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Large-Scale Structure from Wiggly Cosmic Strings
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Recent simulations of the evolution of cosmic strings indicate the presence of small-scale structure on
the strings. We show that wakes produced by such "wiggly" cosmic strings can result in the efticient for-
mation of large-scale structure and large streaming velocities in the Universe without significantly
affecting the microwave-background isotropy. We also argue that the motion of strings will lead to the
generation of a primordial magnetic field. The most promising version of this scenario appears to be the
one in which the Universe is dominated by light neutrinos.

PACS numbers: 98.80.Cq, 98.60.Eg

Superheavy strings produced at a phase transition in
the early Universe can generate cosmological density Auc-
tuations which can subsequently evolve into galaxies and
large-scale structure [1,2]. Oscillating loops of string can
serve as isolated seeds of accretion, while rapidly moving
long strings can create planar overdensities in their
wakes.

Most of the early work on this scenario was based on
the "old picture" of string evolution. It was thought that
the strings were smooth on the horizon scale, with about
one long, relativistically moving string per horizon vol-
ume, and that about one horizon-size loop was chopped
oF the network per horizon volume per expansion time.
The initial velocities of the loops were assumed to be
small, and the loops were treated as a collection of sta-
tionary accretion centers. Accretion in the wakes of long
strings was usually ignored.

The string evolution picture suggested by recent nu-
merical simulations is quite different from the old one
[3,4]. Long strings move slowly and have significant
structure in the form of kinks and wiggles on scales much
smaller than the horizon. This structure contributes
nearly one-half to the total string energy in the radiation
era and slightly less than one-third in the matter era.
Moreover, stable loops are formed with sizes much small-
er than the horizon and with large initial velocities. As a
result, loops can become less important for structure for-
mation than the wakes of long strings, and the vast
amount of literature on the string scenario must therefore
be rethought.

where pp is the unperturbed string tension. The energy-
momentum tensor of a wiggly string segment oriented
along the z axis can be approximated as

T„'=B(x)b'(y)diag(p, 0,0, T) . (2)

The gravitational field of the string can be found by solv-
ing the linearized Einstein equations with T„ from Eq.
(2). This gives [12]

h pp
=h 33

=4G (p —T) ln (r/rp),

h ) ) =h 22 =4G(p+ T)ln(r/rp),
(3)

where h„,=g„,—g„, is the metric perturbation, r =(x
+y ) 'I, and rp is a constant of integration.

The formation and evolution of long-string wakes and
their possible role in galaxy formation have been dis-
cussed in Refs. [5-10]. The main purpose of this Letter
is to study how the cosmological effects of long strings are
affected by their small-scale structure and by their slow
motion. We shall see that some of the old conclusions
should be significantly modified.

To an observer who cannot resolve the kinks and wig-
gles on a long string, the string will appear as smooth, but
the eFective mass per unit length p and tension T will be
different from their unperturbed values. It can be shown
that the effective equation of state for a wiggly string is
[11]

pT —po,
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For an unperturbed string, T =p =pp and

hpp =h33 =0, hl l =h2p =8Gppln(r/rp) . (4)

A coordinate transformation brings this metric to a local-
ly Aat form,

ds =dt z —dz —dr —(1 —8Gpp)r dP (s)

It describes a conical space, which is just a Euclidean
space with a ~edge of angular size hp=8zGpp removed
and the two faces of the wedge identified. A particle at
rest with respect to a straight string experiences no gravi-
tational force, but if the string moves with velocity v„
then nearby matter gets a boost

u; =4nGppv, y, (6)

in the direction of the surface swept out by the string.
Here, y, = (I —v, ) 't . This effect is responsible for the
formation of wakes [5] and for a discontinuous change of
the microwave background temperature across a moving
string [13]. Assuming that the string is perpendicular to
the line of sight, the magnitude of the latter effect is

BT/T =8trGppv, y, . (7)

Returning now to the wiggly string metric (3), we first
consider the eAect of the wiggles on light propagation.
Assuming for simplicity that the direction of propagation
is perpendicular to the string, we can write the relevant
components of the metric in the form

ds = ( I +h pp) [dt —(dx +dy )], (8)

where we should identify the half lines y = ~4zGpx,
x~ 0. The conformal factor (1+hpp) does not affect
light propagation and can be dropped. Then the resulting
metric describes Minkowski space with a deficit angle
8zGp, and we conclude that background temperature
discontinuities produced by wiggly strings are given by
the same Eq. (7) with pp replaced by p.

