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Universal Pseudogap at the Fermi Energy in Quasicrystals
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The electronic structures are calculated for several crystalline approximants of quasicrystals, A1CuLi
and A1Fe. The densities of states of these systems, and also of A1Mn, suggest universality of the pseudo-
gap at the Fermi energy in quasicrystals. The pseudogap satisfies a Hume-Rothery-type relation. The
origin of the pseudogap is attributed to strong electron scattering by the lattice and the pseudogap
causes an enhancement of cohesive energies. The characteristics of the states in the pseudogap and the
electric resistivity are also discussed.

PACS numbers: 61.42.+h, 65.40.Em, 71.20.—b

Since the discovery of quasicrystals, ' theoretical in-
vestigations have focused mainly on their structures and
phasons. Recently, the electronic properties have re-
ceived much attention. The main interest is twofold:
One is electronic transport or localization and the oth-
er is the electronic mechanism of cohesion. The
diffraction pattern in quasicrystals is a sum of densely
distributed 6' functions with crystallographically disal-
1owed orientational symmetry. The anomalous diffrac-
tion pattern suggests that electrons in quasicrystals may
be always and everywhere scattered strongly and the
electron wave functions oscillate at all scales. This is the
case in the one-dimensional Fibonacci lattice and the en-
ergy spectrum has gaps at almost every energy value.
In the two-dimensional case, the situation is not essen-
tially changed. The energy spectrum of the two-
dimensional Penrose lattice is not smooth and most of
the wave functions are critical, i.e., neither extended nor
exponentially localized, and presumably with power-law
decay. Recently, high quality samples of stable quasi-
crystals with only small amounts of structural disorder
and phasonlike defects were prepared, and their electric
resistivity has been observed to be anomalously large.
The electric resistivity in icosahedral A1CuLi is 6 times
larger than in crystals, whereas the coefficient of the
linear-temperature-dependent term of the specific heat is
almost the same in two phases. ' The electric resistivity
of stable icosahedral A1CuRu has been observed to in-
crease drastically, up to 2500 p 0 cm or more at 4.2 K. ''
Therefore, we presume that electronic states in three-
dimensional quasicrystals are also critical. The anoma-
lous diffraction pattern also suggests a strong electron-
lattice interaction and one may expect it has a crucial
role for stability, such as in the Hume-Rothery or Peierls
mechanism.

In this paper, we present the electronic structures of
crystalline approximants of realistic quasicrystals, AlCu-
Li and A1Fe, and discuss an electronic mechanism of
cohesion and stability in realistic quasicrystals. Discus-
sions are concerned with R-A1CuLi and A1~4Fe3, togeth-
er with a-AlMn. These are the crystalline approxi-
mants of typical quasicrystals: the stable icosahedral

quasicrystal i-AlCuLi, the metastable icosahedral quasi-
crystal i-AlMnSi, and the metastable decagonal quasi-
crystal d-A1Fe. The crystalline phase of AlCuLi, i.e.,
R-A1CuLi, reveals the typical structure of the Frank-
Kasper phase. The lattice of the crystalline approxi-
mants can be constructed by the optimal rational ap-
proximation of the golden mean r =(VS+1)/2 in the
three-dimensional (icosahedral phase) or the two-
dimensional (decagonal phase) Penrose lattice. Further-
more, the local atomic structure of the crystalline ap-
proximants is quite similar to that of the quasicrystals,
and it is believed that this resemblance is generic. The
icosahedral atomic structures of A1CuLi and A1MnSi
could be obtained by locating atomic clusters of triacon-
tahedra and Mackay icosahedra on the twelvefold ver-
tices in a three-dimensional Penrose lattice, respective-
ly. ' The R-A1CuLi contains 80 atoms in a unit cell and
is Im3, whose structure is a bcc aggregation of triacon-
tahedra of 136 atoms. The a-AlMnSi contains 138
atoms in a unit cell and is Pm 3, whose structure is a sim-
ple cubic aggregation of icosahedra of 54 atoms, called
Mackay icosahedra. These clusters are common aggre-
gation units in both quasicrystals and crystalline approx-
imants. The atomic structure of decagonal AlFe may be
constructed by locating Fe atoms on the vertex positions
of a two-dimensional Penrose lattice when the structure
is projected along the c axis. ' The A1~3Fe4 is the base-
centered monoclinic structure C2/m of 51 atoms in a
unit cell. The atoms on puckered layers are a decoration
of the rational approximant of a two-dimensional Pen-
rose lattice and the two penetrating icosahedral clusters
bridge a gap between these layers.

