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Second-Order Quadrupolar Echo in Solids
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Echoes have been observed in an NMR experiment on isolated ''B nuclei in a Si matrix which arise
from a refocusing of the second-order quadrupolar interaction. The quadrupolar couplings are so large
that only the central transition is excited. A theoretical treatment using fictitious spin- 7 operators is
presented which shows that the fictitious secular part of the interaction is responsible for the echo forma-
tion. The decay of the echo train is caused by the fictitious nonsecular terms.

PACS numbers: 76.60.Lz, 33.25.Fs, 61.16.Hn

The Zeeman eigenstates in high-field NMR can be per- QI on the central transition. Echoes of this type have
turbed significantly by the quadrupolar interaction (QI). been observed before [4,7-13]. In most cases they were
For half-integer nuclei, the energy gap corresponding to reported to occur in slightly distorted cubic crystals in
the central transition (m = <>m = — 7 ) is not affected which dipolar couplings between both like and unlike nu-
by the QI in first order [1,2]. When the QI is sufficiently clei are present [4,8,11]. Inhomogeneous broadening
small, an rf pulse can still excite all transitions between originating from heteronuclear dipolar interactions were
Zeeman levels. The satellite lines covered by the receiver thought to be responsible for the echo formation [7,8]. In
dead time can be recovered by the application of a second our sample, dipolar interactions are negligible. Further-
pulse during or immediately after the free-induction de- more, the QI is so strong that only the central transition
cay (FID), which generates quadrupolar echoes [3,4]. is excited by the rf pulses.

However, when the QI is so large that only the central Accordingly, we express the QI in terms of the ficti-
transition is excited, second-order effects of the QI must tious spin-3 operators (FSO) [14] and use time-inde-
be considered. MAS (magic-angle spinning) partially pendent perturbation theory. FSO’s are more suitable
reduces the second-order quadrupolar broadening on the than the total angular momentum operators for calculat-
central transition [5]. DAS (dynamic-angle spinning) ing the magnetization resulting from the detection of only
may eliminate the second-order effect but its applicability the central transition. In fact, FSO’s must be used if only
is limited by the spinning rate of the rotor [6]. a subset of the available energy levels is excited and

We have observed an echo of the ''B resonance in B- detected.

doped Si which is due to a refocusing of the second-order | The QI Hamiltonian in the laboratory frame is given
by [2,8]
Hp=jtwgaoll?— S IU+ 1N+ t wolar+ T+ +I14L)+a UL +11-)+a)i It +ar-12}, (1)

where wg =3e?gQ/21(21 — 1), and the various a; denote angular factors which depend on the orientation of the princi-
pal axes of the electric-field gradient in the laboratory frame. Utilizing time-independent perturbation theory, Eq. (1)
can be converted to a matrix representation whose elements V,,, between Zeeman eigenstates are given by

(m|Hol|pXp|Hpln) (m|HolgXq|HolgXq|Hg|n)

Vin =(m|Ho|n)+ X Sont X : )
p=n (En "'8p) q=(m,n) (Sm _gq)(gn _Gq)

where the prime in the final term denotes the restriction |
m#Zn. The nonsecular terms contribute to the correction of ei-
The first term yields the first-order correction of the ei- genvalues starting from second order and can cause direct
genvalues for m =n, or causes direct transitions for m=n. transitions between the different eigenstates, except the
The second term represents the second-order correction central transition which has nonzero matrix element only
of the eigenvalues determined by the fictitious secular via the indirect route. The second-order correction of the
part. The third term in Eq. (2) describes indirect transi- eigenvalues by the nonsecular parts can be written as a
tions between the states |m) and |n) through intermedi- sum of cug)lz23 and wéZ)'Iz"', where 1 through 4 corre-
ate states |¢), which become important when direct tran- spond to the magnetic quantum numbers 3 through — >
sitions via the perturbing Hamiltonian are forbidden. [15]. wg) and (uéz" depend on the orientation of the
The quadrupolar Hamiltonian can then be expressed in electric-field gradients. Transitions between the Zeeman
terms of FSO resulting in a linearization of the various eigenstates caused by QI can be expressed as the sum of
operator-product terms. AYIY and 82°I2, where a can be either x or y and (ij)
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denotes any combination from 1 through 4 except a (23)
combination. As can be seen from Eq. (2), §23/AY is of
the order of (wg/wo)>.

