VOLUME 66, NUMBER 6 PHYSICAL REVIEW LETTERS 11 FEBRUARY 1991

Relativistic Bose Gas

Jeremy Bernstein
Department of Physics, Stevens Institute of Technology, Hoboken, New Jersey 07030

Scott Dodelson

Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138
(Received 1 October 1990)

We calculate the partition function for a relativistic Bose-Einstein gas. The excitation energies are
identified and compared with known results in various limits. In particular, this treatment shows how
the Goldstone bosons of a spontaneously broken symmetry and the quasiparticles of the nonrelativistic
gas emerge as special cases of one general formula. New results are obtained for the spectrum of Gold-
stone modes in a medium of nonzero density, and the fully relativistic case is discussed along with a pos-
sible cosmological application.
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Several authors' have studied the grand partition index a labels the two real fields, so the implicit sum in
function of a relativistic finite-temperature Bose-Einstein the first term is over @ =1,2. The Hamiltonian density
gas. The purpose of this Letter is to present a calcula- for the self-coupled fields
tion of the grand partition function of a self-coupled o 2.2 4
“charged”? gas of spinless bosons—the same model =7 (mama+ V9 Voatm9%) + (/410" )
§tudied in .the previous worlfs— that goes beyond them.in where ¢2=¢#+¢2. This Hamiltonian is invariant under
its generality. All the previous results emerge as special a global O(2) [=U(1)] symmetry; associated with this

cases of our more general expression for Z. Our starting

: : it symmetry is a conserved charge. For this reason, in Eq.
point is the field-theoretic expression for the partition

(1) we have included a Lagrange multiplier u— the

function chemical potential—times the conserved charge Q
p— 3 . .
Z=f[d7t|][d7tz][d¢1][d¢2] = [d’x Q. Here the charge density is
Q= - . 3)
Xex fﬂdrfd3x{i7z ) oo
P1Jo ara The net charge in the system, @, can be obtained by
differentiating with respect to the chemical potential:
—[#(p,n) —p@p,m)1} | . 1 8
o= B on InZ . 4
(1 h ou
The functional integral is over the real scalar fields ¢, This constraint equation must be inverted to determine
and ¢, and their conjugate momenta. Since we are in- the chemical potential u in terms of the given charge Q
vestigating the system at finite temperature, the integral and S.
over Euclidean time runs only from 0 to B=1/kgT. The To proceed we integrate over the conjugate momenta,
| m and 7, Using standard techniques, we find
g 3 fLps2y 2 2 2 . .
z=N [ 1o ldodexp | — [ dv [a'xt} 67+33+ (Vo) 4+ (Vo) 21+ V() + i (021 — 62010} | | s)
where NV is a constant and the potential V' (¢) is
V() =1 (m>—pu?)e*+ (/41" (6)

To do this functional integral, we write ¢; =¢;”’+¢". The zero-order fields ¢,*’ are chosen so that the argument of
the exponential—the action—is minimized. Clearly, any space or time dependence of the fields leads to an increase in
the action, so we can take q);(O) constant. Thus to determine ¢,~(0), we need to minimize the potential as a function of ¢2
We find that ¢ ©? is nonzero only if z2> m?2. Specifically,

: 2 2
¢(0)2={0, if m*>u-,

6/M) (w2 =m?), if m><p?. )

To see if the U(1) symmetry is broken at a given 8, we must use the constraint equation which determines u in terms of
the given charge density and temperature to see if x> > m?2 If it is, then ¢ ©#0 and the symmetry is broken.?

