coherence frequency
mp, signaling an overall organization of the flow with a
particular time scale; (ii) a characteristic temperature
scale 6, for fluctuations in the central region of the cell;
and (iii) a deviation in the power-law dependence of the
convective heat transport, Nu —1, from the "classical"
index of —, [5]. Indeed, a distinguishing feature of this
flow is the scaling exhibited by each of these quantities
with the Rayleigh number R. The measured values for
the scaling indices are as follows [2,3]: Nu —I ~R',
a =0.282+ 0.006; 6, ee R~, P = —0.147+'0.005; co

a'- R~, @=0.491+ 0.002; V,, a:R, 6=0.485 4-0.005;
a:R', e=p. Additional features of this "hard tur-

bulence" include the existence of coherent structures in

the flow, manifested as thermal plumes [4], and an ex-
ponential temperature probability distribution (TPD, pro-
portional to the fraction of time that the temperature is
within dT of T) at the center of the roll.

While the experiments are necessarily carried out in

three-dimensional (3D) cells, preliminary numerical

results [6] (including Nu —I ec R and exponential
TPD's) indicate that the hard-turbulent state exists in

2D. In this Letter we go beyond those preliminary results

by presenting quantitative comparisons between extended

2D calculations and the experimental results. The pri-

mary limitation of the previous computations [6] is the

short nature of the time strings analyzed. In contrast, the

present results are computed for over 200 convective time
scales (2tr/to~) at each value of R. These time series are
taken on a coarse 17 x 17 submesh of "probes" measuring
the temperature and velocity components at least as often
as 0.015(2tr/co„). This submesh is horizontally uniform

and distributed according to z„=— cso(n r t/61) (n =0,
. . . , 16) in the vertical. In addition, these simulations are
well resolved (computational grid spacings are less than

the Kolmogorov length scale [71).
The numerical method and the development of the 2D

"plume" or "blob" instability [8-10] are discussed in the
preliminary paper [6]. Here we concentrate on compar-
ison with the experiments. There are several important
diA'erences between the experiments and the simulations
presented here. First, the experiments are obvious1y 3D.
Second, the experiments have impenetrable, no-slip
sidewalls, whereas our solutions have impenetrable, free-
slip sidewalls. This simplification speeds the computa-
tions at the cost of suppressing a back-roll instability
occurring in the corners of the cell [11]. The remaining
boundary conditions for our model consist of insulating
sidewalls and fixed-temperature, no-slip top and bottom
boundaries. Finally, our results are for Prandtl number
tT=7, in contrast to the value aH„——0.7 for helium [1-3].
We chose this value of ~ because time dependence for
lower tT occurs at higher R [8], making low-a computa-
tions more costly (viz. , periodic time dependence does not

set in until R~ 10 for cr=1 in 2D).
The fact that the 3D hard-turbulent state is accom-

panied by a well-defined time scale, 2tr/cov, measured at
all spatial locations, is surprising when considering the
absence of such a signature in the lower-R, soft-turbulent
regime [1]. However, visualization of the computed 2D
temperature field shows the organization of the flow to be
the result of a plume-boundary-layer interplay (i.e., sink-

ing cold plumes born in an unstable region of the upper
boundary layer disrupt the lower boundary layer, initiat-
ing the formation of hot plumes in the latter). The same
process is observed in the 3D visualization experiments of
Ref. [4]. In this way, the hard-turbulent flow in the
Rayleigh-Benard cell is organized by the coherent struc-
tures to produce a particular time scale.

Figure 1 is a plot of the low-frequency portion of the
temporal spectral density obtained just outside the upper
and lower boundary layers and also near the sidewalls,
where strong plumes are advected; this figure indicates
the existence of the coherence frequency cup in 2D. Note
that as R increases, and both the magnitude and spatial
extent of the thermal plumes diminishes, the convective
time scale and associated harmonics become less well
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defined and the growth of a broad spectral signature be-
comes apparent. Using cop ~ R~, we obtain a scaling ex-
ponent of yqo=0. 518~0.009 [12], in good agreement
with the experimental result considering that our calcula-
tions have free-slip sidewalls and hence have less drag on
the mean roll. There is no detectable change in the scal-
ing exponent of co„near our transition to hard turbulence,
R, = 1 x 10, in contrast to the 3D experiments for which
no ro~ is observed in the soft-turbulent regime [1]. This is
reminiscent of the 2D TPD s, which are exponential in

form below the establishment of the 2D hard-turbulent
regime [6] even though the 3D experiments produce
Gaussian TPD's in soft turbulence. Clearly, soft tur-
bulence, as defined by the 3D experiments, does not exist
in 2D at this a and aspect ratio.

