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A fundamental question in physics which has yet to be
addressed experimentally is whether particles of anti-
matter, such as the antiproton or positron, obey the weak
equivalence principle.'-> An experiment that will test this
principle directly for antiprotons is under development?
at present. Meanwhile, high-precision experimental re-
sults on the equality of the inertial masses of protons and
antiprotons have recently become available from an ex-
periment which compares the cyclotron frequencies of
the particles in the same magnetic field.* (Similar re-
sults for electrons and positrons, although at a lower pre-
cision, have been in existence for almost ten years.s)
These results are usually regarded as very sensitive tests
of CPT symmetry. However, in this Letter we will show
that they can instead provide tests of the weak
equivalence principle for a gravitational coupling to the
energy of positrons and antiprotons, under the assump-
tion of exact CPT symmetry.

This possibility arises because the frequencies in ques-
tion constitute local “clocks” and as such are subject to a
gravitational redshift, which may be formulated as a test
of weak equivalence for their energy content.® To see
this, we will consider a modified version®’ of Einstein’s
gedanken experiment® in which the gravitational redshift
can be derived from conservation of energy in the gravi-
tational field.

We start with some local clock based on the photon
frequency in the transition A* — 4+ y between a sys-
tem A and its excited state 4*. In a uniform gravita-
tional field, 4 (4*) has gravitational acceleration g (g*)
and inertial mass m (m™*), respectively. The relative
rates of two such clocks at different heights in the gravi-
tational field may be compared by exchanging photons.®
We start with system A located at some height 4, and
system 4 * above it at height k), with h; —h; =[. Next,
A and A* are interchanged, with the output of an
amount of energy,

Eou=m*g* —mg)l. 1)

System A*, now located at the lower height A, is al-
lowed to decay to its ground state 4 by emission of a
photon of frequency w, with Aw,=(m* —m)c?, which

defines the local clock frequency. This photon is allowed
to propagate up to height A, where its frequency will
have suffered a generalized redshift to some value w,, ac-
cording to the local clock at h»,

hw2=hw1(l—gRl/c2), (2)

where the parameter gr has the dimensions of an ac-
celeration. In order to excite the system A4 at the upper
level A, and recover the initial configuration, the energy
carried by the photon must be augmented by an amount

Ein=(m*—m)gRl. (3)
Conservation of energy requires E;, =E o, and hence
m*g* —mg _ Alclock weight)
= = 4
&R m* —m A(clock mass) @)

Thus, the gravitational redshift is a test of weak equiv-
alence for the energy content of the clock, and the con-
ventional redshift, for which gg =g, only arises if weak
equivalence, g* =g, is obeyed. (It is important to note
that the gravitational redshift has nothing to do with the
“weight of light.”*!0)

If CPT symmetry is assumed to be exact, the particle
and antiparticle cyclotron-frequency clocks will have
identical rates at “infinity” (beyond the range of any
equivalence-principle-violating interaction). However,
from the above argument, if the proton (or electron, re-
spectively) respects the weak equivalence principle, and
we assume that any violation of equivalence for the an-
tiproton (positron) occurs through an anomalous cou-
pling strength of gravity to its energy, the antiproton’s
(positron’s) cyclotron frequency will redshift by an
amount different from the proton (electron) when they
are lowered to the same height in a gravitational field
from “infinity,”'"'? resulting in a measurable frequency
difference. Since there is a redshift in any theory in
which gravity couples to energy,® this argument applies
to a tensor field coupled to the energy-momentum tensor,
as well as to a scalar field coupled to its trace, but not to
a vector interaction, since this would be coupled to some
conserved quantum number rather than to energy.®'®
However, vector interactions, as well as more general
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scalar interactions, are already constrained strongly by
“fifth-force” experiments.'? Conversely, a gravitational
coupling to energy with a universal strength for matter
but with an anomalous strength for antimatter is not
directly constrained by fifth-force experiments.”

To make this general argument quantitative we con-
sider a phenomenological model for a violation of weak
equivalence for antiprotons or positrons.'"'? Near the
surface of the Earth, protons, electrons, and electro-
magnetism experience conventional gravity through the
interaction Lagrangian

L= b, T, (s)

where T#" is the energy-momentum tensor of the parti-
cles and electromagnetism, the (weak) tensor gravita-
tional field is

h,,=QU/c*)diag(1,1,1,1), (6)

and U is the Newtonian gravitational potential. [We use
the convention in which the metric of flat space-time is
n*"=diag(1,—1,—1,—1).] A violation of weak equiv-
alence for antiprotons or positrons is accommodated
through the interaction

L'=1%ah,, T" (7

of gravity with the energy-momentum tensor of the an-
tiparticles, where a is an adjustable coupling parameter.
Hence, if protons and ¢lectrons experience a gravitation-
al acceleration g, their antiparticles experience an anom-
alous acceleration g' =ag (different a parameters should
be introduced for the various antiparticles under con-
sideration) in this model. Later we will consider a
second possibility in which the antiparticles violate weak
equivalence because of a new, finite-range tensor field
h,. that only couples to their energy-momentum tensor.

