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Verifica&ion of the Hyperscaling Law on polymer Clusters by Neutron-Scattering Kxperiments
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Measurements of the small-angle neutron scattering by polymer clusters near the gelation threshold
have been made possible, in the bulk state, using mixtures of deuterated and hydrogenated polyurethane
samples. The exponent which links the scattered intensity to the transfer vector q is predicted to be
(3 —r)Dv, where r is the exponent which characterizes the mass distribution and Dv the fractal dimen-
sion of polymer clusters in the bulk state. This exponent is found to be equal to 2.00 0.05. Using this
result and the r value determined in a previous experiment on the same system, we verify the hyperscal-
ing law and deduce D~ =2.50+ 0.06.

PACS numbers: 82.70.Gg, 05.40.+j, 05.70.3k, 61.12.—q

The hyperscaling relation links two exponents of a crit-
ical phenomenon [1] to the space dimension d and is of
special importance in the gelation process. The gelation
process is a critical phenomenon of connectivity which
leads to polymer clusters having a continuous mass distri-
bution [2]. In this case, the hyperscaling law can be ex-
pressed as

d/Dp =r —1,
where Dp is the fractal dimension of polymer clusters and
z the exponent which characterizes the continuous mass
distribution. At the gelation threshold the number n.; of
polymer clusters having a mass M; is proportional to
M; '. The hyperscaling law implies a double fractal na-
ture of these polymer clusters. This means that each
cluster occupies the space in a fractal manner, and in ad-
dition the cluster's distribution and its space organization
are fractal: Clusters having the same size do not overlap,
but smaller clusters are in such a proportion as to fill the
inherent voids of larger ones [3].

Previous works performed on the polyurethane system
allow us to determine the exponent z mentioned above
[4] and the exponent y which describes the divergence of
the second moment of the cluster mass distribution [5].
For this system, as well as for other chemical systems [6],
both exponent values are found to be in good agreement
with the percolation model (d=3). But, in order to
prove that both these critical phenomena —gelation and
percolation —belong to the same universality class, it is
necessary either to determine a third exponent or to veri-

fy the validity of the hyperscaling law [7]. In this paper,
we report a new experimental study which is used con-
jointly with previous work [4,5] to claim that, in this sys-
tem, the hyperscaling law is valid and that percolation
and gelation belong to the same universality class.

The polymer clusters investigated in this paper are

TABLE I. Characteristics of the polymers studied (mea-
sured in dilute solution by light scattering): PUH and PUD are
hydrogenated and deuterated polyurethane, respectively, R- the

z-average radius of gyration, and M the weight-average molec-

ular weight.

PUH
PUD

R (A)

610+ 30
630 ~ 15

10-'M.

6.S + 0. 1

6.9 ~ 0. 1

polyurethane samples. They result from a chemical
reaction, called polycondensation, between two kinds
of monomers. One carries two reactive groups (hex-
amethylene diisocyanate) and the other three reactive
groups [poly(oxypropylene) trimethylol propane]. The
degree of connectivity of the polymer cluster population is
fixed by the initial hexamethylene diisocyanate ratio,
which was chosen in order to obtain a polycondensation
reaction completed near and before the gel point.

Small-angle neutron-scattering experiments were per-
formed at the Laboratoire Leon Brillouin in Saclay on
the PACE spectrometer. Hydrogenated polyurethane
(PUH) and deuterated polyurethane (PUD) were pre-
pared without solvent [8]. The latter was obtained using
partially (65%) deuterated poly(oxypropylene) trimethy-
lol propane.

PUD and PUH samples were characterized by light-
scattering experiments performed in dilute dioxane solu-
tion. Their characteristics are given in Table I. Both
samples have, within experimental accuracy, identical z-
average radii of gyration (R, ). Thus both samples were
elaborated at the same relative distance to the gel point
(—2x10 ). One has to note that polymers are swollen

in dilute solutions; thus their radii of gyration are larger
than in the bulk state.

In order to prepare a blended sample of PUH and
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PUD, hydrogenated and deuterated polymers were first
dissolved in deuterated tetrahydrofuran (TDF) at a con-
centration of about 50%. From these two solutions, in

different proportions, four samples were prepared. The
samples were kept in an oven over vacuum at 70 C for
several days. For each sample, the residual amount of
solvent was measured. The various concentrations are
listed in Table II.

The range of the transfer vector q investigated was
4x10 &q & 3x10 ' A ' (q =4m/A. sin0/2, k and 0
being the incident wavelength and the scattering angle,
respectively). The incident wavelengths used were 4.53,
6.56, and 10.3 A and the sample-to-detector distances
were 1.36, 4.46, and 3.16 m, respectively. Spectra ob-
tained from pure PUD samples allowed us to determine
the numerical factor required to superimpose spectra ob-
tained from the three different q ranges. For each sample
the incoherent contribution (background) was determined

by taking the mean value of the scattered intensity mea-
sured at high q. In this q range (0.28 & q & 0.32 A '),
the coherent scattering becomes much smaller than the
incoherent contribution [9].

