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Surface Amplitude Ratios near a Critical End Point
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We provide the first experimental test of the universality of a surface amplitude ratio near a critical
end point by measuring the modified critical adsorption amplitude ratio, RM&, for the liquid mixtures
aniline+cyclohexane and isobutyric acid+water. Our results thus far support the universality hy-

pothesis with RM& =1.3+ 0.1. The universality af RM& would imply that the surface tension amplitude
ratio g is universal in agreement with the predictions of Fisher and Upton; however, a precise connection
relating RMz to Q is not currently available.

PACS numbers: 64.60.Fr, 05.70.Jk, 68.10.—m, 82.65.Dp

The subscripts + and —refer respectively to quantities
either above or below the critical temperature T„ t
=

~
T —T, ~/T, is the reduced temperature, while p is the

exponent which characterizes the critical surface tension.
The surface tensions a+ and o remain nonzero and
finite as the bulk liquid traverses a second-order phase
transition; they have a continuous first derivative and a
common value of o, at T, . The term linear in t is the
noncritical contribution to the surface tension while the
critical contribution, with t" dependence, originates from
the fact that Antonow's rule holds not only at T,. but also
in the vicinity of T, . Fisher and Upton [2] predict that
the surface amplitude ratio Q =K+/K should be univer-
sal with a value of —0.82 for a critical binary liquid mix-
ture. This prediction for the value of Q was based upon
the "extended-de Gennes-Fisher ansatz" [2] which suf-
ficiently far from criticality takes the expected form [4]
for the excess surface free energy density,

@=W(m)+ —,
'

A
dz

(2)

with a local excess potential W(m), plus a squared-
gradient term in the order parameter m. Here g is the
bulk correlation length and g is the bulk susceptibility
while ri, v, and P are the usual critical exponents.

The critical contribution to the noncritical surface ten-
sion in (1) is very difficult to determine above the large
noncritical background and despite very precise surface
tension measurements [5] remains unconfirmed near an
"ordinary" critical end point. In the recent very accurate
measurements of Pegg et al. [6] the essential form of (1)
was confirmed in the vicinity of a tricritical point where

Recently there has been increasing interest in the cal-
culation of universal amplitude ratios at surfaces in ei-
ther confined geometries [1] or near critical end points
[2]. Of particular interest to us are the predictions of
Fisher and Upton [2] who extended some earlier ideas of
Ramos-Gomez and Widom [3]. The noncritical liquid/
vapor surface tension of a critical binary liquid mixture is

predicted to behave as

o.~ =a, +At+K+ t".

the surface tension o, is much smaller; their measure-
ments are consistent with a negative value for Q, howev-

er, its magnitude was not determined.
Another surface amplitude ratio which is expected to

be universal, and which should be related to Q, is the ra-
tio of the amplitudes of the critical adsorption above and
below T„which we denote by Rz =mp+/mp . This fol-
lows from the van der Waals relation between the surface
tension and the order-parameter profile, m(z) [4],

(3)
eJ dz

P(x) =
r P/y
1+e(1 —e ")

e
1
—e

(5)

in this paper. The crossover from algebraic to exponen-
tial decay is tuned by the value of the parameter c.

Critical adsorption near a critical end point has been

In this paper we present the first experimental test of the
universality of a surface amplitude ratio near a critical
end point by ineasuring the modified critical adsorption
amplitude ratio R~& using ellipsometry. R~z is related
to Rz via the equation R~~ =R~U, where U is a univer-

sal multiplicative constant, U =fP+(x)dx/fP —(x)dx,
and P+ (x) is the surface scaling function defined below
in Eq. (4). R~z has not yet been calculated theoretical-

ly; it can undoubtedly be calculated from the theory of
Fisher and Upton [2,71. At the conclusion of this paper
we discuss the connection between the amplitude ratios
R~ and Q.

Fisher and de Gennes [81 proposed that the critical ad-
sorption profile at a critical end point varies as

m ~ (z) =mb„~k +m p ~ t P -t (z/g +- ), z ~ 0 .

Here P(x) is a surface scaling function where P(x)
—e as x ~ and P(x) —x ~i' as x 0; P(x) has a
diAerent form above and below T, as indicated by the +
and —subscripts.

