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We report for the first time the direct determination of x-ray-reAection phases of a large-unit-cell
volume, 350000 A3, macromolecular crystal using three-beam dilfraction. The crystal polarity (enan-
tiomorph) is determined unambiguously from the peak-intensity measurement. Quantitative analysis of
phase angle, with a scaling scheme for intensities, is presented.

PACS numbers: 61.lO. Dp, 61.10.Lx

Phase, a relative physical quantity, appears frequently
as an important parameter in many physical systems. In
the case of x-ray diffraction from single crystals, the
phases of structure factors play a decisive role in deter-
mining the relative positions of atoms in the crystal unit
cell. However, the phase information is lost in the
diff'raction intensity measurement, because the intensity is

only related to the product of the structure factor and its
complex conjugate. This fact constitutes the well-known
x-ray phase problem in diffraction physics and crystallog-
raphy.

X-ray multiple diffraction, which involves coherent in-
teraction (interference) among the diffracted waves in-

side a crystal, has long been considered as a possible
means of solving this phase problem [1]. Recent progress
[2-9] in utilizing three-beam diffraction techniques for
phasing has revealed the capabilities of determining the
sign [4] and magnitude [6,7] of cos6, and of providing
semiquantitative [8] and quantitative [9] information
about the triplet phase b. These efforts have led to the
phase determination of reflections from organic crystals
[7,10,11], though the quantitative approach [9] is limited
to weak reflections due to extinction eA'ects. In addition,
using elliptically polarized x rays as an alternative way of
determining the sign of sin6 has also been carried out for
perfect GaAs crystals [12]. Very recently a semiquanti-
tative phase determination of a small macromolecular
crystal, 66854 A in unit-cell volume, has been demon-
strated [13].

Qften the multiwavelength anomalous scattering and
the isomorphous replacement methods, among others, are
employed to determine the phases for macromolecular
crystals [14]. However, in some cases, the necessary
heavy-atom derivatives or a proper spectral range of radi-
ation are not attainable and an alternative method of
phasing process is needed. As a first step towards this
challenging goal, we apply the multiple diffraction tech-
nique to extract phase information from the horse
oxyhemoglobin single crystals of known structure [15]
(monoclinic, space group C2, cell dimension: a =108.24
A, b =63.13 A, c=54.54 A, P=110.85, V=348277

A ). In this Letter, we demonstrate that the phases can
be determined by measuring the intensities of three-beam
diAraction from this large macromolecular crystal. A
scaling scheme employed in the quantitative phase
analysis is also reported.

Multiple diffraction takes place when a crystal is first
aligned for a Bragg reflection G and then rotated (y
scan) around the reciprocal lattice vector g of the G
reflection to bring additional sets of atomic planes, say, L
planes, to satisfy simultaneously Bragg's law. In a three-
beam case, denoted by G/L, there are three reflections in-
volved: the primary G, the secondary L, and the coupling
reflection G -L. The interaction among the diAracted
beams gives rise to intensity variation on the primary
beam. This variation is related to the phase 6 of the
structure-factor triplet Ft.FG L/Fg [6].

Because of the large-crystal unit cell, the number of
multiple diffraction conditions in a 1' y scan is estimated
to be about 8900 diffractions for X=1.54 A, 1400 for
k=1.8 A, and 1000 for X=2.0 A. With such densely
spaced diffractions in a small angular range, observable
diAraction peaks can be obtained only for strong dif-
fractions. For this reason we calculate the intensity of
each multiple diAraction according to the kinematical
theory [16]. The Lorentz polarization factor is included
to take care of the peak width and beam polarization.
The lattice parameters, wavelength, and the intensities of
Bragg (two-beam) reflections from the protein data bank
[17] are used as the input for this calculation. From
these considerations we choose, among 30 strong diffrac-
tions, the three-beam cases, 512/602 and 512/602, with
[512] as the primary reflection for investigation (here we
combine the ideas of Refs. [8,9] to use a pair of cen-
trosymmetrically related diffractions for later quantita-
tive phase analysis). The suitable wavelength is around 2
A. The fact that the intensities of the chosen three-beam
diAractions are at least 2 orders of magnitude stronger
than those of the diAractions nearby ensures the visibility
of well-resolved diAraction peaks above the two-beam
background.

The multibeam experiments were performed on beam
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line X10A at the National Synchrotron Light Source,
Brookhaven National Laboratory. The incident x rays
from the synchrotron source were focused with a bent cy-
lindrical mirror and monochromatized with a pair of
Ge(111) crystals. Two pairs of slits, vertical and horizon-
tal, in front of the sample crystal were used to lower the
beam divergence to 0.01' in both directions. A scintilla-
tion counter placed behind the two sets of slits acted as a
monitor for intensity normalization. A Huber four-circle
diffractometer was used. A ruby crystal was employed to
double-check the diffractometer alignment and to cali-
brate the wavelength (A, =2.0872 A). The diffracted
beam was monitored by a second scintillation counter
with a single x-y slit in front of it. Evacuated beam
paths were used to reduce the air scattering. The dis-
tances from the two pairs of collimation slits to the sam-

ple crystal were 77 and 26 cm, respectively, while the dis-
tance from the receiving slit to the crystal was 33 crn.

