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Charge-Density-Wave and Pairing Susceptibilities in a Two-Dimensional Electron-Phonon Model
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We present quantum Monte Carlo results for a two-dimensional electron-phonon model. At half
filling, a Peierls-charge-density-wave (CDW) instability dominates the behavior of the system and
suppresses superconductivity. The CDW structure factor scales with system size and is consistent with a
finite-size Ising-like scaling analysis which we use to estimate T, for the Peierls-CDW transition, Away
from half filling, the Monte Carlo calculations show superconducting pairing in an s-wave channel, with
a peak in the pair field susceptibility near a region in which there are strong Peierls-CDW correlations.

PACS numbers: 74.20.—z, 71.30.+h, 71.45.Lr

BaBi03 has a Peierls-charge-density-wave (CDW)
structural instability which disappears as one dopes with
K or Pb to get the superconductors Ba(Pb, Bi)03 or
(Ba,K)Bi03. ' Here we use quantum Monte Carlo simu-
lations to explore the interplay of a Peierls-CDW insta-
bility and superconductivity in a two-dimensional elec-
tron-phonon Holstein model. While the BaBi03 system
is three dimensional, our two-dimensional system is more
readily simulated and also exhibits a metal-insulator
transition associated with a Peierls-CDW instability at
half filling. In two dimensions at half filling, the Peierls-
CDW transition is expected to be Ising-like while a su-
perconducting transition should have Kosterlitz-
Thouless character. We present evidence that super-
conductivity is suppressed in the region with strong
Peierls-CDW order, but that near the metal-insulator
transition, there is superconducting pairing with a peak
in the superconducting response. We find that the pair
field susceptibility away from the region of the metal-
insulator transition is sensibly approximated within the
Eliashberg framework and lays below the Eliashberg re-
sult for all values of the doping.

The Holstein Hamiltonian,

H= —t g (c(~ +H.c.)+top+a(a(
(lm), ~ l

pgn( +ggn( (a('—+a(),

consists of a one-electron hopping term with overlap in-
tegral t, Einstein phonons of frequency coo, and an in-
teraction which couples the on-site phonon displacement
and the site charge density. The sum in the hopping
term is over the set of nearest-neighbor sites on a two-
dimensional square lattice. The cl are fermion annihila-
tion operators on a site l with spin o, nl =cl cl, and the
al are phonon annihilation operators at site t. The chem-
ical potential p sets the band filling, and g is the elec-
tron-phonon coupling constant. Since we are interested
in the superconducting and CDW responses of the sys-

(2)

where

(3)

and the charge-density structure factor,

where

Pt g iq( t
l, a

(5)

N is the number of lattice sites.
For the half-filled system, the nesting of the Fermi

surface for a wave vector Q=(tr, tr) and the Van Hove
singularity in the density of states, N (s) = ( I /2(r t )
xln(16t/s), lead to a Peierls-CDW instability. In the
presence of a next-nearest-neighbor hopping t', this Van
Hove logarithmic singularity is shifted to e=4t' which
can lead to an enhanced pairing response. Here we will
focus on the t' =0 model.

The simplest approximation that allows one to calcu-
late some properties of the half-filled Peierls-CDW state
is a mean-field approximation with a staggered phonon
displacement

g&(a(t+ a()) =LCD ( —1)'+" .

Here h~Dw is determined by the condition

4g 2 tanh(PE(, /2) =1,
topN k 2E(,

(6)

where Ek =( k+shcow) ' with e(, = —2t(cosk
+coskr). The mean-field critical temperature is ob-
tained from this expression by calculating the T, at
which h, ~Dw first becomes nonzero. In two dimensions,

tern, we will consider the s-wave superconducting pair
susceptibility,
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FIG. 1. The s-wave pair susceptibility as a function of band

filling for an 8X8 lattice with g=1, c»»o=l at P =12. The
squares are Monte Carlo data, the solid line shows results ob-
tained from an Eliashberg calculation, and the dashed line
gives the noninteracting susceptibility.

we expect that fluctuations will significantly reduce the
mean-field T, .

In a similar manner, one can calculate superconduct-
ing properties in mean-field theory by using the well-
known Eliashberg approximation. As we will discuss,
these calculations are in qualitative agreement with our
Monte Carlo simulations at fillings below (n)=(1/N)

(nl ) =0.85, where the Peierls-CDW correlations
are relatively weak. However, our Eliashberg calcula-
tions neglect the effects of the Peierls-CDW correla-
tions. Thus these results predict a finite superconduct-
ing T, at all band fillings, with the highest T, occurring
at half filling, where the density of states peaks.

This work extends earlier work by Scalettar, Bickers,
and Scalapino and Su, who used an algorithm which
becomes unstable at low temperatures, severely limiting
the temperature range that could be explored, as well as
work by Marsiglio, which treated the half-filled-band
case with a stable, low-temperature algorithm. The
method we use for the quantum Monte Carlo simulations
is a stable low-temperature algorithm developed by
White et al. ' for the repulsive-U Hubbard model. In
the Holstein model, the phonon field couples in the same
way to both the spin-up and spin-down fermions so that
the product of their determinants is positive at all
fillings, eliminating the fermion sign problem. '' For this
reason, the Holstein model provides a more tractable sys-
tem than the repulsive-U Hubbard model ' ' ' in which to
study the nature of the pairing correlations near a metal-
insulator transition.

Here we show results for two sets of coupling con-
stants: g =ma=1 and g=2, coo=4. Both of these cou-

(n)
FIG. 2. The CDW structure factor S(rr, rr) as a function of

filling ln), for an 8 x 8 lattice with g =1, c»»o =1, at p =12.

plings have the same dimensionless strength A, =2~g~ /
cooD =0.25, where D=8t is the bandwidth. However, as
we will see, a lower phonon frequency favors the CDW
transition which dominates as the band filling ap-
proaches half filling.