Liu and Fisher [9] have proposed and tested several
scaling functions in the one-phase region. %e will con-
sider the exponential Pade model with
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studied extensively using a variety of experimental probes
[10], the exponential decay of the scaling function has
been verified beyond doubt [9,11], and there is evidence
of the power-law behavior for small x [9,11]. Phase-
modulated ellipsometry [12] is a particularly efl'ective
method for probing the order-parameter profile; a pro-
cedure established by Beaglehole [13] is to monitor the
ellipticity at the Brewster angle where for thin profiles
(compared with the wavelength of light, A. ) the signal is
described by the Drude equation [14]

p=lm(r /r, )~g,

g (a,, +aL)'i' t' [a(z) —
sg. ][a(z) —a,.l' dz, (6)

8,, 81 a(z)

where c(z) is the dielectric profile which varies from a,„
the vapor dielectric constant, to aL, the bulk liquid dielec-
tric constant. For thicker profiles Maxwell's equations
have to be solved numerically for the p-wave (r~) and s-
wave (r, ) complex reflection amplitudes [9,15]. We will

assume, as have Liu and Fisher [9], that the dielectric
profile s(z) is directly proportional to the order-
parameter profile m(z).

For critical liquid mixtures, in which the less dense
pure liquid has the lower liquid/vapor surface tension,
critical adsorption will occur both above and below T,
without the presence of an interfering wetting layer in the
two-phase region. We have chosen to study the critical
mixtures aniline+cyclohexane [16] (AC) and isobutyric
acid+water (IW) because they have convenient critical
temperatures (—30'C) which readily allow measure-
ments over many decades in reduced temperature in both
the one- and two-phase regions. The ellipsometer was a
conventional phase-modulated ellipsometer based upon
the design of Beaglehole [13] and incorporating a high
stability birefringence inodulator [17]. Our measurement
procedure typically consisted of waiting from 2 to 6 h

after thermal equilibrium had been established and then
collecting twenty measurements over the succeeding 2 h.
Data which showed any systematic trends or excessive
noise in either T or p were omitted. The longer wait
periods were used close to T, . Occasionally the sample
was shaken to ensure that the same results were obtained
with and without mixing. The temperature stability dur-

ing the 2-h measurement period was + 0.5 mK while the
variation in p was + 2x10 . However, a more realistic
estimate of the error in p, as determined from the repro-
ducibility of the measurements, is + 5 x 10 . This value
has been used in the calculations below. During the
month over which measurements were collected the criti-
cal temperature for AC drifted down by 3 mK from an
initial value of 29.760%-0.001 C while for IW the criti-
cal temperature was determined to be 26.025 ~ 0.005 C.

Far from the critical temperature the Drude equation
(6) holds where a(z) = aL —As(z), z )0, and ha(z)
=Cmot~P(z/() is a small perturbation compared with
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FIG. 1. Ellipsometric measurements at the noncritical inter-
face of the critical binary liquid mixtures (a) aniline+cyclo-
hexane and (b) isobutyric acid+water. Experimental data
(open squares). Exponential Pade model for T) T,:
Cmo=0. 4, c =0.7 (open circles) and Cmo =0.3, c =5.0 (solid
circles); and for T ( T, : Cmp=0. 3, c =0.7 (solid triangles).
Nonlinear least-squares fit by Eq. (7) (solid line) —see text for
details.

sr —e,„ the proportionality constant C is expected to de-
pend upon the optical contrast of the two liquid com-
ponents. Therefore,

g (I+sr )' ' p oo

P PBG+ Cm 0(ot~ ' P (x)dx,
6'L sP

where paG is a noncritical background (due to the non-
critical correlation length (Nc in the vapor), which is ex-
pected to be reasonably temperature independent [9], and
the integral over P(x) is a constant universal number. In
this approximation p is proportional to the excess adsorp-
tion I =f[m(z) mb„~—kldz-tp '. A plot of logp
against logt should have a slope of P —v ——0.3 provided
the background term is small and provided the approxi-
mation used in deriving (7) is valid. For the AC data
[Fig. 1(a)], sufficiently far from T„we obtain a slope of——0.3 in both the one- and two-phase regions; the
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slight curvature in the data is due to the background term

pBG and the temperature dependence of et, . In Fig. 1(b)
we plot the IW data on a log-linear graph. This mixture
is almost index matched, hence the magnitude of the p
change is smaller. The change in sign of p can be under-
stood from (6). Water is depleted from the surface re-
gion on approaching T„ the critical portion of the dielec-
tric profile (where e & e,„eL) dominates the profile mak-
ing p negative. The amplitudes mo+ and mo have been
determined using two independent methods.