To study the formation of a wake behind a moving wig-

gly string, we will first look at the problem in the rest
frame of the string where the particles are Aowing past
the string with a velocity v, in the x direction. The
linearized geodesic equations in the metric (8) can be
written as

2x = (1 x y )B~hpp,

2y = (1 x y )Byhpp, (10)

where the overdots denote derivatives with respect to t.
We need only work to first order in Gp, in which case
(10) can be integrated over the unperturbed trajectory
x =v, t, y =yp. Then we can transform to the frame in
which the string has a velocity v, . The result for the ve-

locity impulse in the y direction after the string has
passed by is

2lrG (p —7') —4nGpv, y, .
vs fs
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o; = 2p(t;)d; =—2 p T
3 v, t;

(12)

where p(t) =(6trGt ) ' is the average density of the
Universe, and its total mass is M; = cr;l;w; = (p —T)t;.
Note that M; is independent of the string velocity v, . If
the string moves faster, the wake is wider, but the surface
density is decreased proportionately. We note also that

The second term is the usual velocity impulse due to the
conical deficit angle. But, for small velocities, it is the
new first term that dominates the deAection of particles.
The origin of this term can be easily understood. From
Eq. (3), the gravitational force on a nonrelativistic parti-
cle of mass m is F=2mG(p —T)//r. A particle with an
impact parameter r is exposed to this force for a time
At —r/v, and the resulting velocity is u; —(F/m )ht
—G (p —T)/v, .

String simulations show [3,4] that the coherence length
of strings, beyond which the directions along the string
are uncorrelated, is g(t) = t T.he interstring separation
L(t) is of the same order of magnitude. In the matter
era, L(t) =0.7t. The rms string velocity on the scale of
the smallest wiggles is [3] ((v )) 't = 0.6, but the
coherent velocity obtained by averaging over a scale g is

v, -0.15. The average mass per unit length and string
tension are (in the matter era) p = 1.4pp and T = 0.7pp.
With these values, the first term in Eq. (11) is about 10
times larger than the second.

Allen and Shellard [4] emphasize that the slow motion
of strings is occasionally interrupted by periods of rapid
motion triggered by string intercommutings. Long
strings occasionally self-intersect, producing a horizon-
size loop which then rapidly collapses into myriads of tiny
stable loops. If two different strings intercommute, the
highly curved regions near the points of intercommuting
develop a high velocity, v, —1, and also shed oA' a large
number of tiny loops as they move. This rapid motion is

necessary to maintain the scaling evolution of the net-
work in which the distance between strings remains a siz-
able fraction of the horizon.

We now turn to the formation of large-scale structure
in the Universe due to cosmic-string wakes. We start by
assuming that the Universe is dominated by cold dissipa-
tionless dark matter with Op=1, as this is the simplest
scenario. The more promising scenario in which the
Universe is dominated by hot dark matter is discussed
below.

Consider a wake formed behind a moving string seg-
ment of length —g(t; ) at time t; in the matter era
(t; & t,q). The distance traveled by the string in one
Hubble time is -v, t;, and thus the initial length and
width of the wake are 1;-t; and w;-v, t;. The two oppo-
site streams of matter in the wake overlap, and the mass
density is enhanced by a factor of 2 within a wedge with
an opening angle 2u;/v„where u; is from Eq. (11). The
average thickness of this wedge is d; —u;t;. The initial
surface density of the wake is
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the velocity perturbation (11) is produced at distances up
to —~; from the plane of the wake. For r & m;, the grav-
itational field of the string is like that of a stationary rod
and u; —G(p —T)t;/r.

