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Tunneling and Superconductivity of Strongly Repulsive Electrons
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We show that superconductive pairing is possible in the presence of an arbitrarily strong short-range
repulsion between electrons if the gap is an odd function of k —kr. We discuss how the behavior of
A(k —kr) close to the Fermi surface is related to (i) the low-energy tunneling density of states, and (ii)
the attractive part of the potential. We show that some features of the tunneling data in high-T. cu-
prates, including the fact that the maximum hardly moves when T approaches T, are natural conse-
quences of this type of pairing.

PACS numbers: 74.65.+n, 73.40.Gk, 74.50.+r

In the BCS theory of superconductivity [1], pairing is avoid unnecessary complications, we concentrate on a

due to an attractive potential between electrons. Al- weak-coupling theory, in which case the gap function
though the interaction does not have to be attractive for A(k,w) depends only on k, and we furthermore assume
all wave vectors, it is often assumed that the effective in- that A(k) is a function of e only, where ¢ is the quasi-

teraction close to the Fermi surface has to be attractive at particle energy measured from the Fermi level. For free
least in some region of the phase space in order to get electrons, this means that the gap is isotropic.

pairing. According to this argument, the only way to get At T =0, the gap function is found by solving the equa-

superconductivity for strongly repulsive electrons is to tion

generate an attractive interaction that dominates the o, Ale)

repulsion in some part of the phase space. A number of  Ale)=—=N(0) ) _ de'V(ee)—73 e (D

. . g 2[e?+A()?]

such scenarios have been put forward in the context of

high-T, cuprates. where, as usual, the density of states NV (¢) is assumed not
In this paper, our first aim is to show that this argu- to vary significantly within o, of the Fermi level.

ment is wrong, and that pairing is possible even if the We start by studying a toy model where V(e,€')

repulsive part of the potential is arbitrarily strong. To =V ,(¢,€')+ V(e €') is the sum of a repulsion and an at-

traction defined by

U>0 if |e],l€] < wy,
V,(e,s')’-={ if |el,l€'] < o )

0 otherwise,

—V <0 if |e|,|€| <w; and |e—€'| < w,,
Vz(e,e’)={ lel,|€'] < w3 | | < w; 3

0 otherwise.

In what follows we take @} =w, for simplicity and we look for even and odd solutions for A(¢). The BCS type of solu-
tion is even, and we start with this case. The gap equation can then be written (e > 0)

o A.(€') w , , A.(€)
2= =UN O f" de 12 E + YN [ e loae )+ sl = ) o S B @
where vy(e,€') = —V,(¢,€')/V is positive and of order 1.
A quick inspection of the signs tells us that the V=0 a nonvanishing solution when VN (0) > 2:
equation has only A,(¢) =0 as a solution, while the U=0
equation has a nonvanishing solution. So, increasing U at Age) = ellvN(0)/2)2 =1} if || < o,
fixed ¥, we expect to reduce the gap, until U reaches a 07710 otherwise. )

critical value U, where the only solution is A.(e)=0.
This is effectively confirmed by a numerical analysis of This solution is lower in energy than A=0, with a con-
Eq. (4). So, pairing of even symmetry is possible only if densation energy

the repulsion is not too strong. 1 VYN (0)
In the odd case, the situation is quite different. The W) —W(A=0)=—o03 + —1(. (6)
. . . VN(0) 4
repulsive part of the potential is even in ¢ and drops from
the equation. With the simple choice of V; of Eq. (3), Let us emphasize that this result is independent of U, so
the resulting equation can be solved analytically and has that there is actually pairing for arbitrarily strong repul-
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sion. In particular, for ;= w; and U > V, there is pair-
ing although the interaction is everywhere repulsive. An
odd gap does not care about the absolute value of the in-
teraction, it is sensitive only to its variation. If particle-
hole symmetry is present in the normal state, it is broken
by an odd gap. However, the quasiparticle energy
remains particle-hole symmetric; only Josephson tunnel-
ing can reveal the fact that the gap is odd around the Fer-
mi surface. More generally, odd pairing can be expected
to occur when (i) V(e €') is large, so that even pairing is
impossible; (ii) V (e, —€')=V(¢,€'), so that the repul-
sion cannot reduce Ag(e) significantly; Gii) Va(e, —¢')
#V,(¢,€'), so that the attraction is effective in building
up Ao(e). The first two conditions are met by a strong lo-
cal repulsion, as in the large-U Hubbard model, while the
third one is not very restrictive. Attractions via exchange
of bosons typically yield

1

(e—€)—0?’ ™
which indeed fulfills the third condition. “Extended s-
wave” pairing [2] on a square lattice with nearest-
neighbor hopping is an example of odd pairing when
there is one electron per site [3]. The type of odd gap we
are considering is to be distinguished from the odd-in-
frequency gap discussed by Berezinskii [4] and, more re-
cently, by Allen [5].

