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Theory of Nuclear Spin-Spin Coupling in YBa2Cu307 —b
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The indirect nuclear spin-spin coupling between Cu nuclei in the Cu02 planes of YBa2Cu307 —~, de-
duced from 'Cu transverse relaxation, is shown to yield information about the wave-vector dependence
of the real part of the planar-Cu static electron-spin susceptibility. The coupling is evaluated with no
adjustable parameters using the antiferromagnetic Fermi-liquid theory of Millis, Monien, and Pines,
providing a new test of that model. At 100 K, the theoretical relaxation time is 190 75 psec versus the
experimental 130+ 10 psec.

PACS numbers: 74.70.Vy, 74.30.Gn, 76.60.Es, 76.60.Gv

NMR has proven to be a valuable tool for the study of
both the normal and the superconducting states of
YBa2Cu307 —&, especially through studies of the Knight
shift and spin-lattice relaxation. ' We analyze another
aspect of its use in dealing with a crucial issue concern-
ing the appropriate description of the Cu02 planes.
Measurements of transverse relaxation of the Cu nu-
clei in the planes have shown that there is a nuclear
spin-spin coupling an order of magnitude larger than
would be expected from conventional nuclear dipolar
coupling, requiring that there be an additional nuclear
spin-spin coupling mechanism. Such an additional nu-
clear spin-spin coupling is well known in molecules (the
so-called J coupling seen in high-resolution NMR) and
solids (for example, the RKKY coupling of metals)
where it arises from the hyperfine coupling of the nuclear
spins to the electron spins of the valence electrons. The
strength of the coupling is calculated using perturbation
theory in which the valence electrons are described by
molecular or band wave functions, respectively. A major
issue for high-temperature superconductors is finding the
proper description of the valence electrons. One model
which has been very successful in understanding the
Knight shift and spin-lattice relaxation is to represent
the electrons of the Cu02 planes as an antiferromagnetic
Fermi liquid. Using the Millis, Monien, and Pines for-
mulation of this model, we calculate the extra nuclear-
nuclear coupling as a test of that description of the Cu02
planes. While introducing no adjustable parameters, we
find a theoretical transverse relaxation time of 190+ 75
psec compared to the experimental 130~ 10 psec.

There are two broad classes of theories of the Cu02
planes: the "one-component" and "two-component" pic-
tures. In the two-component picture one thinks of two
separate systems; a set of Cu + ions, and a conduction
band made up of holes in oxygen p orbitals. Recent ex-
perimental and theoretical advances, however, favor the
one-component picture. The key insight for this descrip-
tion, given by Hammel et al. and developed by Shas-
try, is that one may obtain differing spin-lattice relaxa-
tions for ' 0 and Cu by invoking a spin-wave-vector-

dependent hyperfine coupling of each nuclear species to
temperature-dependent antiferromagnetic fluctuations.
Bulut et al. , Mila and Rice, Millis, Monien, and Pines
(MMP), and Lu et al. have each presented theoretical
descriptions of the NMR Knight shifts and spin-lattice
relaxation which incorporate this feature. Experiments
by Takigawa et al. ' have lent strong support to the
one-component theories by showing that for the Cu02
planes the Knight shifts of Cu and ' 0 are accurately
proportional to each other as a function of temperature
in YBa2Cu30663 and Monien, Pines, and Takigawa''
have shown that they can give a detailed account of the
normal-state NMR data for the Knight shift and spin-
lattice relaxation for Cu, ' 0, and Y in both the 07
and the 06 63 material.

In this paper, we calculate the indirect nuclear spin-
spin coupling between Cu(2) nuclei in the planes, which
was measured recently by Pennington et al. from stud-
ies of the amplitude of the spin-echo signal as a function
of pulse spacing and from Cu- Cu spin-echo double
resonance. Expressing the dependence of the complex
electron-spin susceptibility on wave vector q and angular
frequency co as g(q, co), we show that the strength of the
coupling is determined by g'(q, 0), the real part of the
wavelength-dependent Cu(2) static electron-spin suscep-
tibility. The previous analyses involve nuclear-spin-
lattice relaxation [related to g"(q, co„), the imaginary
part of the electron-spin susceptibility at the nuclear
Larmor frequency co„] and the Knight shift [related to
g'(0, 0)]. Thus, our calculation provides an independent
test of the form of the g(q, co). Since we apply our cal-
culation to the MMP theory, we test both their form of
g'(q, co) as well as the numerical values of the parame-
ters they deduce.

