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Dynamical Generation of Long-Range Interactions: Random Levy Flights
in the Kinetic Ising and Spherical Models
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We study nonequilibrium steady states produced by a competition between anomalous diffusion (ran-
dom Levy-flight exchanges) and local dynamics satisfying detailed balance for the equilibrium state of
either the Ising chain or the spherical model. The phase transitions occurring in these systems are inves-
tigated via simulations and an exact solution. The results show that the steady-state properties are dom-
inated by effective long-range interactions decaying with distance as r, where d is the spatial di-
mension while o. is the dimension of the Levy Aight.
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Nonequilibrium steady states are hard to characterize
since the inverse problem of finding eAective interactions
generated by a given dynamics is highly nontrivial. Even
if an eAective Hamiltonian can be deduced from the sta-
tionary distribution function, one usually finds that all the
interactions allowed by the symmetry of the system are
present, and it is not clear which interactions dominate.
In this paper we suggest that the dominant interactions
can be extracted directly by the following two-step
method: (I ) Study the phase transitions in the steady
state, and (2) assume that the universality arguments
used in equilibrium critical phenomena can be carried
over to the nonequilibrium case.

In order to see how the method works, consider, for ex-
ample, the model we shall be concerned with throughout
this paper, namely, the kinetic Ising model in which spin
flips satisfying detailed balance for the equilibrium state
of the Ising model at temperature T compete with ran-
dom (T=~) spin exchanges [I]. If the spin exchanges
are between nearest-neighbor sites and their rate is sig-
nificantly smaller than the rate of spin flips, then the
nonequilibrium ordering in the d=2 dimensional system
is of Ising type [2]. Thus, one may conclude that al-
though the infrequent nearest-neighbor exchanges may
generate further neighbor couplings, they do not change
the short-range, ferromagnetic nature of the dominant in-
teractions. If the random exchanges have infinite range
[3], however, one finds that the ferromagnetic ordering is
mean-field-like and, furthermore, the finite-size scaling of

the magnetization fluctuations is indistinguishable from
that of an equilibrium Ising model with infinite-range in-
teractions. Thus the long-range random exchanges trans-
form the nearest-neighbor ferromagnetic couplings into
infinite-range interactions.

Lacking systematic knowledge about the dynamical
generation of interactions [4], we wish to pursue the line
of argument discussed above by asking the following
question: Are there random exchange processes that
generate effective interactions decaying with distance r as
a power law V,tr(r) —r ? The possibility of studying
this question arises since the equilibrium critical behavior
of a d-dimensional system with ferromagnetic interac-
tions of the form r is distinct from both the mean-
field and the short-range limit, provided that tT is from
the interval (d/2, 2 —tl), where ri is the exponent describ-
ing critical correlations in the short-range system [5].

In our search for the appropriate random exchange
process, we were guided by equivalences between various
random walks and ferromagnetic spin models. The
nearest-neighbor-interaction spherical model, for exam-
ple, is known to be equivalent to the ordinary random
walk [6]. At the same time, the long-range [V(r)
—r ] version of this model is equivalent to the Levy
flight defined [7] as a random walk in which the step
length (l) is a random variable with a probability distri-
bution P(l) —l (the parameter a gives the dimen-
sion of the random walk for 0 ( o. ( 2). Similar
equivalences exist in the n 0 limit of n-component spin

1991 The American Physical Society 3047



VOLUME 67, NUMBER 22 PHYSICAL REVIEW LETTERS 25 NovEMBER 1991

models, the diflerence being that both the random walk
and the Levy Aight are restricted to be node avoiding
[8,9].

It is by no means obvious from the above equivalences
that Levy flights generate long-range potentials. Note,
e.g. , that if the Levy-Aight exchanges are not random but
satisfy detailed balance [10], then the interactions are in-

dependent of the exchange process: They are entirely
determined by the Hamiltonian in the detailed balance
condition. Nevertheless, the above equivalences indicate
a possible connection with Levy Aights and we were led to
consider a 1=1 kinetic Ising model in which random
Levy-Aight exchanges (a =0.75) compete with spin Aips

induced by a heat bath at temperature T. Our Monte
Carlo simulations of this model indicate that the system
does undergo a second-order phase transition at a finite
spin-Aip temperature and the critical fluctuations scale as
those of a d=1 equilibrium Ising model with long-range
interaction of the form V(r) —r . As a second ex-

ample, we consider a generalized time-dependent Lan-
dau-Ginzburg model in which a local relaxational mecha-
nism satisfying detailed balance competes with anoma-
lous diflusion representing the random Levy-Aight ex-
changes. This model can be solved exactly in the spheri-
cal limit and one can demonstrate explicitly that the di-

mension of the Levy flight, a, determines the exponent in

the eA'ective potential V(r) —r ~ through g=d+a.
Let us first consider a kinetic Ising model in which sto-

chastic Ising variables s; = + 1 assigned to the sites of a
d= 1 periodic lattice (i =1,2, . . . , L; s;+i. =s;) evolve

through flips and exchanges of the spins. The Aip rate at
site i is a version of the Glauber rate [2, 11],

1

, [I ~ ~l (~I+1+~l I ) +~'~l+—
1 ~l I], -

r, (I+v)'
where z] just sets the time scale and v controls the tem-
perature of the spin-Aip heat bath. If the dynamics con-
sisted of spin flips alone then the system would relax to
the equilibrium state of the Ising model at temperature T
with the nearest-neighbor coupling J related to v through
v =tanh(J/kT).