All the physical quantities in terms of the FSO relevant
to this problem are summarized for spin 3 as follows:

po=kI,=k3I*+12),
Hz;=—wol, = —w,31*+12%),

HQ =Hsec+Hn0nsec =Hsec Hgfﬁc) +H5%,isce)c

=222~ 12a0(0,0) + 017 — 0§ 1Y

+2 {523123 +Y A”I”}

i<j

—wile=—w (312+20B+3134) .

In this notation, the first term in Eq. (2) causes the direct
transitions AYI¥ for m#n. The third term contributes in-
direct transitions denoted by 8§2°12°.

Since the central transition is not affected by the secu-
lar part of the QI, it can be removed by going into a re-
duced representation defined as

Hrf=

Prea(?) —cxp(sz“t )p(t)exp(— leecz) .

Only the central transition is excited if the conditions
o> wo > w > wéz),wéz)’ are satisfied experimentally.
Therefore it suffices to consider a reduced density opera-
tor pZ4(¢), which is a linear combination of I2* and obeys
the Liouville-von Neumann equation

red (t)

= Hr
dt [Hrea+

(?ic%c(t) prcd(t)] 5 (3)
with

Hi = —wld P+ o 1P +6PI1E3+ P17,
4)

a i<j

HEWS (1) =expGHED) {z 3 Aﬁjl,f/}(H.c.) ,

where the various parameters in Eq. (4) can be obtained
from Eqgs. (1) and (2) as

0§’ =(04/3w0) Qa\+ai- —ar+ary-), (5a)
623 (wQ/6wo)Re(aoa|_a2+) (Sb)
8P =—(wd/6w8)Im(aoa;-ar+) , (50)

and (H.c.) denotes the Hermitian conjugate of the time-
development operator. Notice that HJW () does not
contain the term 62312 and so it differs from H&"ﬁS X
Even though the magnitude of HJWES () is much
larger than 623123+5231y23, the time-dependent terms are
not effective in changing the coherence of the central
transition because of their rapid oscillations [16]. So Eq.

(3) is further simplified to

red (t )
dt

During a short rf pulse on resonance with the central
transition the broadening effect of the second-order QI on
the central transition can be neglected with the condition
> méZ). The density operator is then given by — kI
after a 907 pulse. A 90° pulse is defined as one rotating
the magnetization of the effective spin-§ system through
90°. It can be seen from Egs. (5a)-(5c¢) that 823 is
smaller than wéZ) by an order of wg/wo.

The effect of the fictitious nonsecular term on the
transverse magnetization can be examined by taking a
coordinate transformation

p* (1) =expli(—wo+ o) 1P p2h(1)(H.c.) .

=[HX,p2D]. 6)

The coordinate transformation leading to p*(¢) is intro-
ducing an interaction representation with respect to both
Zeeman precession and the second-order quadrupolar
broadening. It thus differs from the rotating-frame trans-
formation which is an interaction representation with
respect to the Zeeman interaction only.
Then the Liouville equation for p* (¢) becomes
dp* (1)

i—%— =expli(— w0+wé2))1223t}

x[8PI12+ 6213, p23()]1(H.c.) . @)

In general, p24(t) can be decomposed into two com-
ponents, viz. longitudinal and transverse components. As
can be seen from Eq. (7), a transverse coherence is con-
verted to a longitudinal coherence very effectively,
whereas the longitudinal coherence I2? is not affected
significantly by the fictitious nonsecular terms because of
their rapid oscillation. In other words, the commutator
(62123, — kI 23] creates a 123 term that is invariant under
expli(— co0+wg))123 In contrast, the action of the
fictitious nonsecular term on 123, [623133, 121, creates
an I term that oscillates rapidly under exp{l( o
+w$’)12°1, and therefore has no influence. This results
in an irreversible loss of the transverse to longitudinal
coherence by the fictitious nonsecular term.