Method 1.—Far from T, we have fitted Eq. (7) to the
data using a nonlinear least-squares fit. The results are
listed in Table I with P —v either fixed at the theoretical
value of —0.304 (Ref. [18]) or used as an adjustable pa-
rameter. For the AC data we have chosen gp+ =0.23 nm

[19,20], (p~/gp —= 1.96 (Ref. [21]), and used the
refractive-index data analysis of Beysens, Bourgou, and
Calmettes [19]. (In the two-phase region, where et. ti-,

the volume-fraction data analysis of Beysens, Bourgou,
and Calmettes was converted to the temperature-de-
pendent dielectric constant using the Lorenz-Lorentz re-
lation [22].) The experimentally determined values for
P —v in both the one- and two-phase regions (Table I)
are in excellent agreement with the theoretical value of
—0.304~0.005; this good agreement indicates that the
corrections to scaling are small and that the critical ad-
sorption profile has precisely the form given in (4). In
analyzing the IW data we have used &p+ =0.363 nm [19]
and the refractive-index data from Ref. [23]. With p —v

fixed at the theoretical value we obtain for the inodified
adsorption amplitude ratio RM~ a value of 1.27~0.07
for AC and 1.45~0.20 for IW. These values are in

agreement within experimental error thus supporting the
universality hypothesis for RM&. The solid lines in Figs.
1(a) and 1(b) indicate the least-squares fit to the data
(open squares) with p —v fixed at —0.304 and with
Cmp fP(x)dx and piiG given in Table I.

Method 2.—The second method for determining mp is
to calculate p by numerically integrating Maxwell's equa-
tions using the scaling function suggested by Liu and
Fisher (5) assuming that the dielectric constant is direct-

ly proportional to the order parameter. We have taken
account of the noncritical liquid/vapor correlation length
g~c by splicing the adsorption profile smoothly (in both
value and slope) to a hyperbohc tangent function as de-
scribed by Liu and Fisher [9]. The exponential Pade
scaling function (5) has been fitted to the AC data with
g&C=0.2 nm. This function qualitatively describes the
data over the whole temperature range. The circles and
triangles in Fig. 1(a) indicate the fit to the experimental
data for various values of Cmp and c. There is consider-
able variation in the value of Cmo determined using this
method. We expect that method 1 will give the more ac-
curate value for Cmo because it only assumes that the ad-
sorption profile has the form specified in (4) without as-
suming a particular model for P(x).

The universality of Rz is related to the universality of
Q via Eq. (3). Unfortunately Eq. (4) for the critical ad-
sorption cannot be merely substituted into (3) in order to
find a direct connection between R~ and Q. The reason
is, to quote Fisher and Upton [7], Eq. (4) is an asymptot-
ic scaling law correct for large z and small t (z
t 0~ ) while the integral for the surface tension (3)
covers the whole z range (z ~ 0) at fixed t. Such a sub-
stitution would lead to a positive value for Q whereas
Fisher and Upton [7] and Pegg et al. [6] obtain a nega-
tive value. Thus, at present the amplitude ratio RM~
which is measured experimentally cannot be directly
compared with the surface tension amplitude ratio Q cal-
culated by Fisher and Upton.

In conclusion, our results support the universality of
the modified adsorption amplitude ratio RM~ with a value
of —1.3 ~0.1. By implication the surface tension ampli-
tude ratio Q is expected to be universal as predicted by
Fisher and Upton [2]. We are planning further experi-
ments on liquids mixtures with greater optical contrast
than IW in order to provide a more stringent test of
universality. There still remain some unresolved theoreti-
cal questions, namely, the value of RM~ and the interrela-
tionship between R~ and Q.

I wish to thank Professor M. E. Fisher for detailed dis-
cussions on this work. Acknowledgment is made to the

TABLE 1. Nonlinear least-squares fit to ellipsometric data far from T, . (Quoted errors are 3 standard deviations. )

Aniline
+

cyclohexane

One-phase
region

Two-phase
region

Reduced
temperature

range

t & 0.003
t & 0.003
t & 0.0004
t & 0.0004

'PBG

0.56+ 0.09
0.5 ~ 0.2
0.20+' 0.07
0. 1 + 0.4

Cmp fP(x)dx

0.79 W 0.02
0.9 ~ 0.2
0.62 ~ 0.02
0.7 ~ 0.3

—0.304 (fixed)
—0.30 ~ 0.02
—0.304 (fixed)
—0.29 ~ 0.05

Reduced

1.3
1.5
1.1

1.1

Isobutyric acid
+

water

One-phase
region

Two-phase
region

t & 0.003

t & 0.0004

1.57 ~ 0.09

1.26+ 0.09

—0.29+ 0.02

—0.20+ 0.02

—0.304 (fixed)

—0.304 (fixed)

0.2

0.7
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