The next step is to expand the action around ¢,-(0). We consider only terms quadratic in the first-order fields ¢,«“), SO
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that the functional integral becomes a simple Gaussian; this is the one-loop approximation. After some tedious algebra

we find that the free energy per volume Q is given by

F _ _ InZ oy 4 1 d3k —BE (k) —BE,(k) dk E\(k)+E,(k)
—=——"=const+ V(") +— ) ——=In(1—e YA —e PP+ . 8)
o~ pa R CYSE J 2n)° 2
The excitation energies in Eq. (8) are
En() =2+ + 1 [y+ &
2 o=p®
' . 27102
+ |22 |2k 24 202+ V(0 @) + - + Loy -1 ] } . 9)
0=0(0) 0=0(0)

Apart from the constant, there are three terms in our ex-
pression for the free energy. The first, V(¢(0)), is the
“vacuum” energy density. This vanishes unless 0 @=0.
The second term is the thermal excitation energy corre-
sponding to the thermal energy of excitations with
dispersion relations given by Eq. (9). Note that with no
conserved particle number (u=0) and no symmetry
breaking (m?>0) the excitation energies are both
E=(k>+m?)"? as expected. The last term in the free
energy is infinite; it contains the one-loop corrections to
the bare mass and coupling, which must be renormal-
ized. By taking the large-k limit of the integrand, one
can show that the infinite part of this term is indepen-
dent of u, so any renormalization prescription chosen at
zero density also suffices in the finite-density case.

We will now apply this formula to three different
cases: (i) spontaneous symmetry breaking at finite den-
sity, (ii) the nonrelativistic Bose gas (used to model
superfluid “He), and finally (i) the fully relativistic
Bose gas.

(i) Spontaneous symmetry breaking.—In this case,
the fundamental Lagrangian has m?<0. This means
that u>—m? is always greater than 0 and therefore 0 ©®
is always nonzero.* It is straightforward to show that
here (V'/¢)|,=,0 =0 and V" (¢ 0)=2(u2—m?), so that
the excitation energies (9) reduce to

E]iz(k)2=k2+3,u2_m2
+ Out+ 2@k —6m?)+m*1'2. (10)

We can recover familiar results if we take the net charge
to be zero so that u =0. Then taking M *>=|m?|, we find
E (k) =(k>+2M?)'"?, corresponding to a particle with
mass V2M. The other energy is E,(k) =k. This is the
Goldstone boson.

But we can also study how the dispersion relation for
Goldstone bosons changes in the presence of a finite
charge density. Specifically, let us consider the speed of
sound of the long-wavelength modes,

_ o BE20) _
S Y

1/2
[.12+M2

3ul+M?

an

To interpret this expression—aside from noting that it
reduces to the proper limit when ¢ =0— we must express
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the chemical potential in terms of the given density. Al-
though the full constraint equation, (4), determining u is
quite complicated, we need consider only the zero-order
contribution from the free energy. Hence to this order,

_aV(q)(O))
ou e

Suppose for the sake of definiteness that Q is positive:
more particles than antiparticles. Then this equation
tells us that the chemical potential u must also be posi-
tive. There is only one positive solution to the above
cubic equation, uniquely determining x. The exact solu-
tion is not very illuminating, but we can consider the
high- and low-density limits. At high density— quan-
titatively AQ/6Q>> M *—we have approximately upig
=(10/60) "3 while at low density uw=10/6M Q.
This information determines the speed of sound. At high
density, the chemical potential is much greater than M
o)

0= =6Ty(y2+M2)Q. (12)

vligh =173 (13)

This is a familiar result in unfamiliar territory. A per-
turbation in a relativistic medium propagates with speed
of sound v, = 1/~/3. Our formalism tells us that, at finite
temperature and high density, the Goldstone bosons
propagate as if in a relativistic medium. But even if the
charge density is very low, the dispersion relation is
affected. Here we find

r%=1-GQ/6aM?)?. (14)