With an initial density operator —kIy23 after a 909
pl:.zl3lSC, integration of Eq. (7) leads to, up to first order in
84,

p* () =—kIP —k(t—10)6312, (®

where the second term denotes the irreversible loss of the
transverse coherence. The smaller t —¢(, the more accu-
rate is Eq. (8). If one is only interested in the decay of
transverse magnetization, then Eq. (8) can be stated, for
all practical purposes, as

I3t —t0) =172 (t9)expf—
with ¢ —10KT.

63—t} , 9)
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The loss of the transverse coherence can be viewed as
follows: The rf pulse sets up a transverse coherence
whose quantum state is a linear combination of the |2)
and |3) states with equal probability amplitude. The
fictitious nonsecular terms, 8212+ 8212, then induce
transitions to states with a definite magnetic quantum
number and, as a result, establish a spin temperature
within the spin system. This irreversible loss of trans-
verse magnetization does not require heat exchange with
the lattice and proceeds in a time < 7,. Although the
nonsecular terms are described in terms of the operators
12, they arise from indirect transitions given by the third
term of Eq. (2). So, while the fictitious secular terms,
which include a variation of the static electric-field gra-
dients, dephase the macroscopic transverse coherence re-
versibly, the nonsecular terms destroy the coherence both
macroscopically and locally. Therefore they reduce the
observed magnetization of the effective spin- ¥ system ir-
reversibly.

The density operator in the rotating frame at time ¢,
after the application of the 90¢ pulse is obtained from
Egs. (6) and (9),

prt)) =exp(— iwéz)tllzm){— kIPexp(—|82|t)}(He.).

FIG. 1. Second-order quadrupolar echoes in Si(B) generated
by 90%-7,-1807 pulse sequences. Sweep: 50 us/div. The pulse
separation was varied from 25-175 us in steps of 25 us. The
1807 pulses appear as dotted vertical lines.

In general, each individual spin has different a)g) depending on the magnitude and orientation of the electric-field gra-
dient at the position of the nucleus. Spins with different wéZ) will dephase in a similar fashion as spins in an inhomo-
geneous magnetic field since both Hamiltonians have the same form. It then follows that a second 180° pulse can re-
focus the dephasing caused by (08)1223 in a fashion similar to the Hahn spin echo. The density operator at time ¢, after

a 180y pulse is then given by

pr(t2) =exp(—iodt,12)exp(— |63 t)exp(—inl P)pr(t)) (H.c.)

=expl—iod (t, =t VIZH = k1P expl — |62 (1, + 1)} (H.c.) .

The echo will form at a time after the second pulse equal
to the pulse separation. It should be noted that the
second-order quadrupolar echo increases uniformly with
the length of the second pulse, reaching its maximum for
a pulse length corresponding to a 180° pulse. It can be
verified that the application of a 1803 pulse generates an
inverted, but otherwise identical, echo.

The sample is made from Czochralski-grown B-doped
Si wafers [17] with a (111) surface orientation and 0.5
mm thickness. The concentration of B in Si is 2.2
x10%%/cm?, ie., ruling out clustering, there is, on the
average, one B atom at every six lattice sites. Four
square-shaped pieces are stacked and glued together.
The area of each piece is about 8 mm X8 mm.

Figure 1 shows an experimental verification of Eq.
(10). The data were taken at 30 MHz and 4.2 K. FID
and echoes are characterized by a T3 which is a measure
of the dephasing of the transverse magnetization as a
consequence of the inhomogeneous broadening caused by
the second-order QI. The measured value of T5 is 16 us
which corresponds to wg)/yz 7.3 G. Second-order qua-
drupolar echoes were obtained with pulse separations of
up to 175 us. It is certainly possible to generate echoes
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for still longer pulse separations. The decay of the echo
train is roughly exponential with a time constant of 340
us, which is a measure of [623| . A ratio of |62/
wéz)|z1/20 appears to be reasonable for our sample
[18]. Further experimental data will be published else-
where.

