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U=ee Limit of the Three-Band Model of the CuOz Planes
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The U=c limit of the three-band Hubbard model with nearest-neighbor repulsion V is studied using
the slave-boson approach and the large-N expansion technique to order 1//V. A charge-transfer instabi1i-
ty is found as in weak-coupling theory. The charge-transfer instability is always associated with a
diverging compressibility leading to a phase separation. Near the phase-separation, charge-transfer-
instability region we find superconducting instabilities in the s- and d-wave channels. The requirement
for superconductivity is that V be on the scale of the Cu-0 hopping as suggested by Varma, Schmitt-
Rink, and Abrahams.

PACS numbers: 74.65.+n, 71.28.+d

Since the discovery of high-temperature superconduc-
tivity [1] in the copper-oxide compounds, an innumerable
variety of mechanisms have been proposed. In spite of
considerable theoretical effort, however, the origin of this
phenomenon is still not agreed upon.

Many models of the copper oxides begin with a two-
dimensional Hamiltonian containing a copper-oxygen hy-
bridization and on-site and nearest-neighbor repulsion
[2,3]. Varma, Schmitt-Rink, and Abrahams [2], in par-
ticular, suggested that for the special chemistry of Cu-0
compounds, where the effective copper and oxygen levels
are close in energy, the nearest-neighbor repulsion can
produce s-wave superconductivity through charge-trans-
fer resonances.

These models have been extensively analyzed in weak
coupling [4-6] where two important features have been
found: (a) When the nearest-neighbor copper-oxygen
repulsion exceeds the copper-oxygen hybridization, the
system undergoes a charge-transfer (CT) instability
characterized by the vanishing of the lowest excitonic
particle-hole excitation. The CT instability is reached by
increasing the doping. (b) Near this instability the sys-
tem undergoes a superconducting instability of his (ex-
tended s) or 82g (d„J) character. The existence of this
attraction required the order-parameter average to extend
over the complete Brillouin zone [7,8].

In this paper we would like to analyze the same model
in the limit that the copper on-site repulsion is much
larger than all the other energy scales in the problem, us-
ing the large-N expansion technique which is not pertur-
bative in the coupling constants. There are several
motivations for going beyond weak-coupling theory: (a)
From photoemission studies it is clear that the copper
on-site repulsion is the largest energy scale in the prob-
lem, and (b) at half filling the copper oxides are charge-
transfer insulators. The proximity to an insulating state
may be relevant to the physics and is outside the scope of
weak-coupling theory.

We consider the model
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subject to single-occupancy constraint on the copper,
PQ; d; (qoN. The index cr runs from I to N. The sys-
tem of interest has qo= & and N=2. We carried out a
controlled large-N expansion at qo= 2, using the func-
tion-integral technique and the slave-boson trick [9]. p,
and p, , create a hole in the x and y oxygen orbitals, and
the physical copper-hole creation operator is written as
d; =d; b; in the hybridization term in Eq. (1). As usual,
a Lagrange multiplier k; will be introduced to enforce the
single-occupancy constraint. We decouple the copper-
oxygen repulsion by introducing two Hubbard-Straton-
ovich fields X and Y. X is coupled to the difference in

charge between a copper atom and its surrounding four
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FIG. 1. Phase diagram Ao=sp —sg vs 6 for a value of V
= l .75t~,q. The diamond indicates the Brinkman-Rice transition
point.
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oxygen orbitals and Yis coupled to the total charge of this cluster. The partition function of the model is then given by

r
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We studied the model of Eq. (2) at the level of mean-field
theory (N =~) and of fluctuations (1/N corrections) at
T=O, to understand the eA'ect of the nearest-neighbor
copper-oxide repulsion.

Our main results are the following.
(a) There is a region (see Fig. 1) in the (s~ —ey)-6

(doping) plane, where the system undergoes phase sepa-
ration.