(ii) Nonrelativistic Bose gas.—The nonrelativistic
limit can be taken when the temperatures of interest are
much less than the rest mass m. For He*, m=4 GeV,
and the system is studied near its critical temperature
T.=2 K=2x10"*% eV, deep in the nonrelativistic re-
gime. This means that kinetic energies (k 2/2m)— which
are on the order of the temperature— are much smaller
than the rest energy m. Further, if we think of the
chemical potential as the energy required to add one par-
ticle to the system, it is clear that ung =y —m should
also be comparable to the temperature. Therefore we

can expand the general results in powers of unr/m
(k%/2m?).
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This case differs from the case of spontaneous symme-
try breaking discussed above because there m 2 was nega-
tive so there was only one phase (at temperatures below
M/A). Here since m? is positive, we must analyze the
excitation energies in two different regimes, u> < m? and
u>>m? First consider u? <m?2. In this regime 0 © =0
and the excitation energies (9) reduce to

E (k) =k +m>)' 2%y

— (mxm)+(k*/2m) £ ung. (15)

E (k)2 =k*+ Qm*+6unpm+3udr) [1 £ (1 +k%/2m? =2k *ung/m> —k*/8m*)].

Again one of the energies is unattainable: E(k)=2m.
But the second is

E>(k) =[(k*2m)2+ 2k /2m)ung] /2. (17)

This is just the energy spectrum of quasiparticles, first
discovered by Bogoliubov.’ To make this transparent,
we solve for the chemical potential. In the nonrelativistic
limit, Eq. (12), which determines ¢ in terms of n=0/Q
and the coupling A, becomes

Q/Q=12m*ung/A . (18)

The coupling constant is related to the scattering length
a used in standard treatments of the nonrelativistic Bose
gas by A =48znma, so the spectrum reduces to the famil-
iar

19)

We have discovered two very different forms for the
excitation energies depending on the value of the chemi-
cal potential. When do these expressions apply? That
is, when is 2> m?? To answer this, we must solve the
full constraint equation including the one-loop correc-
tions; i.e., Eq. (8) must be differentiated with respect to
¢ and the result set equal to —n. Note that the last
term in (8), when differentiated with respect to u, gives
a finite contribution—representing quantum effects
—since the infinities are necessarily independent of u. It
is instructive to perform this operation in the condensed
regime, when ung is positive and q)(O);éO. Then we find

E(k)=[(k¥2m)*+ (4xna/m?) k212,

g HNRM 4a~/unrm ]
4ra 3
d3k k*2m+pung 1

+f s (0)
The first term on the right-hand side represents the
charge stored in the vacuum. The number density of
particles in excited states is nonzero even at zero temper-
ature due to quantum fluctuations.® The second term in
brackets corresponds to these fluctuations and coincides
exactly with the result obtained for a hard-sphere gas us-
ing the method of pseudopotentials.” The last term is
the thermal term, representing excitations due to finite

Ez(k) eﬁEz(/\')_l :

One of the energies £,(k) is approximately 2m, not at-
tainable at low temperatures. Cyrogenic laboratories
cannot produce a He-anti-He pair (with energy 2m).
The second energy E,(k) is just the kinetic energy
minus the nonrelativistic chemical potential, a familiar
result.

Now suppose u>> m?2 In this case, the excitation en-
ergies are the same as those written above for spontane-
ous symmetry breaking [Eq. (10)] but in the nonrela-
tivistic limit. In this limit, we find

(16)

temperature. As the temperature rises, more and more
charge can be accommodated in excited modes so ungr
decreases. At some critical temperature all the charge
can be accommodated by thermal excitations, so ¢®
goes to 0. We can calculate the temperature 7, at which
this occurs by setting ung =0 in Eq. (20); the implicit
equation for 7. is then®

_( 4k 1

(2”)3 elj,(k2/2m)_l : 2n

(iii) Relativistic Bose gas.— Here m? is positive, so
without a finite density, there would be no symmetry
breaking. As long as the gas has not condensed, the con-

straint equation, (4)—with the aid of Egs. (8) and
(9)—becomes
_ (. d%k 1
Qn)? | expiBlk2+m) > —ul} —1
- ! (22)

expiBlk2+m?) "2+ ul} —1

At very high temperatures, far above the particle’s mass,
the charge can be accommodated in excited modes. As
the temperature drops, in order for Eq. (22) to be
satisfied, 4 must approach m. The critical temperature
at which the symmetry is broken is determined by setting
u=m in (22). If the mass is much lower than the criti-
cal temperature, this equation can be solved explicitly to
give T.=+/3n/m, valid as long as the density is much
larger than m>. For a hypothetical massless particle, the
critical temperature would be infinite and the symmetry
always broken since the charge always rests in the con-
densate.