The hemoglobin crystal, 0.5 x 0.5 & 0.2 mm, was
mounted on the diffractometer, and utilizing the dif-
fraction spots from a 360 rotation photograph, the
orientation matrix of the crystal was determined. The
512 planes were then set into diffraction position, and the
incoming and outgoing positions for a three-beam
diA'raction were calculated (at these two positions the re-
ciprocal lattice point L of the secondary reflection moves
across the surface of the Ewald sphere) [18]. A position,
which can be reached by the combined co, p, and g rota-
tion of the diff ractometer, was chosen to perform the y
scan for the three-beam case.

Since the y scan is a combined ro, p, and g rotation,
slight angle-missetting errors can cause undesirable
peak-intensity variations; therefore, we performed co

ID =2 [2(Ay)cos6 —rising], (2)

scans (rocking) at each y position to track the peak posi-
tion so the intensity variation due to three-beam interac-
tion could be detectable. Figure 1(a) shows the rocking
curves at the peak (solid curve) and oA' the peak (dashed
curve) for the three-beam diffraction 512/602 in the out-
going (OUT) situation (the dashed curves were repeated-
ly observed before and after the three-beam position).
The intensity enhancement at the peak is seen. Deterio-
ration of the crystal under radiation was another problem
encountered. Figure 1(b) shows the rocking curves for
the 512/602 (IN) case. The presence of two large mosaic
blocks is obvious and the third small mosaic is also ob-
served. These scans were taken about 2 h after those
shown in Fig. 1(a). Though the crystal gradually de-

cayed, the intensity enhancement of the aligned mosaic
was still detectable. The integrated intensities over co vs

h, y during the y scans, 0.005 per step, are plotted in

Fig. 2 for the 512/602 and 512/602 cases. d, y is the an-
gular deviation from the exact three-beam position. The
intensities were normalized according to the integrated
two-beam intensity of [512] for a single mosaic block
after background subtraction. The curve of 512/602 was
inverted about Ay=0 so that the two profiles can be com-
pared and analyzed in the same incoming situation.

According to Ref. [9], the relative intensity distribution
I~ of a three-beam case consists of the phase-dependent
part ID and phase-independent part Ig [19]:

I6(hy) = [I6(3)—IG(2)]/Ig(2) =In+I',
where 16(2) and lo(3) are the two- and three-beam in-

tensities of the primary reflection. Iz is a symmetric
function of h, y. Ig is defined as
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where 2 depends on the structure-factor moduli, Lorentz
polarization factor, and Ay [9]. t) is the full width at half
maxima (FWHM). At the peak position (Ay=0) and
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FIG. 1. Rocking curves of the primary (a) 512 and (b) 512
rellections at (solid curve) and oA' (dashed curve) the three-
beam 512/602 (OUT) and 512/602 (IN) positions, respectively.

I IG. 2. Integrated three-beam intensities over co vs h, y. The
sense of crystal rotation and the positions at half maxima of the
dashed Ig curves are indicated as arrows. The scale indicating
the diff'erence between the two-beam and three-beam intensities
is also given.
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with no anomalous dispersion, ID(a) = —Iran(b) and
IK (a ) =Ig (b ) = [IrI' (a )+ Io (b ) ]/2 =I~ [20], where a and
b refer to the 512/602 and 512/602 cases. Note that
these two centrosymmetrically related cases have opposite
signs in 6. Since the corresponding reflections involved in

the two cases have almost the same strength, the extinc-
tion eAects on the intensity measurements for both cases
are similar. The scaling of I~ averaged over the two peak
intensities should almost not be affected by the difference
in extinction between the two cases. The constructed
Gaussian peak tops for Ig(hill) with the FWHM of rI and
the peak value I~ are shown in Fig. 2 for comparison.
From this figure and Eqs. (1) and (2) we immediately
conclude that 6(a) &0 and 1i(b) &0, since Io(a) & Ig,
ID(a) &0 and Io(b) &I~, 10(b) &0 at Ay=0. The
crystal polarity is thus determined.

Once Iz is known, the quantitative phase determination
is straightforward [21] via

tan8 = —(I++I —)/(I+ —I —), (3)

where

(4)

and 1„(gy=+iI/2) =1~/2. The signs of sin8 and cos6
are the signs of the numerator and denominator of Eq.
(3), respectively. Because of the deterioration of the
crystal we were not able to perform y scans in smaller
steps (because it was time consuming). Hence there are
not many measured points near the peaks. Even so, the
various curves fitted to the data points of Fig. 2 can still

be used for quantitative phase analysis and error estima-
tion. The triplet phases are determined from those curves
(only a pair of curves are shown as a guide to the eye) via

