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Using the Faddeev equations in configuration space, we solve numerically the problem of three anyons
interacting via harmonic forces. The relevance of our results to the many-anyon problem is discussed.
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Quantum particles in two dimensions can have an arbi-
trary angular momentum. Therefore, they can have any
statistics (anyons) interpolating between Bose statistics
and Fermi statistics [1-3], the only allowed statistics in
three dimensions. It has been argued that quasiparticles
with fractional statistics might explain the occurrence of
fractional fillings in the fractional quantum Hall effect
[4,5], and account for the elementary excitations of
Anderson’s spin-liquid model [6] (resonating valence
bond). It has been suggested that in the ideal-gas limit
these excitations exhibit a new type of superconductivity
which might be relevant to high-temperature oxide super-
conductors.

It is usually convenient to describe anyons in terms of
fermions or bosons carrying a fictitious electric charge
and a fictitious magnetic flux [7] interacting according to
a Chern-Simons action characterized by a parameter 6
[8]. The statistical phase then appears as an Aharonov-
Bohm phase [9,10] of the fictitious (statistical) gauge
field. This approach will be followed in this paper. Be-
cause of the statistical interaction the multiparticle wave
function does not factorize, as in the free-fermion or
free-boson case, and the few- or many-body problem be-
comes complex, even in the absence of other interactions.
The two-anyon problem is still exactly solvable but the
three- and many-anyon problems are not. A restricted
and simple set of exact solutions for the three-anyon
problem was discussed some time ago by Wu [11], and
generalized recently to many-anyon systems [12]. Wu’s
solutions describe states in which the angular momentum
of all the anyons points in the same direction and lead to
a linear 0 dependence of the energy. The complete set of
solutions, and, in particular, the description of the fer-
mionic ground states in terms of bosons, is not known. It
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is the purpose of this Letter to address this problem. We
will provide an exact numerical solution to the three-
anyon problem by formulating the problem in terms of
the Faddeev equations [13] in configuration space. For a
discussion of numerical solutions of the three-body prob-
lem we refer to Ref. [14]. For convenience we will as-
sume that the anyons interact via harmonic forces.

When we denote the position of the ath particle in the
plane by r, and its conjugate momentum by p,= —id/
dr,, the Hamiltonian for three anyons interacting via
harmonic forces reads

li 0 Pld,
- — A | 4= X 1
2 /=) Pj 2 2jz=:|rj’ ()
with

_€ilry=ry) | elr;—ry)

A , 2)
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and A, and Aj; are obtained by a cyclic permutation.
Here, the A’s stand for the long-range “statistical” gauge
fields. They are pure gauge and do not induce any
(Lorentz) force. Throughout this paper the particles will
be assumed to be bosons, and the statistical parameter 0
will range from O to x, unless specified otherwise. In the
Hamiltonian, 6 is to be taken modulo 27 as can be easily
seen from the statistical Chern-Simons action from which
the above Hamiltonian follows in Coulomb range.

For a three-body problem it is useful to introduce Jaco-
bi coordinates &,7n and their conjugate momenta pg,p,,

§1=(l/\/§)(r2"l’3), m=(§)'/2[§~(r2+r3)—r|], (3)

with their cyclic permutations. They satisfy the relations
& +&,+&3=0and n,+n,+n3=0. The sum of the Jaco-
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bi momenta is also zero.

It is possible to obtain the solutions of the Schrodinger
equation Ho¥ =EV¥ by a straightforward diagonalization.
Since the potentials are singular at the anyon locations,
this approach requires a complete set of three-body wave
functions that vanish rapidly enough at the anyon loca-
tions so as to overcome the singular nature of the vortices
in (2). We will not follow this approach. Instead, we will
use the Faddeev equations in configuration space to ob-
tain the eigenvalues and eigenfunctions of the above
Schrédinger equation.