High-T, cuprates have been proposed as candidates for
this new type of pairing, most recently by Anderson [6].
To go beyond the hypothesis, we start by looking at a
physical property that is very sensitive to the details of
the gap function, namely, the tunneling density of states
N7(E). When A depends on €, N7(E) is given by [7]

p(E) _ E ®)
N@) e+A(e)dA(e)/de’

where E =[e2+A(¢)21'"2. From Eq. (8), it is clear that
if A(e) acsgnele|?, then N7(E) o |E|~'*"% Hence, a
natural consequence of odd pairing is that there is no
well-defined gap in tunneling [8]: If a=1 (toy model),
one has gapless superconductivity [N7(E)=2/VN(0) for
E < w,VN(0)/2, and 1 otherwisel; if a < 1, the density of
states increases from Ny (E) =0 at E=0. Experimental-
ly, there is evidence that the tunneling density of states of
high-T, cuprates vanishes only for E=0 (at T=0).
While this part of the data is consistent with odd pairing,
this fact alone does not provide strong evidence in its
favor. It is well known that any gap function with zeros
on the Fermi surface will have the same effect. Odd pair-
ing is a special case where the gap function vanishes
everywhere on the Fermi surface. An alternative ex-
planation of the nonvanishing tunneling density of states
has been proposed by Kirtley and Scalapino [9].

There is, however, another particular feature of the
tunneling density of states in high-7, cuprates, namely,
the fact that the maximum hardly moves when the tem-

V(e €')

Nr(E)=

2380

perature approaches T.. In regular BCS, the gap A(T)
vanishes at 7, and the maximum of the tunneling density
of states, which occurs for Eq=A(T), moves to the Fermi
level as T— T,.. If A(k;T) vanishes on part of the Fermi
surface, the peak occurs for Eo=maxy =x,A(k;T) and, as
in the regular BCS case, moves to the Fermi level as
T— T.. This is why we have not considered this type of
gap function (e.g., d wave) for which the repulsion drops
from the gap equation for symmetry reasons. To our
knowledge, the only explanation so far has been proposed
by Allen and Rainer within a conventional strong-
coupling approach [10].

Let us see what kind of 7 dependence one gets with
odd pairing. As the gap vanishes everywhere on the Fer-
mi surface, the maximum in N7(E) can no longer occur
for Eg=maxy =¢,A(k) because this quantity vanishes. In
fact, if the gap reaches its maximum value A for an ener-
gy €o, it is easy to see that the maximum in N7(E) occurs
for Eo=(ed+A3§)"2. If the gap builds up very fast, i.c.,
if €9<<Ag, then one recovers the BCS result Eqg=A. On
the other hand, if the energy at which the gap is max-
imum is much bigger than the gap itself, Fo=¢p. But as
T— T., A— 0, and this condition is always satisfied, so
that Eo==¢p does not go to zero with the gap. In princi-
ple, € is itself a function of 7. But as we shall see in an
example, the main effect of temperature is to reduce the
overall magnitude of the gap function, while its shape,
and in particular the energy €p where A is maximum, is
essentially unaffected [11].