The term (5) or (7) has to be added to the action of a
single particle of charge e and inertial mass m in an elec-
tromagnetic field to obtain the effect of gravity on the
particle’s cyclotron frequency, w. =eB/m, where B is the
magnetic-field strength. Since the energy-momentum
tensor 7" separates into particle and electromagnetic
field components, the gravitational effects are contained
in the particle action, which for matter is

s=[ail=mc*A+U/e)+ Lm0 =30/eD] (8

(where v is the speed of the particle, and we have as-
sumed ©?%/c?|U/c?|<1), and in the electromagnetic
field action

Sem=r— [ d*x[(1 =20/e DB~ (1 +20/c B ,
8re

()]
but not in the particle-electromagnetic-field interaction
term. From Eq. (8) we see that in these flat space-time
coordinates we must make the inertial-mass replace-

ment '
m—m(1—=3U/c?) (10)

for the electron or the proton in the Lorentz-force law,
and from Eq. (9) we see that the gravitational field acts
like a “medium” with permeability and permittivity'*
u=e =1—2U/c? Therefore, in these flat space-time
coordinates the effect of gravity on the magnetic field
produced by a given current distribution is obtained by
the substitution

B— B(1—2U/c?). (11)

The net result of the replacements (10) and (11) on the
cyclotron frequency of the electron or proton is

w.— 0. (1+U/c?) (12)

in these coordinates. [This technique, which is suitable
for the study of relative clock rates to O(U/c?), was
used by Thirring'* to derive the conventional gravita-
tional redshift in a clock based on atomic transition fre-
quencies. However, it can be shown that®'? because of
the interaction (5) any clock (made of “matter”) suffers
the frequency shift (12) with respect to this time coordi-
nate. Therefore, when a local time variable 7=(1
+U/c?)t measured with respect to a local matter clock
is introduced, the electron or proton cyclotron frequency
is independent of height in the gravitational potential.
Moreover, when the unit of length L is replaced by a lo-
cal unit L=(1 —U/c?)L based on the Bohr radius of the
hydrogen atom, for instance,'®'* the Lorentz-force law
assumes its normal form for a particle of matter of mass
m and charge e in a magnetic field B. These transforma-
tions will be discussed in greater detail in a future pa-
per. "]

For the cyclotron frequency @, of the antiproton or
the positron in the same magnetic field, we have, instead
of Eq. (10),

m— m(1—=3aU/c?), (13)
and hence, for these antiparticles we have
@c— o (1+[3a—21U/c?) (14)

so that there is a frequency difference between the
matter and antimatter clocks of

(@, —w.)/w.=3(a—1)U/c? (15)

at the same height, in this model. The potential depen-
dence'® of the frequency difference (15) when a#1 is an
inescapable consequence of the violation of equivalence,
rather than a specific feature of our model. For a mass-
less field this means that we would no longer have the
freedom to change the value of the potential by a con-
stant that is implied by the Newtonian field equations.
In this case, following Good, '® it is logical to choose the
zero of U to be at “infinity,” so that the frequency
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difference (15) vanishes “in the absence of gravity.” No
such prescription is necessary when the corresponding
field has a finite mass, and we note that a conservative
limit on the rest mass of the graviton is'’ m, <1.1
x 10 % eV, corresponding to a range of at least 580 kpc,
although a range of —10 Mpc is not excluded. We
therefore follow Kenyon'® and choose the potential U in
Eq. (15) to be the potential of the local supercluster,
with [U/c?[=3x10 ">,

The high-precision antiproton inertial-mass measure-
ment of Gabrielse er al.,* which involves the measure-
ment of the cyclotron frequencies of the proton and an-
tiproton in the same magnetic field, has already reached
a precision of 4x10 ~% on the frequency ratio (15). This
result therefore conservatively constrains any weak-
equivalence-principle violation in the coupling of a single
tensor gravitational field to antiprotons to obey

la—1] <5%x1074, (16)

A similar interpretation can be applied to the high-
precision ion-trap measurements of electron and positron
cyclotron frequencies. For these particles the frequen-
cy-difference ratio (15) has been measured to be less
than 10 ~7,3 and so the positron is constrained to respect
the weak equivalence principle with a precision of

la—1] <1073, a7

Therefore, the gravitational acceleration of the antipro-
ton (positron) could differ from that of matter by no
more than 5% 10 ~%g (10 ~3g, respectively) if the gravita-
tional force is mediated by a single tensor field.