(b) Near but outside the phase-separation region of the
phase diagram there is a superconducting instability in

the s- and d-wave channels. This instability can be seen

by taking Fermi-surface averages of the scattering ampli-
tude in the Cooper channel. Hence, the superconductivi-
ty found in the weak-coupling analysis [5] persists in

strong coupling.
The superconducting instabilities in the s-wave channel

can be understood by observing that close to a phase-
separation boundary, dn/dp is large and therefore Fo is

negative (but less than 1 to obey the stability require-
ment). The s-wave scattering amplitude in a simple po-
tential model has a contribution proportional to Ao. Note
that all previous studies [10,11] using the slave-boson
technique and the large-N expansion have so far failed to
give s-wave superconductivity because they did not in-
clude the parameter V.

(c) There is never a pure CT instability. A divergence
of the CT compressibility g is always accompanied by a
divergence of the uniform susceptibility dn/dp There-.
fore phase separation always occurs before the excitonic
instability is reached.

(d) There is a critical value of the copper-oxygen
repulsion V, —2t~y. For V& V, the phase-separation re-
gion occurs above the metal-charge-transfer-insulator
transition (Brinkman-Rice point) which remains second
order. For V & V, the Brinkman-Rice transition becomes
first order. Our analysis suggests that it lies on the
phase-separation line.

Finally, we note that in the large-N limit the charge-
density-wave instability is suppressed because the eAect
of V in Eq. (1) vanishes at q=(x, n) for the direct dia-
grams, while the exchange ones are higher order. The
spin-density-wave instability is also suppressed, since the
exchange coupling J is only generated at order 1/N~.

T g 1 [1+ P[E, (k) —P]]-
&S|[es ~, l

(3)

where Ei(k) are the three eigenvalues of the Hamiltonian
(2c) with saddle-point values of the bosonic fields in it.
As said above, for V ( V, the Brinkman-Rice transition is
of second order and the mean-field equations have a
unique solution. However, an instability occurs as the
compressibility dn/dp becomes infinite. The phase dia-
gram of Fig. 1 is derived by calculating p vs n and using
a Maxwell construction. Near the lower instability line
the almost soft mode has a strong CT component and a
small but finite density-fluctuation component. Near the
upper border line the two components appear instead
with almost equal weight.

For V & V, the Brinkman-Rice transition is first order,

!
The absence of a spin-density-wave instability makes our
analysis inappropriate to describe the N=2 zero-doping
case [12]. However, one expects the spin fluctuations to
be less relevant by increasing doping.

Recently, experimental evidence has been reported [13]
on the presence of phase separation in superconducting
oxides. In particular, phase separation appears to occur
between the magnetic and the superconducting phase in

LaqCu04+„and Ndq — Ce, Cu04 (case 1) or between the
superconducting phase and the large-doping metallic
phase in Laq, Sr, Cu04 (case 2). Whereas the oc-
currence of case 1 is likely to be related to magnetic in-
teractions [14-17],case 2 can be explained by the model
discussed in the present Letter [18] (upper branch of the
curve in Fig. 1) and indicates the relevance of the charge
degrees of freedom at intermediate doping. Our analysis
and the experimental findings of Ref. [15] also support
the idea that superconductivity and phase separation are
possibly related phenomena, both arising from attractive
forces [19].

We sketch here the derivation of our results. The
saddle-point equations for Xo=(X;), Yo=i(Y), Xo=i(k;)
[20], and ro=(b;)/JN are obtained by diflerentiating the
free energy per site and per spin

F =ko(ro —qo)+ —(Xo —Yo )
1

V
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FIG. 2. EA'ective interaction between quasiparticles on the
Fermi surface c (k, k') plotted vs momentum transfer q =k —k'

for 60=3.5t~d, V=1.75t~d, and 6=0.2. The quasiparticles have
equal x component of the momentum (k, =k,') and opposite
component in they direction (k, = —k,').

that is, r 0 jumps to zero as Ao—:e~
—

~d approaches0 0

5p (V). The mean-field equations have three solutions in

some range of parameters. This signals the CT instability
of the system. However, since this mode is coupled to the
density fluctuations, phase separation also takes place.