MMP describe the spin dynamics of the Cu02 planes
with a spin susceptibility g(q, co) strongly peaked about
the antiferromagnetic wave vector Q =(tr, tr) (where we
have taken the lattice constant a to be l). Spins reside
on planar Cu atoms, and q takes on values in the first
Brillouin zone of the two-dimensional lattice reciprocal
to the lattice of planar Cu atomic sites. The antiferro-
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magnetic enhancement of g is given in a mean-field ap-
proach in terms of the complex susceptibility g of a
noninteracting system. MMP relate the real and imagi-
nary parts of g with the assumption of a characteristic
energy scale I (which functions as an electron-spin-
relaxation rate). For NMR, one takes the small-p) limit
of g(q, co). MMP then expand the exchange coupling
about the zone corner Q=(2r, 2r) in terms of an expan-
sion parameter g, the correlation length of antiferromag-
netic Auctuations. As MMP point out, one would expect
the expansion about Q to be valid for small q

—Q only.
For large values of g, g is quite small for q near zero. It
is likely, then, that another parameter is needed to de-
scribe the physics adequately and to represent g over the
whole Brillouin zone. MMP have added a q-independent
term to g, giving (for low ro)

(g/g. )'
1+( Q)2g2

Z q~p)
rrcogp 1+ (g/gp)'

ll+( —Q) 2g2]'

where gp =g (rp =0). The parameter gp determines the
ratio of the q-dependent and q-independent parts.

As we show below, the real part g' results in a nuclear
spin-spin coupling which can be observed in measure-
ments of transverse (T2) relaxation. The coupling may
be understood as a process in which a nucleus at site 1

induces an electron-spin polarization via the electron-
nucleus hyperfine coupling which extends spatially to the
positions of nearby nuclei where those nuclear spins ex-
perience the polarization through their electron-nucleus
hyperfine interaction. Note that all the nuclei within dis-
tance ( are coupled. With the MMP estimates of g/a,
there are on the order of 30 nuclei coupled together.

To calculate the strength of the nuclear spin-spin cou-
pling one must determine the nuclear-electron hyperfine
coupling. It is now widely agreed that the appropriate
picture to describe the hyperfine coupling of the planar
Cu nuclei with the electron-spin system is close to the

limit of the Cu + ion, with a net electron-spin moment
of 2 . The electron-nuclear Hamiltonian consists then of
a sum of an on-site term of the nucleus at site k with the
electron spin at site k (Ref. 12) and a coupling B (Ref.
8) of the nuclear spin to the nearest-neighbor electron
spins k':

H, „=QIakAaaSa(, +BQ Ik S(,
k, k'a, k

(3)

H, (r) = A„8,p+B+6, „,
y, A

where i is summed over nearest neighbors to the nucleus.
We identify the Fourier transform H, (q):

H, (q) = —[A„+2B (cosq„+cosqJ )]11,/JVy, h, (6)

where N is the number of Cu atoms per unit area in a
plane. We then calculate the induced spin polarization
using S, (q) =g'(q)H, (q). We Fourier transform S, (q)
to obtain S, (r) at r =(n„,n~), measured in lattice con-
stants. The result is

where k' ranges over the nearest neighbors to nucleus k
and a=x,y, z. It is believed that as a result of detailed
analysis of the NMR results good estimates of all of the
coupling parameters are known. ' '" Following
MMP, we take for the hyperfine couplings the following
values (where y is the gyromagnetic ratio of the Cu
nucleus): B/ @=82 kG, A„/ y= —4B/ 'y= —328
kG, and A„/ @=69 kG. They estimate the precision of
these values to be better than 20%.

To calculate the planar-Cu nuclear spin-spin coupling,
we express the electron spin S(r) and the resulting mag-
netic field H(r) acting on the electron spins as a result of
the nuclear spins as a function of lattice site in terms of
their Fourier transforms; for example,

S(r) = g S(q)exp(iq r) .
1st BZ

From Eq. (3), we see that nuclear spin I1 at the origin
acting on the electron spin gives an eff'ective magnetic
field at site r with z component H, :

S, (n„,ny ) = 1

27K

r

gp A„F(n„,n~ ) +Bg F(n„',n~ )
y, A.

)

(7)

where the sum is over (n„',n~), the four Cu sites adjacent to (n„,n~), and F(n„n~) is

f n, n.