As the Universe expands, the length and width of the
wake grow like the scale factor, a(t) —t t, while the to-
tal mass of the wake grows by gravitational instability
like M ~a(t). As a result, the wake thickness (defined
as the turnaround distance) and surface density evolve
like d cx: a (t) and o cx: a '(t). At the present time
(t =tp) the wake has dimensions

t;z; xv, t;z; xu;t;z; (i 3)

and surface density

op=(p —T)z t /v, tp, (i4)

where z; is the redshift at t;. The fraction of the total
mass of the Universe accreted onto wakes which were
formed at time —t; can be estimated as

f= 2w; d; z;/L (t;) = 8trG(p —T)z; . (is)
Wakes produced by slow- and fast-moving strings

diAer in their dimensions and surface density. For fast-
moving strings they have the form of sheets with dimen-
sions t; z; x t; z; & u; t; z;, while for slow strings they may
have a filamentary appearance. For example, for slow-
string wakes produced around t,q, the wake thickness in

Eq. (13) is somewhat larger than its width. This indi-
cates that the wake has the shape of a cylinder, rather
than of a sheet. Its length is still —z; t;, while the diame-
ter is —(u;v, ) 't z; t t;, which is the geometric mean of
the width and thickness in Eq. (13). As we explained, the
masses in both types of wakes are comparable, but the
surface density in the slow-string wakes is much higher.
If a string segment moves coherently for more than one
Hubble time, the resulting wake will have a variable sur-
face density, with denser parts being the one formed at
earlier times.

Cold-dark-matter wakes can also be formed during the
radiation era (t (t,q), but in this case the gravitational
instability sets in only at t —t,q. It can be shown that the
surface density of the resulting wakes is proportional [6]
to (t;/t, q) 't, while the fraction of dark matter accreted
onto wakes formed within a Hubble time of t; is roughly
independent of t;. The main problem with the strings-
plus-cold-dark-matter scenario is that tiny wakes formed
at early times and cometlike wakes produced by rapidly
moving small loops introduce excessive power on small
scales. Albrecht and Stebbins [14] argue that wakes
formed at t ) t,q are drowned in this short-wavelength
noise and give little advantage in explaining the large-
scale structure compared to, say, the cold-dark-matter
scenario with a Zeldovich spectrum of adiabatic pertur-
bations. It is perhaps too early to draw a final conclusion
on this issue, since it is still under active investigation.

In a universe dominated by light neutrinos, wake per-

turbations are damped by neutrino-free streaming on
comoving scales smaller than k, (t ) —v, (t ) t, where

v, (t) = v,q(t, q/t) is the rms velocity of neutrinos and
v q 0.2 On larger scales the evolution of pcl turbations
is similar to that in cold dark matter. In this scenario
most of the accreted matter resides in wakes formed at
t —t,q, and Eq. (15) gives the following estimate for the
total fraction of matter accreted into wakes:

f io-i20Gep z«-04h'u6.

Here, h is the Hubble constant in units of 100 km/sMpc,
the Universe is assumed to have critical density, A =1,
p6=Gpp/10, and in the last step we have used the
values of p and T from the simulations. Thin wakes of
small relativistic loops are strongly suppressed by the
neutrino-free streaming [15], and it appears that loops

play a negligible role in structure formation. Equation
(16) then implies that most of the matter in the Universe
remains unclustered at the present time [10]. This may
explain why dynamical measurements in clusters give
values of 0 substantially smaller than 1. The charac-
teristic scale of the large-scale structure in this scenario is

E eqz eq 1 Oh M pc. With h =0.5 it is comparable to the
scale suggested by observations [16] (—25h ' Mpc).
The present surface density of the neutrino wakes pro-
duced after t« is smaller than that of the wakes produced
at t,q but only by a factor ee(t,q/t;)'t . This means that
structures on scales larger than 10h Mpc can also be
prominent in this scenario.

The large-scale velocities predicted at the present time
are [9] up=0. 4u;z t . For sheetlike wakes from rapidly
moving stings, it gives up —300p6h km/s, where we as-
sumed that t; —t,q and v, y, =1. These velocity pertur-
bations extend over regions of size (10h Mpc) and

may account for the observed large-scale streaming veloc-
ities [17]. Reasonable values of up are obtained, e.g. , for
h —0.5, p6-4. We note that in some regions of space
the motion of matter can be affected by two or more
different strings. The streaming velocity in such regions
will typically be enhanced, and a smaller value of p may
suSce to explain the observations. Alternatively, the
same value of p may explain streaming velocities on a
larger scale.