The self-consistent electronic structures of these crys-
talline approximants were calculated by the linear muf-
fin-tin orbital method with the atomic sphere approxima-
tion (LMTO-ASA), ' which is a typical linear method
of band-structure calculation originating from the
Korringa-Kohn-Rostoker method. This method is the
most suitable for densely packed systems, and usually,
within a reasonable computational time, one can get
self-consistent band structures of crystals with up to a
few hundred atoms in a unit cell. No atoms are experi-
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mentally observed at the centers of the triacontahedra in
A1CuLi or the Mackay icosahedra in A1Mn. The calcu-
lated local density of states at the centers of clusters van-
ishes over a wide energy range of width 0.2 —0.3 Ry
around the Fermi energy. ' If some atoms are located
there, there is not enough space for additional valence
electrons and surplus charges should be distributed in the
surrounding spatial regions in an energy range just above
the Fermi energy. Therefore, interstitial atoms at the
centers of clusters cause an increase of energy and ener-
getic instability.

In real R-A1CuLi, the atomic contents are given by
fractional numbers (Alss 7Cu~93QLi52), and atomic occu-
pancies at several atomic sites are disordered. The elec-
tronic densities of states (DOS) and integrated densities
of states in several simplified models of R-A1CuLi are
shown in Fig. 1. In the model structure A196Cu~2Liq2 of
Pm3, the half of the Wyckoff' sites 24g on one bcc sub-
lattice are occupied by Al atoms, and the other half on
the other bcc sublattice by Cu atoms. Other sites are as-
sumed to be occupied by Al and Li atoms. Then the
resultant space-group symmetry of the model system is
Pm3 with 160 atoms, but not Im3 with 80 atoms. The
density of states has a very apparent wide pseudogap and
the Fermi energy is just 0.05 Ry above the minimum of
the pseudogap. The high DOS peak at 0.3 Ry below EF
comes from the Cu 3d. The narrow width of the Cu-3d
peak indicates a very small mixing between Cu 3d and
other orbitals. In order to understand the role of Cu
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atoms and the origin of the pseudogaps, the densities of
states in two other models, A1~08Liq2 and A184Cu24Liq2,
were calculated. All Wyckoff' sites 24g are occupied by
Cu in A184Cu24Li52 and by Al in Al&08Li52, respectively.
The following facts were found: (I ) In all three cases,
the positions of the minimum of the pseudogap do not
shift and the energies measured from the bottom of the
valence band and the widths of pseudogap do not alter;
(2) even in Al~osLi5q, the pseudogap does not disappear
and Cu atoms play no role in the formation of the pseu-
dogap; (3) the Fermi energy shifts according to the con-
centration of valence electrons depending on the Cu con-
centration; (4) for the exact Cu concentration of
R -A188 7CU]9 3Li52 and i-A1CuLi, the Fermi energy
seems to locate just at the exact minimum of the pseudo-
gap.