Eq. (3) as —135' ~ 25' for 512/602 and 134'+ 25' for
512/602. The calculated phases from the known struc-
ture are —102 and 102', respectively. The overall accu-
racy in 6 is about 60 . Sharp intensity profiles of the res-
onance type, which are usually associated with 0' or 180
phases [3-6], were also observed. Similar curves were
also obtained for 512/622 on beam line X3A2 with
X=1.8 A. Figure 3 shows the profile of the 512/622
(OUT) case. The sign of cos8 is determined according to
the sign rule given in Ref. [4] as S(cos8) =SI.. SR
= ( —) ( —) =+, SL and SR being the signs defined from
the profile asymmetry and the IN-OUT situation [4].
The phase value can be determined quantitatively, as de-
scribed in Refs. [6,7], by quantifying the intensity asym-
metry of the diA'raction profile. The determined phase is

45 ~ 20, compared to the calculated 0 .
In conclusion, we have demonstrated that x-ray-re-

flection phases of large macromolecular crystals can be
directly determined using three-beam interference. The
analysis procedure presented, taking care of the extinc-
tion s, could lead to more reliable quantitative phase
determination, if detailed y scans can be performed.
Phase-determination experiments using three-beam dif-
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FIG. 3. Integrated intensities over ru vs hqr of 512/622
(OUT) for k =1.8 A.

"' Also at Exxon Research 4, Engineering Company, An-

nandale, N J 08801.
[I] W. N. Lipscomb, Acta Crystallogr. 2, 193 (1949).
[2] B. Post, Phys. Rev. Lett. 39, 760 (1977).
[3] L. D. Chapman, D. R. Yoder, and R. Colella, Phys. Rev.

Lett. 46, 1578 (1981).
[4] S. L. Chang, Phys. Rev. Lett. 48, 163 (1982).
[5] p. p. Gong and B. Post, Acta Crystallogr. A 39, 719

(1983).
[6] H. J. Juretschke, Phys. Rev. Lett. 48, 1487 (1982); Phys.

Lett. 92A, 183 (1982).
[7] Q. Shen and R. Colella, Nature (London) 329, 232

(1987).
[8] K. Hummer and H. Billy, Acta Crystallogr. A 42, 127

(1986); K. Hiimmer, E. Weckert, and H. Bondza, Acta
Crystallogr. A 45, 182 (1989).

[9] S. L. Chang and M. T. Tang, Acta Crystallogr. A 44,
1065 (1988); M. T. Tang and S. L. Chang, phys. Lett. A
143, 405 (1990).

[10] S. L. Chang, M. T. Huang, M. T. Tang, and C. H. Lee,
Acta Crystallogr. A 45, 870 (1989).

[11] K. Hiimmer, E. Weckert, and H. Bondza, Acta Crystal-

fraction for macromolecular crystals of unknown struc-
ture are planned for the next investigation.

One of us (S.L.C.) gratefully acknowledges the finan-
cial support provided by the National Science Council,
Taiwan, Republic of China, and Exxon during his visit at
the Exxon PRT, NSLS, where the experimental work
was performed. He is especially indebted to K. S. Liang
for his hospitality and help. We acknowledge the timely
supply of hemoglobin crystals from B. C. Wang and the
excellent technical support from J. Marsch, Z. Fu, A.
Darovsky, S. Bennett, C. Z. Yang, and R. Hewitt for the
experiment. We thank P. Coppens for kindly arranging
the beam time on SUNY X3 beam line. S.L.C.'s visit at
the NSLS was arranged through the U.S. NSF-Taiwan
NSC Exchange Program. The National Synchrotron
Light Source is supported by the Division of Material
Science and Chemical Science under the Department of
Energy, Contract No. DE-AC02-76CH-00016.



VOLUME 67, NUMBER 22 PH YSICAL REVIEW LETTERS 25 NOVEMBER 1991

logr. A 46, 393 (1990).
[12] Q. Shen and K. D. Finkelstein, Phys. Rev. Lett. 65, 3337

(1990).
[13] K. Hiimmer, E. Weckert, and H. Bondza, Acta Crystal-

logr. A 47, 60 (1991).
[14] For example, W. A. Hendrickson, J. L. Smith, R. P.

Phizackerley, and E. A. Merritt, Proteins: Struct. Funct.
Genet. 4, 77 (1988).

[15] R. C. Ladner, E. G. Heidner, and M. F. Perutz, J. Mol.
Biol. 114, 385 (1977).

[16] R. M. Moon and C. G. Shull, Acta Crystallogr. 17, 805
(1964); S. L. Chang, Multiple Diffraction of X Rays i-n

Crystals (Springer, Berlin, 1984), p. 35.

[17] F. C. Bernstein, T. F. Foetzle, G. J. B. Williams, E. F.
Meyer, Jr. , M. D. Brice, J. R. Rodgers, O. Kennard, T.
Shimanouchi, and M. Tasumi, J. Mol. Biol. 112, 535
(1977).

[18] H. Cole, F. W. Chambers, and H. M. Dunn, Acta Crys-
tallogr. 15, 138 (1962).

[19] We adopt the names of phase dependence and indepen-
dence from E. Weckert and K. Hummer, Acta Crystal-
logr. A 46, 387 (1990).

[20] The lg is the maximum of the ideal profile given in Ref.
[19].

[21] This procedure has been tested by the data given in Ref.
[1 1]. The accuracy in 6 is about 30 .