F(n, n~) =4( cos(n, x)cos(ne'er) dq dq~cos(q„n„)cos(q~n~) 1+ 1/g()

+ q 2/2+ q 2(2

We now have an expression for the electron polarization
due to a nuclear spin I1 at the origin. Using Eq. (3) for
the hyperfine coupling, we may express the interaction
Hamiltonian H of nuclear spin I2 at position (n„,n~)
with the electron-spin polarization cloud as

where again the sum is over the four sites (n,', n~) adja-
cent to (n„n~). Equations (6)-(8) give the coupling be-
tween I], and J2, . There are similar couplings between
the other components, so that finally

r

H =I2, A„S,(n, n~ ) +BQ S, (n ', n~ ) H(1-2) 2 a(1,2)ail ai2a ~

a =x,y, z
(9)
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We have included additional coupling from the
nuclear-spin dipole-dipole interaction. For nearest-
neighbor spins dipole-dipole coupling is about 20% as
large as the above mechanism; it then falls ofI rapidly as
I/r '.

The eff'ects of the spin-spin coupling on the spin-echo
size, measured as a function of the delay time between
the 90 and 180 pulses, have been treated by Pen-
nington et al. For the static field Ho along z, a principal
axis, it is appropriate to include only the secular part of
Eq. (9). Typical theoretical and experimental values of
a ~~ 2~, in this material are highly anisotropic, with a ~~ 2~,
)&a~~ 2~, =a~~ 2~p. For example, for typical input pa-
rameters the theoretical nearest-neighbor coupling a, is
6000 rad/sec, with a, only 500 rad/sec. It is then ap-
propriate to neglect a

For Ho parallel to the c axis, the nuclear-spin Hamil-
tonian becomes

H =Z —)'nHoriz+ Z a(i,/)z iz /z (10)

Though in principle the form of the decay of the NMR
spin-echo envelope resulting from Eq. (10) may be quite

complex, in practice it is well approximated theoretically
and experimentally by a Gaussian:

signal(l) =exp( —t /2r ),
where t is 2 times the interval between the 90 and 180
pulses making up the spin-echo experiment. For the
YBaqCuq07 Cu ( —,', ——,

' ) transition with Ho parallel to
c, the experimental z is 130~ 10 psec.

(12)
T p 2 2

for the ( 2, —
2 ) transition. We must additionally use a

weighting factor equal to 0.69 to account for the natural

abundance fraction of the Cu isotope.
The input parameters needed for our calculation are

the hyperfine couplings A„„A„,and 8, the susceptibility
go, the coherence length g, and the parameter go. MMP
introduce the dimensionless parameter P =(a/(o) which
they pick as n . These values, together with the Knight
shift of Barrett et al. ,

' give g(q=0, co=0) equal to
7.56X10 unit of electron spin per gauss. MMP find
for the remaining parameter g approximately 2.5 lattice
constants.

In order to give a fIavor of the nature of the nuclear
spin-spin coupling we show in Fig. 1 the coupling
strengths a„between near-neighbor nuclei, using a
coherence length (=3a. As expected the coupling falls
oA at the distance of a coherence length. Finally, in Fig.
2 is calculated the Gaussian time constant r for a range
of g, with the experimental result z=130~10 @sec
shown for comparison. If we take the value of g/a =2.5
given by MMP, in which case we have no adjustable pa-
rameters, then the calculated value of r is 190+ 75 psec
with the precision determined by the precision of 20% in
hyperfine coupling constraints. Thus, one finds excellent
agreement between theory and experiment. To a good
approximation, the graph gives r ~ a/g.

Barrett and Martindale in our laboratory are measur-
ing the temperature dependence of r to check the tem-
perature dependence of g. In addition, our calculations
show that the indirect ' 0-' 0 coupling is smaller than
the straight dipolar coupling, and that the Cu-' 0 cou-
pling is comparable to the ' 0-' 0 straight dipolar cou-
pling, and thus these indirect couplings will not be easily
observed.

We have shown that the MMP theory for YBa2Cu307
predicts a strong indirect Cu nuclear spin-spin coupling
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F&G. 1. The coupling strength a&~ 2&, in rad/sec between a
nucleus I at the origin (0,0) and a nucleus 2 at position
(n„n, ), demonstrating the antiferromagnetic nature of the
coupling at nearest-neighbor positions (positive a&~ 21, ), and
the range of the coupling.

FIG. 2. The spin-spin coupling parameter ~ vs the ratio of
the coherence length ( to the lattice constant a. The experi-
mental value of r (130 psec) is shown (horizontal solid line),
and the MMP best value for g/a (2.5) is indicated by the verti-
cal dashed line.
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with a strong anisotropy. Since the spin-spin coupling
tests the form of g'(q, 0), whereas previous tests have
involved nuclear-spin-lattice relaxation [which tests
limy" (q, ro)/co at low co] and Knight shifts [dependent on
g'(0, 0)], the agreement that is achieved with experiment
may be viewed as an independent verification of the gen-
eral correctness of the MMP picture.
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