Theoretically and in a general manner [10] the scat-
tered intensity per monomer (I/O) is given by

I/C —M f(qR, ), (2)

where M is the weight-average molecular weight (M„
=gn;M; /gn;M;), and R, the z-average radius of gyra-
tion (R, =Pn;M; R;/Pn;M; ) The funct. ion f(qR, ) is

equal to I for qR, « I and equal to (qR, )" for qR, » 1.
If the polymer is probed at a scale length 1/q smaller
than R, the scattered intensity is insensitive to R, .

Percolation theory [I] predicts that in the bulk state
near the gelation threshold, the corresponding z-average
radius of gyration, without swelling, is proportional to the
connectivity correlation length g. This correlation length
is defined as the size of the largest cluster whose mass is
M*. The fractal nature of this cluster leads to

Thus,

(Dp(3 —r ) (5)

Inserting Eq. (5) into Eq. (2) for qg»1, i.e., a q range
inside which the scattered intensity is expected to be in-

dependent of (, we recover the result [4,11]

with

I/O —q

V=D (3 —r).

(6)

The exponent r was measured for this polyurethane
species and was found to be [4]

r =2.20~0.04. (8)

CD
O2-

In a melt, which is incompressible, assuming perfect
identity between deuterated and hydrogenated species in-

teractions, it was theoretically expected (see Ref. [10], p.
67) and experimentally shown [12] that, whatever the
volume fraction p of labeled species, the scattered intensi-

ty is proportional to p(1 —P). This allows one to perform
experiments at high concentration while having access to
the same information as at the zero-concentration limit.
The exact densities of monomers being unknown, instead
of p we use the mass concentration C of labeled species
given in Table II. In Fig. 1 is plotted on a log-log scale,
as a function of the transfer vector q, the dependence of

(3)

where D~ is the fractal dimension of polymer clusters in

the bulk state. Moreover, masses M* and M are linked

by

(4)

Sample C=Cpun (%)

1.516
0.8865
0.380

44.91

Cpuo (%)

77.94
76.76
72.54
49.81

Crsolvent (%)

20.53
22.35
27.07

5.27

2.04
2.03
1.93
1.99

TABLE II. Characteristics of the samples and experimental
va1ues of the exponent Y=D~(3 —r), where C; =(weight of
i)/(total weight).

0-3

log q

FIG. 1. Log-log plot of the ratio of the scattered intensity in

arbitrary units to C(l —C) vs the transfer vector q (in A '),
for the four samples. The straight line corresponds to the
mean-square fit of data obtained on sample 4. Its slope, which

corresponds to the exponent Y, is 2.00. For clarity's sake, we

have kept only one out of nine points in the curves correspond-
ing to samples 1, 2, and 3. 0, sample 1; 0, sample 2: L, sample
3; 0, sample 4.
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accuracy, the hyperscaling law is valid for the gelation
process described here. This relation now established al-
lows one to get rid of the r inaccuracy. Combining Eqs.
(1) and (7), the fractal dimension of polymer clusters in

the bulk state can be written in terms of the exponent Y:

Dp =(Y+d)/2.

Using the measured value of Y, we find that

Dp =2.50 4 0.06, (12)
m4-

2-

0
0

q (x100)

10

which is in good agreement with the fractal dimension of
percolation clusters determined by computer simulations
[15].

We thank M. I. Lautie for synthesizing deuterated
propylene oxyde, and M. Daoud for discussions and en-
couragement. Laboratoire de Chimie et Physicochimie
Macromoleculaire is URA No. 509 du CNRS.

FIG. 2. Check of the q dependence of the intensity (arbi-
trary units) scattered by sample 4 taken as an example.

the scattered intensity divided by C(1 —C). This ratio is
actually independent of the concentration and q depen-
dent. The slope of the straight line [13] at high q
(1.2X IO & q & 0. 1 A ') corresponds to the exponent

Y =D~ (3 —z ). The Y values obtained for the four
diAerent samples are given in Table II. The correspond-
ing mean value is

Y=2.00+ 0.05. (9)

d/Y=(z —i )/(3 —z) . (lo)

The left-hand side of Eq. (10) is given by the present ex-
perimental result performed at d =3,

d/Y= 1.50 ~ 0.04,

while the right-hand side can be derived from the earlier
experimental result reported in Ref. [4] [see Eq. (8) of
the present paper],

(z —i )/(3 —z) = I.50-+ 0.12.

Therefore we conclude that, within the experimental

The curvature observed in Fig. I at low q (4X 10
&q & 1.2X IO A ') is due to the fact that experi-

ments are sensitive to the size g of the largest polymer
cluster [I4].

A check of the q dependence of the scattered inten-

sity is given in Fig. 2 where Iq is plotted as a function of
the transfer vector q for one sample taken as an example.
One can see that this quantity is a constant for q) I.2X lo

The hyperscaling law can be verified, using two in-

dependent experiments. Introducing in relation (I) the
exponent Y, we obtain
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