If the temperature is beneath the 7. so that a conden-
sate has formed, the excitation energies are again given
by Eq. (10). The excitations due to quantum effects® can
be calculated; for all reasonable values of A, these zero-
temperature effects are found not to affect the condensa-
tion, even for very large densities. The speed of sound of
the Goldstone mode can be computed just as before, with
v =(n/12m*)"? and high-density speed of sound
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again equal to 1/+/3.

Finally, a cosmological oddity. Since the cosmological
expansion is adiabatic, we expect any cosmological
asymmetry to scale with the temperature. That is, we
expect n=etT?>, where n is the net difference between
the number of particles and antiparticles and 7 is a con-
stant. At high temperatures, the density of charge that
can be accommodated in thermally excited modes— the
right-hand side of Eq. (22)—increases as uT2. We have
argued, though, that the left-hand side increases as 7.
This means that as the temperature increases, |u| must
also increase. Once |u| becomes higher than m, a con-
densate forms and Eq. (22) no longer holds; i.e., at high
temperatures all the charge cannot be accommodated by
the excited modes and some must reside in the conden-
sate. The symmetry is broken at high temperatures* but
restored at low temperatures. The critical temperature
at which symmetry restoration takes place is given by
T.=m/3n.

It is straightforward to extend this work to cases with
more complicated dynamics. For example, finite density
plays a significant role in pion condensation in neutron
stars; whether or not such a phenomenon occurs can
greatly influence the equation of state.® Finite density is
also essential to the stability of nontopological solitons;
investigations are underway to see if such objects remain
stable even after accounting for thermal excitations. The
present treatment is well suited to attack these problems
among others.
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cal temperature, so he did not derive the excitation energies.
Indeed, in Sec. II of that work, an approximate expression for
the partition function is given, which is sufficient for the stated
purpose. The excitation energies we derive can be inferred
from the Appendix of Kapusta’s work by finding the roots of
the determinant of the inverse propagator matrix. Also of in-
terest is the work of H. E. Haber and H. A. Weldon, Phys.
Rev. D 25, 502 (1982). [See also H. E. Haber and H. A. Wel-
don, Phys. Rev. Lett. 46, 1497 (1981).] We focus on slightly
different cases, however. They treat not a U(1) [=0(2)] glo-
bal symmetry as we do, but a general O(/N) symmetry and
take N large. The nonrelativistic results, which emerge as a
special case of our treatment, are well known and can be found
in, for example, R. K. Pathria, Statistical Mechanics (Per-
gamon, Oxford, 1988), Chap. 11. Another special case of
these general results is a spontaneously broken symmetry at
finite temperature but zero density. This was first discussed by
S. Weinberg, Phys. Rev. D 9, 3357 (1974). For a general re-
view, see J. 1. Kapusta, Finite Temperature Field Theory
(Cambridge Univ. Press, Cambridge, 1989), especially Chap.
7.

2By “charge” we mean a conserved quantity, and we will use
this term interchangably with “number.” We are assuming
that the symmetry leading to this conserved charge is global,
not a gauge symmetry. Therefore, the particles interact with
each other but not with any massless boson like the photon:
They are not electrically charged.

3In the tree approximation the expectation value of ¢ is
equal to ¢©. Hence the symmetry is broken when ¢© is not
zero. Radiative corrections, which make the expectation value
of ¢ and ¢ unequal, will be examined in a future publication.

4This is true until the temperature gets so large (~|m|/A)
that the one-loop (order A) corrections overwhelm the zero-
order term.
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