To illustrate this point, we need to solve the T7-
dependent gap equation,

A(€')
2[4+ A(e)2]12

[e2+A(') 2] 12
2T ’

for a given potential V,(¢,€'). As we do not want to
study the gapless case, we cannot use the potential of
Eq. (3), but first have to find a form of the interaction
that yields a power law A(e) «csgnele|®, a<1. Since
V2(¢€,€') is a function of two variables, there are infinitely
many solutions, and further constraints are needed to
determine the interaction completely. The ultimate goal
is to find a microscopic model that produces such an in-
teraction, but this difficult problem is beyond the scope of
the present analysis. In fact, for our purpose, which is to
illustrate the T dependence of N+(E), the precise form of
V,(e,€') is unimportant. A model potential that is simple
and not too singular would be sufficient [12]. Guided by
the type of attraction that arises from exchange of bo-
sons, we look for solutions V,(¢,¢') that depend only on
|e—¢'|. The equation to be solved is again Eq. (1), but
A(e€) is now a given function with a power-law singularity
at €=0, and V(e —¢') is the unknown. By extending the
integration limits to infinity [with A(e) =0 for |¢e| > w.],

A& ==NO) [ devilee)

)

Xtanh
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this equation can be formally solved by Fourier trans-
form. This is, however, numerically complex and analyti-
cally obscure, so we try to find a model potential to use in
Eq. (9) which gives the desired low-energy behavior of
A(e). If @ <1, then, for small ¢, [e2+A(e)21V2=]|A(e)],
and Eq. (1) becomes

Ale) = —N(O)f_w;rde' V(e—€')sgné'/2 (10)

and yields V(e—¢€')=—(dA/de)(e—¢€') in the limit
w.— . This suggests that to get A(e) <sgnele|? one
could choose a potential V(e—¢') « —|e—¢'|* 7.

Now, we have to decide which power law we want to
reproduce for A(e). This power law is reflected not only
in the low-energy tunneling density of states, which, as
we saw, is then given by N7 (E) < |E| —1+1/a byt also in
the temperature dependence of the penetration depth,
which can be shown [13] to follow the same power law
A(T) < T ~'+Ve_ Ip the case of high-T, cuprates, the ex-
perimental situation is not yet completely clear. For the
tunneling data, some groups have reported a linear be-
havior [14], while others found a higher power law [15].
For the penetration depth, many groups have interpreted
their data with an exponential behavior, although any
power law A(T) «« T8, B= 2, cannot be excluded [16]. So
we assume a= %, which gives Ny(E) < E2 Then we
solve Eq. (9) with a model potential V,(¢,¢') defined by

—V(e—~¢l/w) 72 if |el,|€| < w.,
0 otherwise.

V2(6,61)={ (ll)

The solution of Eq. (9) was obtained by iteration in A(e).

0.3
-

A(e)/wc o2

0.1

FIG. 1. Gap function A(e) for the model of Eq. (11) and for
T/T.=0, 0.62, 0.88, 0.93, and 0.97.

To enhance the precision for small ¢, we discretized ac-
cording to €, =¢(n/N)3, where N =500 is the total num-
ber of points, and we checked that A(e) « ¢'/3 for small €
at T=0. The results for A(e) and N+(E) at various tem-
peratures are plotted in Figs. 1 and 2 for N(0)V =0.24.
The most remarkable feature is that, as we expected, the
peak in the tunneling density of states hardly shifts when
T — T.. In fact, for the model of Figs. 1 and 2, the peak
does not move very much in the whole range of tempera-
ture, in agreement with tunneling data obtained on high-
T, cuprates. This is due to the fact that Ag is already
comparable to € at T =0.

Finally, another point that is worth discussing is the
value of the ratio 2A/kT,. The values quoted in many ex-
perimental papers are obtained by taking for A the posi-
tion of the maximum in N+(E). The values obtained in
this way are often much bigger than the weak-coupling
BCS values (2A/kT.~3.5), and this is put forward as
evidence that high-T, cuprates are strong-coupling super-
conductors. In fact, within our weak-coupling model, the
same procedure yields 2A/kT.~5, a value typical of
strong coupling. So, it is possible to get big values of this
ratio even within weak coupling if the pairing is odd.

In summary, we have shown that within a weak-
coupling approach superconductive pairing of odd sym-
metry can occur for arbitrarily strong short-range repul-
sions. We have shown that some of the features of the
tunneling data in high-7, cuprates can be accounted for
within a weak-coupling approach using an odd gap func-

1 n 1 n 1

0 0.2 0.4 0.6 0.8 1

E/w,
FIG. 2. Tunneling density of states N7(E) for the model of
Eq. (11) and for T/T.=0, 0.62, 0.88, 0.93, and 0.97. Note

that for a direct comparison with experiments, a thermal
broadening should be included.
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tion A(k —kr). More work is needed to propose realistic
interactions leading to odd pairing and to analyze other
properties within this context.
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