Other signifying features of the large-scale roll, V, and

6, are depicted in Fig. 2. (A, is the dilt'erence in the
sidewall temperatures measured at cell midheight. ) Both

V, and h, exhibit a decided transition near R&. Above

R„ the scaling indices obtained are BqD=0.540+ 0.003
and e2o = —0.064+0.007 [13],which are different from

the experimental values. Though a "correction" in the

scaling indices may exist as a result of the change in

dimensionality alone, this is difficult to discern from our
calculations given the modification of the flow resulting
from our simplified sidewall boundary conditions.

Figure 3 depicts 6,. at the center of the cell versus the

Frequency (4'/L )
FIG. 1. Spectral density vs Rayleigh number, spatially aver-

aged near the cell boundaries where the co„(or one of its har-
monics) exhibits a signal-to-noise ratio )9. I is the box di-
mension; x is the thermal diffusivity. The co„peaks nearly line

up because the power-law index for cop scaling with R is —
2 .

1000 10000
(R—R,)/R,

FIG. 2. Transition in the large-scale roll to hard turbulence
for sidewall temperature l T, l (solid symbols) and sidewall ve-

locity lV, l (open symbols). Note that 5, =T,""—T, """ Also. ,
ITo""I = IT,""""l and l V,""l =

l
V„"""l because of the symmetry

of the mean roll. 5 is the temperature difference across the box;
R,. =1708 is the critical Rayleigh number for our boundary con-
ditions.
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FIG. 3. Central rms temperature vs Rayleigh number. The

dashed line is the experimental power law for 3D hard tur-
bulence (arbitrary normalization).

reduced Rayleigh number (R —R,. )/R, The 2D results
agree with those obtained from the 3D experiment in the
hard-turbulent regime. Whether or not the transition at
R, is manifested in h, cannot be discerned from Fig. 3
because of the relatively large scatter in the data points,
which results from the finite length of the time strings
coupled with the covariance [14] between difterent tem-
peratures (viz. , measurements made at separate times are
not statistically independent given the continuous nature
of the underlying time string and the existence of the
coherence frequency).

A striking signature of the transition does exist, howev-

er, in a qualitative change in the temperature skewness
[15] of the central region (Fig. 4). Whereas for R
~1.024x10 the central part of the roll does not display
a discernible region in which the skewness is zero, a siz-
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FIG. 4. Temperature skewness, ((T —(T&) '&/T„'„,, The
mean roll rotates clockwise; gravity acts downward. Dotted
lines correspond to a skewness of zero. Solid (dashed) lines rep-
resent positive (negative) skewness.

able central region of nearly zero skewness does exist for
R =8.192x 10 . A region with zero skewness has a sym-
metric TPD, signaling equal numbers of hot and cold
fluctuations. A large region of zero skewness suggests a
well-mixed core, the existence of which is an integral part
of the theory put forth by Castaing et al. [2].

vaginally, we note a transition in the velocity probability
distribution (VPD) from a Gaussian to an exponential
form in our 2D solutions (Fig. 5). It is not known if such
a VPD transition exists in the 30 experiments because
there are no instantaneous velocity measurements in the
experiments. We find that the 2D VPD transition spans a
wider range in R than the corresponding transition at the
sidewalls (Fig. 2); however, the range in R spanned by
the 2D VPD transition is roughly the same as that for the
experimental 3D TPD transition [16]. Further, the ex-
istence of this transition in the 2D VPD allows for the
test of a conjecture proposed in the previous paper [6],
namely, that an exponential TPD might be nothing more
than a signal that plumes (i.e. , localized structures in the
temperature field) are present. If this were the case, the
transition to an exponential VPD should be accompanied
by the emergence of localized velocity structures. Images
of the numerical solutions do not definitively support such