It is also possible to consider a scenario in which the
usual tensor gravitational field couples to antimatter with
its normal strength, but in addition there is a hypotheti-
cal new tensor field A, of finite range, which acts only
on antimatter, with the form of Eq. (6). (A scalar field
could also be considered.) The potential U, which is now
of Yukawa form, has a value that depends upon the as-
sumed range of this new interaction, the parameter a
determines its strength relative to conventional gravity,
and the frequency anomaly becomes

(@, —w)/w.=3aU/c?. (18)

(With a scalar interaction the magnitude of the frequen-
cy anomaly would be a factor of 3 smaller than for a ten-
sor.) For instance, if the range is large compared to the
size of our Galaxy, but small relative to the separation of
galaxies we should replace U by the value of our
Galaxy’s Newtonian potential at the surface of the
Earth, |Ugaixy/c?|~10 7% In this case, the existing re-
sult for the electron-positron mass ratio> limits a viola-
tion of weak equivalence for the positron in the gravita-
tional field of the galaxy to have a strength |a| <0.03,
while the result of Gabrielse et al.* constrains such an
interaction for the antiproton to have a strength which is

856

less than 1% of gravitational (|a| <0.01).

A stronger violation of the equivalence principle by
antiprotons would have to have a correspondingly shorter
range because the size of the potential decreases with de-
creasing range. Therefore, these results do not rule out a
measurable (few percent) gravitational acceleration
difference between antiprotons and matter. However, in
the next few years improvements in trapping, cooling,
and detection techniques for single charged particles
could provide particle-antiparticle cyclotron-frequency
comparisons which might be better than 1 part in
10'".1819 (A frequency comparison on single ions has al-
ready been achieved with a precision of 4x 10 ~'°.!%) For
an anomalous interaction with a range which is large
compared to the radius of the Earth, but small compared
to the Earth-Sun distance we should use the Earth’s
Newtonian potential, |Ug/c?|=6%10"'°, in Eq. (18).
A null result in such an experiment would then constrain
the gravitational acceleration of positrons or antiprotons
to differ from that of matter by less than 1 part in a
100,'? which is comparable with the precision hoped for
in a direct measurement.?

Other clocks which could offer potentially much
higher-precision tests of weak equivalence for positrons
and antiprotons are the hyperfine or 1s-2s transitions in
antihydrogen.?’ (Antihydrogen has yet to be produced
in the laboratory, although several formation experi-
ments are under discussion.?!)

In this Letter we have shown that if there is a gravita-
tional coupling to the energy of antimatter which violates
the weak equivalence principle, there will be a frequency
difference between a clock and its CPT conjugate, at the
same height in a gravitational field. Existing experimen-
tal results already provide a strong test of the equiv-
alence principle for antiprotons and positrons if the grav-
itational interaction is mediated by a single, essentially
infinite-range tensor field. However, these results cannot
yet significantly constrain an anomalous tensor (or sca-
lar) gravitational interaction with these antiparticles if
its range is less than the size of our Galaxy. Improve-
ments in the precision spectroscopy of trapped single
particles of antimatter and antihydrogen would allow
these equivalence-principle tests to be extended to short-
er ranges, thereby complementing direct measurements
of the gravitational accelerations of antiprotons® and
positrons by constraining the range of an equivalence-
principle-violating interaction from above. These ideas
will be developed further in a future paper. '’

Finally, there is the question of how to interpret a
nonequality of proton and antiproton cyclotron frequen-
cies should one arise in such a comparison. Obviously,
this could be a signal of CPT violation instead of a viola-
tion of equivalence, and to distinguish the two possibili-
ties one could compare the redshifts between two
different heights in the CPT-conjugate clocks. A viola-
tion of equivalence would then show up as an anomalous
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redshift in the antiproton cyclotron frequency. This
would be extremely difficult in the Earth’s gravitational
field where the redshift has a magnitude of g/c2~10""¢
m ', and an absolute maximum value of only 6x10 ~'°.
Therefore, very large separations would be needed before
a direct redshift measurement became feasible. Alterna-
tively, this question could be decided with the direct
measurement of the antiproton’s gravitational accelera-
tion. >
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