Figures 1 and 2 show the pair susceptibility P, and the
structure factor S(x,«r) as a function of band filling for
an 8X8 lattice with g=1, coo=1, at p= 12. The dashed
line in Fig. 1 is the noninteracting pair susceptibility and
the solid line is the result of the Eliashberg calculation.
Both are calculated on a 32&32 lattice, which is large
enough to reach the bulk limit at this temperature. For
(n) greater than 0.8, the structure factor shows a very
strong response and P, is suppressed below the nonin-
teracting susceptibility as (n) approaches 1. Within the
momentum resolution of an 8&&8 lattice, S(q) is peaked
at q =(x,x) in this region. Further work on larger lat-
tices will be required to determine how the peak in S(q)
shifts with doping. Here we will focus on the half-filled
case, (n) =1, where the peak in S(q) is at (rr, rr). In Fig.
3(a), S(x,x) vs P is shown for lattices of increasing size
(4X 4, 6 x 6, 8 x 8). One can clearly see that above a cer-
tain value of p, S(x,z) increases with system size.

At half filling, the Q=(rr, «r) CDW state breaks the
translational invariance of the Hamiltonian by alternate-
ly increasing and decreasing the charge density on neigh-
boring sites, leading to two degenerate states. Therefore,
the CDW state has a two-state order parameter and is
expected to be in the same universality class as the two-
dimensional Ising model. Assuming this is the case,
S(rr, rr) should scale with the linear size of the lattice,
N„and P as

S (rr, rr) =N "f(N, (P —P, ) '),
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FIG. 4. The s-wave pair susceptibility P, as a function of

band filling for g=2, r00=4, and an 8x8 lattice at P =12. The
squares denote Monte Carlo results, the solid line the results o
an Eliashberg calculation, and the dashed line the noninteract-
ing susceptibility.
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FIG. 3. (a) S(Ir, Ir) as a function of P for g= 1, coo=i,
(n) =1 (half filling) for 4&&4 (circles), 6&&6 (triangles), and
8x8 (squares) lattices, showing scaling with system size. b
The data of (a) scaled with the two-dimensional Ising-model
scaling relation, S(Ir, Ir) =N,'~ f(N, (p —p, , with, =11.

with ri = —' and v =1. Figure 3(b) shows the data of Fig.with g —
4 an

3(a) scaled in this manner with p, =11. This corre-
spons oasig'd t i nificantly lower transition temperature
than predicted by the mean-field results, p, =1.4, o-
tained from Eq. (7), refiecting the important role of fiuc-
tuations in this two-dimensional system.

As we have seen, when one dopes away frorom half
filling, the charge-density-wave peak in S(q) decreases,
as shown in Fig. 2, and pairing correlations, Fig. 1, begin
to develop. The superconducting order parameter has a
U(1) gauge symmetry, putting the system in the same
universality class as the two-dimensional LY model,

~ ~ 3which has a Kosterlitz- Thouless phase transition.
Therefore we expect the superconducting state to have a
finite-temperature Kosterlitz- Thouless-like transition.

As is well known from simulations of the classical XY
model, such transitions are much more dificult to char-
acterize on small systems. Thus, w i e1 we do not at
present have sufhcient large-lattice and low-temperature
data to carry out a scaling analysis of this type of transi-
tion, ' we can calculate the (n) dependence of the s-wave
pair field susceptibility. Figure 4 shows Monte Carlo re-
sults for the s-wave pair field susceptibility versus the
band filling (n) for an 8x8 lattice with g=2, rIIo=4, at
p =12. The solid line was obtained from the Eliashberg
equations and the dashed line is the noninteracting pair
field susceptibility. Both of these were computed on a
32& 32 lattice which gives essentially the bulk limit. We
find that the Eliashberg susceptibility diverges at a filling
(n), =0.87. At fillings less than 0.85, the behavior of
the Eliashberg susceptibility is qualitatively similar to
and bounds the Monte Carlo results.

As shown in Fig. 5 for g=2, rIIo=4, as (n) increases
b d 0 85 there is again a rapid growth of the CDW

11 su-correlations. As shown in Fig. 4, these eventua y sup-
press the pairing correlations and P, decreases. In the
region where P, exhibits a maximum, we find that there
is a critical slowing down of both the superconducting
and CDW fluctuations, as seen from an increase in the
decay time of the autocorrelation functions of the Monte
Carlo data. This critical slowing down and the large
Auctuations in this region are rejected in the large error
bars and scatter in the Monte Carlo data at fillings be-
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FIG. 5. The CDW structure factor as a function of band
filling for g =2 and coo =4, on an 8 x 8 lattice for P =12.

tween 0.85 and 0.95, as seen in Figs. 4 and 5. This sup-
ports a picture in which the pair susceptibility peaks near
the region where there are strong Peierls-CDW []uctua-
tions.

These simulations show that the Holstein model exhib-
its a metal-insulator transition as a function of doping.
Specifically, at half filling, a finite-size scaling analysis
shows the existence of a Peierls-CDW state and gives
T,/t =0.1 for g=1 and coo= 1. As the system is doped
away from half filling, the CDW response becomes
weaker and the s-wave pair field susceptibility increases.
When the system is doped sufficiently far away from half
filling, the pair field susceptibility is in reasonable agree-
ment with the Eliashberg result and for the parameters
we have studied, the Eliashberg result lies above the
Monte Carlo pair field susceptibility at all fillings. From
measurements of the structure factor, it appears that the
peak in the superconducting pairing response occurs at
the onset of strong Peierls-CDW correlations.
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