FIG. 5. Velocity probability distribution (VPD) transition. V

is the vertical velocity. The VPD for R between 5. 12&10"and
8. 192 X l 0 exhibits a continuous transition from Gaussian to
exponential form. (These R roughly demarcate the limits of the
transition. ) Gaussian (dotted) and exponential (dashed) distri-
butions with zero mean and unit variance are shown.

speculations. Sharply delineated, coherent structures are
clearly visible in both the temperature and velocity fields
for R)&RI', however, weak, diffuse structures are also
seen in both fields for R((R„despite the different proba-
bility distributions. Further analysis is needed to deduce
the relationship between probability distributions and
coherent structures.

Summarizing the transition to the hard-turbulent state
in our 2D solutions, (I ) a qualitative change in the
large-scale structure of the flow takes place, including the
development of a sizable, "well-mixed" central region ex-
hibiting nearly zero skewness in the temperature field and
a change in the scaling of both the mean sidewall velocity
and temperature; (2) Nu —

1 develops a power-law
dependence on R with an exponent consistent with
and (3) the VPD undergoes a transition to an exponen-
tial-like form. Further, while the 2D results exhibit
power laws for both co~ and h, and an exponential TPD
as do the 3D experiments in hard turbulence, these
features are present below R, and, hence, the 2D calcula-
tions are unable to duplicate the behavior of soft tur-
bulence. We believe that this departure from the experi-
mental results for R & R, is rooted in the boundary con-
ditions of our model. Our boundary conditions, both the
free-slip sidewalls and the 2D geometry, suppress many
of the early instabilities that lead to time dependence in
thermal convection [6,8-11]. The first realizable instabil-
ity from the steady-roll state is the one which results in

plumes and, as a resu1t, we are able to observe the pro-
gression of this flow as it develops from the linear "blob"
instability [8]. That a characteristic frequency at co„and
the exponential TPD for R & R, is a direct consequence
of plumes is not established. Indeed, these features may
result from some ether product of the constraints on the
flow.

For R & R„ the duplication of many of the features of
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hard turbulence in 2D raises the question: Can we learn
something about 3D flow by studying 2D numerical
flows? Indeed, despite the fact that the 3D experiments
report a robust mean roll, which is basically a 2D entity,
2D and 3D turbulent flows are fundamentally diAerent on
the smallest scales [17]. Furthermore, simulations in 3D
clearly demonstrate the 3D morphology of the plumes
themselves [18]. Nevertheless, despite these obvious
diAerences between 2D and 3D flows, these very
features —the dimensionality-dependent geometry of
plumes and the smallest-scale motions —apparently play
a minor role in determining the aspects of hard tur-
bulence considered here. As a result, some properties of
hard turbulence, such as the scaling of Nu —

1 on R, are
recovered theoretically from a variety of models [2,
19,20], none of which depend crucially on a detailed
treatment of plumes and none of which is fundamentally
3D.

In summary, we have demonstrated that the hard-
turbulent state exists in 2D flow. Not only is the qualita-
tive picture of a robust roll dominated by plumes borne
out by our 2D solutions, but excellent quantitative agree-
ment between our 2D calculations and the 3D experi-
ments is obtained for both the power-law indices for the
Nu and 6, scaling on R and the exponential form of the
TPD. The scaling index for m~ is in fair agreement con-
sidering the reduced drag imposed on the mean roll by
our free-slip sidewalls. Furthermore, the quantities
whose scaling on R does not agree, V, and h, „are pre-
cisely those obtained at these idealized sidewalls. In ad-
dition, our solutions show that the transition to 2D hard
turbulence is accompanied by a transition in the VPD
and the development of a sizable, centra1 region with an
unskewed TPD; it is not known if such changes accom-
pany the 3D transition. We will continue to explore the
behavior of this 2D model in the hope that it will shed
some light on the 3D hard-turbulent state.
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