It is useful to introduce complex coordinates

xk =&xxtikyy, k=1,2,3, 4)
Yk =k Fing, k=123, (5)

and the corresponding complex momenta pi, and pg,.
The Hamiltonian (1) can be simplified considerably by
using reduced three-body wave functions ¥+ (a similar
transformation was considered in Ref. [15])

w(1,2,3) =(x % 1x2%2x3%3) TO%® 1 (1,2,3), (6)

where the prefactors are of the Jastrow-Laughlin [4]
type. Throughout, the three-body wave function is un-
derstood to be normalizable. (In general, normalizability
of the wave function is too strong a requirement. In this
case, however, this condition selects the correct solutions
of the Schrédinger equation.) As a result, the reduced
Hamiltonian H 4 is

Hi=Hy—22|1g + 1y + 1

T x X3 X3

Ho=—28,,0;, —29,,9;, + 5 G x v, (8)

O, |, )

and H - =H1. From now on, we will use the transfor-
mation (6) and omit the subscript *. The wave func-
tions ¥(1,2,3) will be taken to be bosonic. The fermionic
formulation yields the same spectrum which can be ob-
tained analogously.

The decomposition (6), while still very general, builds
the correct boundary conditions in the anyonic wave
function commensurate with the vortex configurations,
provided that @ is finite in the plane. This will be the
case below. The non-Hermiticity of the reduced Hamil-
tonian (7) and (8) is harmless. From Egs. (7) and (8) it
can be shown immediately that (p>=x,x,+yy,)

®+(1,2,3) ~ V' 5555 ~°*2+ permutations , )
®-(1,2,3) ~x{'x5x5% ~P2+ permutations  (10)

are eigenstates of H + with energies E + =+ 36/n+2
+p,+p>r+p;. The powers px have to be restricted such
that the eigenfunctions are single valued and normaliz-
able. These solutions, which can be generalized by add-
ing an arbitrary radial excitation, were first discussed by
Wu [11].
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The reduced wave function @ of the three anyons can
be expressed as the sum of three Faddeev components:

®(1,2,3) =01,y 1) +0(x2,y2) +9(x3,y3) . a1

For identical particles the functions ¢(j) with j=1,2,3
have the same functional form. Only their argument dif-
fers. This decomposition is completely general and allows
us to find the most general solution of the Schrodinger
equation. The reduced Schrodinger equation H®=E®
can be separated into three coupled equations

(Ho—E)o(k)=—V)p(1)+9(2)+9(3)], (12)

k=1,2,3,
where we have defined
v =-221g. . k=1.23. (13)
V(4 Xk

These are the Faddeev equations [13] in configuration
space. The sum of these three equations gives back the
reduced Schridinger equation, and it can be shown that
they uniquely determine its solutions. Since the three
particles are identical, the three Faddeev equations have
the same structural form (modulo permutations) and
only the first equation has to be solved, whereas the other
solutions follow by permutation. The solution to (12) to-
gether with (6) and (11) allows for the reconstruction of
the exact three-body wave function ¥(1,2,3).

We require that the eigenstates of the Schrodinger
equation are single valued. Moreover, we impose the
boundary conditions that the wave function vanishes
sufficiently fast at the position of the anyons and at
infinity. These conditions can be summarized by the ex-
pansions of the reduced wave function with total angular
momentum j in the harmonic-oscillator eigenfunctions as
follows:

q)j(x],yl)— O

Z Z 2 an|n2¢n,l(xl)¢

| =—n=0n,=

(14)

where the harmonic-oscillator wave functions ¢,' are
given by

o (x) =Cmx"LI" (xx)exp(— L xx) , 15)

for positive m. For negative m the wave functions follow
by exchanging x and Xx. The normalization constants Cy"
are chosen such that the norm of ¢, is equal to 1. The
requirement for physical states is that the total wave
function ¥(1,2,3) is either symmetric (for bosons) or an-
tisymmetric (for fermions) under the interchange of any
pair of particles. Since the prefactors in (6) are sym-
metric under any interchange, the symmetries of ¥ are
the symmetries of ®. From the definition of the Jacobi
variables it can be seen that these symmetries are fulfilled
by restricting the sum over m, to be even for bosons, and
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to be odd for fermions.