We next consider the question of when nonlinear struc-
tures begin to form in a neutrino-dominated universe.
For a cold-dark-matter wake formed at time t;, all matter
initially within a distance u;t;z;/z will be accreted onto
the wake by the redshift z. A neutrino wake will go non-

linear at the redshift z„~ when the comoving scale of
X,(t;) becomes less than the distance to which the matter
has been swept by the wakes [8]: u;t;( a~ /a) =A, ,(t;)
&&a„~/a;, where the scale factor a(t) is related to the red-
shift by 1+z =a(tp)/a(t). For filamentary wakes, this
gives [18] 1+z„~= 4.5p6h independent of z;. With
h =0.5 and p6 =4, we have z„~= 3.5. For sheetlike
wakes, we find 1+z„l= 2p6h . Observations do indicate
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that z =2-3 is the epoch of intensive galaxy and quasar
formation [19].

Baryonic wakes in a neutrino-dominated universe start
collapsing after baryons decouple from radiation, t & t&„.
However, since baryons constitute only a small fraction of
the total density, the growth of these wakes is strongly
suppressed. Baryonic wakes could nonetheless be cosmo-
logically significant if the energy output from the primor-
dial stars formed in the wakes might trigger some kind of
explosive amplification and lead to preferential galaxy
formation along these wakes [7]. They could also explain
the existence of quasars at redshifts greater than 3. The
scale of baryonic wakes, tp„zp„-50h ' Mpc, is compa-
rable to the largest-scale structure observed in the
Universe.

The wiggliness of the string network implies that the
wakes will not be uniform but will have a substructure on
the scale of the wiggles. For neutrino wakes the substruc-
ture will be erased on scales smaller than the neutrino-
free-streaming scale, while for baryonic wakes it may ex-
tend all the way to the damping scale due to gravitational
radiation, I Gpot Here. , I —100 is a numerical factor
coming from the rate of gravitational radiation [20]. For
example, wakes produced at tg„wil[ have a substructure
on comoving scales larger than 0.6h Mpc and Sh 'p6

kpc for neutrino and baryonic wakes, respectively. We
expect this substructure to help fragmentation of the
wakes into smaller objects. Note that the wakes formed
at —t,q have very little substructure. Their fragmenta-
tion may be helped by small loops passing through the
wakes at later times.

The flow of matter in baryonic wakes is expected to be
turbulent. The string small-scale structure induces veloc-
ity gradients in the fiow, and order-of-magnitude esti-
mates show that the corresponding Reynolds numbers
are very large. The characteristic scale of turbulence
-&Gpot; at time t; is comparable to the width of the
wake. The typical velocity on this scale is -47rGpo and
the corresponding vorticity is ro-4tr/I t; -O. 1 t; . Vorti-
city in the baryonic flow can give rise to a primordial
magnetic field via the Harrison mechanism [21]. With
t; —tq«, the resulting magnetic field can be estimated as
[21] 8(tq„)—10 co-10 ' h 6 on a comoving scale
—5h 'p6 kpc. It is known [22] that a field strength of
about 10 ' 6 in a protogalaxy would be enough to seed
a galactic dynamo so as to produce the observed galactic
field of 10 G. In addition, in our case, the presence of
turbulence opens up the possibility of a turbulent dynamo
that could also amplify the field. We also expect vorticity
on larger scales due to the motion of long wiggly strings.
A reliable estimate of turbulent vorticity and of the re-
sulting magnetic field may require numerical simulations.

In conclusion, we summarize the promising features of
the structure formation scenario based on wiggly cosmic
strings in a neutrino-dominated universe. (i) Wakes
formed by the strings provide an efficient mechanism for
generating the large-scale structure and large-scale
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streaming velocities. Both filamentary and sheetlike
structures will be formed. (ii) Voids between the wakes
are essentially unperturbed, and most of the matter in the
Universe remains unclustered (hence there is no contra-
diction with 0 =1). (iii) String wiggles induce inhomo-
geneities in the wakes which lead to wake fragmentation.
(iv) Neutrino wakes collapse at z —2-3, which is the
epoch of intensive galaxy formation. Baryonic wakes can
account for galaxies and quasars at higher redshifts. (v)
No new exotic particles are required. (vi) Turbulent vor-
ticity in the wakes leads to the generation of magnetic
fields that may be seeds for the galactic magnetic fields.

We are grateful to George Field and Albert Stebbins
for discussions. This work was supported in part by the
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Note added. —After this work was completed, we re-
ceived a preprint by Vollick [23], who also studied the
wakes due to wiggly strings and their eff'ect on structure
formation.
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