Having established the region of the phase diagram
which is free from instabilities, we turn to the study of

I

the eAective interaction between the quasiparticles. For
N =~ the quasiparticles are given by the eigenvectors of
H in Eq. (2c) which is diagonalized by a unitary transfor-
mation N(, , =Q((U, (((k)+(, ((, where we introduced
three-component rotations for the orbitals +(, =(ipk
ip(, z, d(, ) to get the quasiparticle operators @(, , In the
new basis HMq=g(, ,E,(k)@(, ,@(, , The quasiparticles
interact with the fluctuations of the four-component field
Au =(Sr, &,, SX,SY) via

Hint g +k+q /2A" (k, q)+~ ,./'2~" —(q)
k, q, o.

= g e(, +q /2A" (k, q)eg q /2A" (q) .
k, q, a

The 3x3 vertices A" (k,q) can be read off Eqs. (2), and
the quasiparticle vertices Au(((k, q) are defined as

A" (k, q ) =U (k +q/2 )A" (k, q )U (k —q/2 ) .

The propagators of the 2 field are given by

Du. (q) =(Au(q)A ( q)) =[2NBu. +NHu, (q)]—

with

" '(q) = g '
A.u(((k, q)A((. (k, —q) .

f(E,(k+q/2)) f(E (k —q—/2)) -„
(5)

The matrix B"'has zeros everywhere except for the elements B"=ro) o, B' =B ' =irr(, B =B '"=1/V. With this
notation one can write the static eflective interaction among the quasiparticles in the Cooper channel as

v(k, k') = —+Au k+k'
, q =k —k' D"'(q =k —k')A '

(ti, V 2

k+k'
2

,q =k' —k
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2 2

A typical shape of the eAective interaction among the quasiparticles on the Fermi surface is shown as a function of the
momentum transfer in Fig. 2. Notice that the interaction is attractive for a wide region of q. The superconducting cou-
pling constants are calculated as Fermi-surface averages [21],

ffdk dk'8(E(k) —p)6(E(k') —p)g((k) v(k, k')g((k')
X( (7)

fdk 8(E(k) —p)g((k)

TABLE I. s- and d-wave coupling constants for V=1.75t~d and various values of Ao and 6.

0. 1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.7

1.6
1.65
1.76
3.5 0.729

0.5615
0.5226

—1.1226

0.3967

s-wave

0.3470

—0.2413

0.2606
0.216

—0.082

0.1299
—0.24

d-wave

1.6
1.65
1.76
3.5 0.012

—0.074

—0.037

—2.623

—0.121

—0.092

—0.902

—0.139

—0.111

—0.574

—0.137
—0.162

261



VOLUME 67, NUMBER 2 P H YSICAL REVI EW LETTERS 8 JULY 1991

%'e studied Fermi-surface averages with

go(k) =cos(k„)+cos(k~, ),
g) (k) =cos(kL ) cos(ky ) .

The Xo and X~ couplings are found to be generally attrac-
tive near the phase-separation region. They are tabulated
in Table I for V=1.75I~d.

The previous analysis indicates the existence of s-wave

pairing in specific regions of model (2) in the limit of
large W near phase separation. To obtain a substantial
attraction for realistic values of V (several studies esti-
mate V( V, ) the system has to operate close to the
metal-charge-transfer-insulator transition. This feature
is certainly present in the copper-oxygen system and ab-
sent in the weak-coupling approach.

We want to warn that, since pairing appears near
phase separation, it is important to understand if and how
our results will be modified by the presence of the long-
range Coulomb interaction. This requires the introduc-
tion of a dynamical screening and a subsequent solution
of the Eliashberg equations. It is clear, however, from
this and earlier work [2-5] that the three-hand model
with Cu-0 repulsion has physics, in the metallic state,
which is dift'erent from the one-band repulsive Hubbard
model.
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