By substituting the expansion (14) and (15) into the
Faddeev equation, and projecting the equations onto
¢x.'(x1)9;. "'(y1) we obtain a matrix equation. In order
to solve this equation by a numerical diagonalization, we
truncate the basis to all states below a fixed number of
harmonic-oscillator quanta. The matrix elements are cal-
culated by transforming the complex variables to polar
coordinates. The angular integrations are performed by a
Gauss-Tschebychev integration [16], whereas the radial
integrals are evaluated with a Gauss-Laguerre integration
[16]. The number of points is chosen such that the in-
tegration is exact. This is possible because the integrands
are polynomials in the variables |x;|2|y|? and in the
angular variables exp(iargx,),exp(iargy;) which can be
shown with the help of the following identities for the
Jacobi variables:

x2==3x1+ 53y, y2=—33x;— 5y, (16)
a7)

We have conducted several checks on our numerical re-
sults. First, for 6=x the exact fermionic three-particle
spectrum is reproduced. Second, for small values of 6 we
have checked for some low-lying states that our results
agree with first-order perturbation theory. Third, by per-
forming calculations with different basis sizes (up to 18
units of the harmonic frequency) we have shown that the
eigenvalues are insensitive to a truncation to a finite basis
set.

Our main numerical results are shown in Fig. 1, where
the behavior of the spectrum of the three-body system is
shown versus the statistical flux 6 up to an energy of 7.
We observe two kinds of states. First, states for which
the total energy changes by 3 or —3 going from 6=0
(boson) to @=nx (fermion). These states have an energy
that depends linearly on 6, and have a simple wave-
function content. They correspond to anyons rotating in
concert (either up or down), and have already been noted
by Wu [11]. Second, we find new states for which the to-
tal energy changes by 1 or —1 going from 0 to z. Some
of these states depend quadratically on 6 near O-or z. In
particular, the fermionic ground state expressed in a bo-
sonic wave function belongs in this category. It originates
from a j = —3 and energy of 5 bosonic state, and behaves
as 4+ (3)"2(z—0)? for 6 close to =. (A nonlinear
dependence in 6 has also been noted in variational calcu-
lations [17].) We also want to note the symmetry in 6 of
these states about the semionic point (8 =r/2).

The angular momentum of the fermionic state (6=r)
can be identified as j— 3, where j is the (conserved) an-
gular momentum of the bosonic states. The angular mo-
menta of the bosonic states emerging from energy 2, 4, S,
6, and 7 are given by [0], [0, =21, [+ 1, +3], [0% %2,
+4], and [+12 £32 %5], respectively. The upper
power refers to the multiplicities of the angular momenta.

X3= = ;_xl_lf‘/g)’l, y3=£‘\/§x|‘%y|.
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FIG. 1. The energy spectrum of three anyons interacting via
harmonic forces vs the statistical flux 8. The energies are given
in units of the harmonic frequency.

In Fig. 1, degeneracies occur for states with a linear 6
dependence of the energy. For example, states going
from 8 to 11 when 6 goes from 0 to x occur for the angu-
lar momenta 0, —22, —42 and —62% As far as the 6
dependence for small 6 is concerned, we found that all
slopes that occur at a given energy and angular momen-
tum also occur at higher energies and at the same angu-
lar momentum.

In conclusion, we have obtained the spectrum for three
anyons interacting via harmonic forces. Apart from the
known states with a linear 0 dependence we also find
states with a more complicated 6 dependence for which
the energy changes only by one unit going from 6 =0 to
n. The stability of the ground-state fermion energy to
variations in the statistical flux (the fermionic energy
changes only by about 0.12 in the range 6 € [0.7x,7])
perhaps justifies the mean-field estimates of the ground-
state energy of the many-anyon problem. Since the slope
of the linearly rising bosonic state grows with the number
of anyons A as A(A—1)/2, further crossings with the
ground-state level cannot be excluded.

A more comprehensive account of the results reported
above, as well as an extension to the many-anyon prob-
lem, will be presented in a future publication.
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