The exchanges of spins between sites i and j take place
independently of spin flips and their rate is given by

~ (2)
r2ll' —jl" '

where 2 =2+;=li ' . The above expression for w;~
can be interpreted in the following way. Any given spin
moves with a frequency of I/r2 and the probability of
moving a distance I is proportional to I ' . Thus the
spins execute a Levy flight of dimension o.. Since the ex-
changes are independent of energy, one can view this pro-
cess as being generated by a T =~ heat bath.

We carried out a Monte Carlo simulation of the above
system for o.=0.75. The choice of o is motivated by the
expectation that the exponent of the eAective interaction

is given by d+a.. For d=l this interaction produces a
phase transition in an equilibrium Ising model [5] only
for cr~ 1 and the transition is nonclassical only for a)0.5. At 0 =0.75 the critical exponents are su%ciently
diA'erent [12-14] from the mean-field values so as to be
easily distinguishable and one is not too close to o =1
where strong Kosterlitz-Thouless singularities occur [15].

In the simulations, the frequency of spin-Aip attempts
was equal to the frequency of spin exchanges (r l =zz).
Systems of I =75, 150,300, . . . , 4800 spins were con-
sidered and the time evolution of the magnetization, and
the energy, was monitored to obtain first a rough estimate
of the relaxation time and then the steady-state value of
the magnetization Auctuations (M ). The data were then
analyzed by assuming that (M ) obeyed finite-size scaling
[3,16] near the critical point (v = v, ):

(M') = I. '+&'e~ (a. "").

Here e =
~
v —v, ~/v„and y and v are the critical exponents

of the magnetization fluctuations and the correlation
length, respectively. The scaling function has two
branches, @+ and @—,describing the disordered (v (U„)
and ordered (v ) U, ) phases, respectively. The parame-
ters v„y, and v were fitted to give the best collapse of
data when (M )/L'+'~' was plotted against eL'~". The
open circles in Fig. 1 show the scaling plot for v,
=0.5945, y/v =0.65, and 1/v =0.54. The collapse of
data is excellent over 2.5 decades of the scaling variable
eL ' '. The quality of the scaling declines unambiguously
if v„ is changed by more than 0.5% or the critical ex-
ponents are altered by more than 5%.

The critical exponent values y = 1.2 and v= 1.9 are
consistent with what is known [5,12-14] about the long-
range equilibrium Ising model (y= 1.4 and v=2. 1 for
a =0.75), but the uncertainties of the above estimates are
rather large. Thus, to make the case of equal exponents
more convincing, we have also simulated the equilibrium
Ising model with long-range couplings [12] J; ~. —~i

—j~ ' . The solid diamonds in Fig. 1 are X2(M )/
I '+r~" plotted against Xl eL '~' for systems of sizes [17]
I =80, 160, . . . , 2560. We use here the same exponents
y/v and 1/v as we did for the Levy-Aight system. The
fitting parameters are the critical temperature in
=

~
T —T, ~/T„and the scale factors Xl and A, 2 relating the

temperature and magnetization scales in the two systems.
Note that on a log-log plot the change in X~ and k2 causes
a uniform shift but does not aAect the shape of the scal-
ing function. The collapse of the two sets of data shown
for T, =2.714, X] =0.65, and X2=0.88 is quite remark-
able. Thus we conclude that, at least in d=1, the Levy-
Aight exchanges of dimension o do indeed generate an
eA'ective potential of the form V(r) —r

In order to draw more general conclusions, we now
turn to a generalized time-dependent Landau-Ginzburg
model that is a combination of models A and 8, follow-
ing the classification scheme of critical dynamics [18].
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Let an n-component order-parameter field, S'(x, t)
(i =1, . . . , n), evolve via two processes occurring in par-
allel. The first one is a local relaxation (model A) satis-
fying detailed balance at temperature T. The second one
is an anomalous diffusion process (T=~ limit of a gen-
eralized model B) describing the continuum version of
Levy-flight exchanges. (Note that anomalous diff'usion is

n t r

actually not uncommon in nature. An example is the
Richardson diffusion [19] in turbulence, which has been
argued [20] to be describable by a Levy-fight process. )
As has been shown [21], the diff'usion operator Dq in

this case is replaced by Dq, where 0 & o. & 2 is the di-
mension of the Levy Aight. Then the equation of motion
for the Fourier transform of the field, Sq(t), is given by
the following Langevin equation:

S', (t) = —rp(rp+q )Sfq(t) —I pu P, „Sq (t)Sq-(t)Sq —
q -q-(t)+qq(t) Dq S—,'(t)+ gq(t) .

j=l~q J q
(2)

n

u g (S~ (t)S~ (t)) =unC(q, t)6(q+q'),
j=l

(3)

(rtq'(t)rtq'(t')) =2I pb';, 8(q+q')b(t —t') .
where the angular brackets denote averaging over both
the initial conditions and the noises g and g. Note that
the dynamic structure factor C(q, t) =(S~~(t)S~ q(t)) is

independent of j if we restrict our studies to the high-
temperature phase of the system.

Using (3), the equation of motion (2) becomes linear.
Its solution can be used to derive the following self-
consistency equation [22,23] for C(q, t):

The parameters I p and u are constants with u —1/n in

the spherical limit n ~. The relevant temperature
dependence is contained in rp —a+T, where a is another
constant.

The last two terins in Eq. (2) represent the anomalous
diffusion produced by Levy Aights. Assuming that tl is

again Gaussian white noise with correlations of the form

Without the last two terms, Eq. (2) defines model A,
which has an equilibrium state with a short-range fer- This quantity may be replaced by
romagnetic Hamiltonian provided that g is a Gaussian-
Markovian random force with the correlation function

(rt,'(t)rt,'(t')) =2Dq 8; /i(q+q')8(t —t'),
one finds that without the local relaxation process, Eq.
(2) yields a structure factor (Sq(IXI)Sq (~))=8J6(q
+q') of a state in which every configuration is equally
probable. In this sense, the Levy flights are generated by
contact with a T =~ heat bath.

The spherical limit (n IXI) is exactly solvable be-
cause Auctuations in u+Sjq(t)S~& (t) may be neglected.
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FIG. 1. Finite-size scaling of the magnetization Auctuations
(M ) in the steady state of the lip-and-Levy-Aight model (o),
and in the equilibrium state of the long-range-interaction
(J;,/ —~i

—j~
' ') Ising model (0). The critical exponents are

the same (y/v=0. 65 and 1/v=0. 54) for both sets of data. As
explained in the text, the deviations from the critical point in

the iwo systems are given by e =
~
v, —v (/v, =0.65

~
T —T, ~/T, ,

and the scale of (M ) on the plot of the Ising data diAers from
that of the Levy-Aight data by a factor of F2 =0.88.

C(q, t) = C(q, O)exp — I (q, s)ds
t I t I

+2(I p+Dq ) dt'exp —„ I (q, s)ds

(4)

Here, C(q, O) is the initial structure factor, and I (q, t) is

given by

I (q, t) =2I p[rp+q + unC(q, t )]+2Dq

One can see from (5) that the eff'ective relaxation rate
I (q, t) is increased by the addition of Levy Aights. Since
C(q, t) would reach a long-time limit C(q) even without
the 2Dq term in I (q, t), it will do so in the nonequilibri-
um case as well. Then the equation for C(q) obtained
from the t IXI limit of (4) is

r+a
C(q) = (6)

I ii(rii+q +unS)+Dq

where S=fdqC(q). The long-wavelength instabilities
are determined by the q 0 form of C(q), which for
0 & a & 2 can be written as

C(q) = (rp+Xq +unS)

with X =D/I p. This form coincides with the long-
wavelength limit of the equilibrium structure factor of a
spherical model in which the interactions decay with dis-
tance as r . Consequently, both the self-consistency
equation for r =ro+unS and the critical behavior that
follows from it are identical to that of the equilibrium
long-range model. Thus we can conclude that the critical
properties of the nonequilibrium steady state are dom-
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inated by an effective long-range potential proportional to
—d —o.

I"

The above conclusion should be valid for finite n as
well. Looking at Eq. (2), one can see that the correla-
tions in the effective noise (tl„fr=ti+rl) have an ampli-
tude 2(I o+Dq ). One expects that the Dq term can be
neglected in the long-wavelength limit and thus that the
noise g in the Levy-flight exchanges can be omitted.
Without ti, however, the system described by Eq. (2)
satisfies detailed balance and has an effective Hamil-
tonian which, apart from the usual short-range interac-
tion pieces, contains the expected long-range part
Xfdqq P;5'(q)S'( —q). The missing link in the above
argument is a proof that the noise in the Levy flight is ir-
relevant. This problem can, in principle, be investigated
by field-theoretic methods but the lack of a Auctuation-
dissipation theorem makes the calculations rather in-

volved.
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