This interpretation of the echo formation in the pres-
ence of a strong quadrupolar coupling is believed to be
applicable to any solid containing half-integer nuclei. Of
course, both theory and data analysis will be more com-
plex if internuclear dipolar couplings cannot be neglected
[13]. Since the dipolar interaction is not refocused by a
90°-180° pulse sequence, its presence results in a faster
decay of the echo peaks than in the case where only the
QI exists [18]. In our sample, contrary to previous exper-
iments [7-11], the quadrupolar interaction is so strong
that even in second order it is still larger than the dipolar
coupling between the widely dispersed B atoms. It would
be interesting to see whether the decay of echo train can
be reduced by sample spinning along the z axis. If so,
high-resolution NMR of the quadrupolar broadened lines
could be vastly improved.



VOLUME 67, NUMBER 3 PHYSICAL REVIEW LETTERS 15 JuLy 1991

We are indebted to Professor E. Merzbacher for
several informative discussions. We gratefully acknowl-
edge a grant from the University Research Council of the
University of North Carolina in support of this project.

[1] R. V. Pound, Phys. Rev. 79, 685 (1950).

[2] M. H. Cohen and F. Reif, in Solid State Physics, edited
by F. Seitz and D. Turnbull (Academic, New York,
1957), Vol. 5, p. 321.

[3] 1. Solomon, Phys. Rev. 110, 61 (1958).

[4] W. W. Warren and R. E. Norberg, Phys. Rev. 154, 277
(1967).

[S] H. J. Jakobsen, J. Skibsted, H. Bildsge, and N. C. Niel-
sen, J. Magn. Reson. 85, 173 (1989).

[6] K. T. Mueller, B. Q. Sun, G. C. Chingas, J. W. Zwan-
ziger, T. Terao, and A. Pines, J. Magn. Reson. 86, 470
(1990).

[7] J. Butterworth, J. Proc. Phys. Soc. London 86, 297

(1965).
[8] O. Kanert and M. Mehring, in NMR, edited by P. Diehl,
E. Fluck, and R. Kosfeld (Springer, Berlin, 1971), Vol. 3,
p. 1. This article reviews the work related to the QI up to
1969.
[9] K. R. Jeffrey, J. Chem. Phys. 66, 4677 (1977).

[10] E. Oldfield and R. J. Kirkpatrick, Science 227, 1537
(1985).

[11] T. K. Halstead, P. A. Osment, B. C. Sanctuary, J. Tegen-
feldt, and I. J. Lowe, J. Magn. Reson. 67, 267 (1986).

[12] J. Haase and H. Pfeifer, J. Magn. Reson. 86, 217 (1990).

[13] J. Haase, H. Pfeifer, and E. Oldfield (private communica-
tion).

[14] A. Wokaun and R. R. Ernst, J. Chem. Phys. 67, 1752
(1977).

[15] S. Vega and Y. Naor, J. Chem. Phys. 75, 75 (1981).

[16] A. Abragam, The Principles of Nuclear Magnetism (Ox-
ford, London, 1961), Chap. IV.

[17] C. W. Pearce, in VLSI Technology, edited by S. M. Sze
(McGraw-Hill, New York, 1983), Chap. L.

[18] D. Y. Han, Ph.D. thesis, University of North Carolina at
Chapel Hill, 1990 (unpublished).

349



DSW B35146

R

tswe . iv 8 VZR 0.0
‘_ . &Y= 8008mY AT= 10.238
TR ' T ke

FIG. 1. Second-order quadrupolar echoes in Si(B) generated
by 90%-1,-180% pulse sequences. Sweep: 50 us/div. The pulse
separation was varied from 25-175 us in steps of 25 us. The
1807 pulses appear as dotted vertical lines.