The electronic density of states and the integrated
density of states of Al»Fe4 are shown in Fig. 2. The
density of states in A1~3Fe4 also shows a pseudogap at
the Fermi energy EF though the density at EF is high.
The finite density of states mainly originates from Fe-3d
states. The E-k curves, especially around EF, are Hat
for momenta k within a plane perpendicular to the c
axis. On the other hand, several parallel E(k) curves
have been seen with relatively large k dependence along
the c axis which also mainly originate from Fe-3d states.
The electron density of states of a-A1Mn has been calcu-
lated in a model where Al atoms are substituted for Si
atoms. The substitution of a proper amount of Si atoms
for Al atoms would make EF climb up to just the exact
minimum of the pseudogap and enhance the stability of
A1MnSi. The existence of the pseudogap at the Fermi
energy is generic in these systems, crystalline approxi-
mants of realistic quasicrystals. In AlFe and A1Mn, the
pseudogap divides the transition-metal 3d band into two,
occupied and unoccupied, and the Fermi energy is locat-
ed near the minimum of the pseudogap. Considering the
existence of the pseudogap even in A1Li and the similari-
ty of the crystalline structures of A1CuLi and A1Mn, we
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FIG. 1. Densities of states and integrated densities of states
for (a) A1~08Li52, (b) A184Cup4Liq2, and (c) A196Cu~2Liq2. The
Fermi energies are indicated by arrows and vertical lines. The
size of the unit cells in (a) and (b) is half of that in (c), and
the ordinate scales in (a)-(c) are the same if scaled for the
same volume 1.
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FIG. 2. Density of states and integrated density of states for
A1~3Fe4. The Fermi energy is indicated by an arrow and a
vertical line.
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can conclude that the pseudogap here could not be due
to antiresonance of the transition-metal d band in the Al

sp band. In contrast to the case of A1CuLi, the pseudo-

gaps are rather narrow in A1Mn and AlFe and the
transition-metal d states smear out the pseudogap. The
values of the density of states at the Fermi energy are 2
or 3 times larger.

The clusters, either icosahedra or triacontahedra, are
generally stable constituent units of icosahedral quasi-
crystals and crystalline approximants. These clusters are
placed on twelvefold vertices of the three-dimensional
Penrose lattice. The local structures determine cohesive
properties and their electronic properties except electric
transport. Therefore, several electronic properties may
be common in both crystals and quasicrystals. The most
crucial point is whether the pseudogap at the Fermi en-

ergy observed in crystalline approximants also exists in

quasicrystals.
The energy position of the pseudogap measured from

the bottom of the valence band is about 0.8 Ry and the
corresponding Fermi wave vector kF is about 1.7 A in

a free-electron model (more specifically, 1.75 A. ' in

A1Mn, 1.64 A ' in A1CuLi, and 1.73 A ' in A1Fe).
On the other hand, the strongest characteristic scattering
peaks in quasicrystals are at about Q=3.0 A ' [2.896

' of (211111)and 3.043 4 ' of (221001) in A1Mn,
2.793 A ' of (211001) and 3.189 A ' of (222100) in

AlCuLi, and 3.017 A in A14Mn072Fe02s]. Similar
strong scattering peaks exist in the crystalline phase and
always satisfy the relation Q=2kF. From these scatter-
ing wavelengths, the relevant atomic planes can be as-
signed. ' The strong scattering peaks or the large
geometrical structure factor can be explained by the ex-
istence of atomic planes shared by the nearest- and
next-nearest-neighbor pairs of clusters. The relation
Q=2kF and the pseudogap at the Fermi energy attri-
bute the origin of the pseudogap to a touching of the
Fermi surface at the eA'ective Brillouin zone, which may
be defined by the bisection planes perpendicular to the
scattering vectors with the strongest intensity. The pseu-

dogaps, lowering the energy of occupied states and rais-

ing that of unoccupied states, lead to an enhancement of
the cohesive energy and can work more efficiently in the
quasicrystalline case because the eA'ective Brillouin zone
should be almost spherical in its polyhedron shape. This
band mechanism of enhancement of the cohesive energy
has much in common with the Hume-Rothery mecha-
nism. This mechanism of stabilizing quasicrystalline
structures was argued by Friedel and calculated by
Smith and Ashcroft and Vaks, Kamyshenko, and Sam-
olyuk in weak scattering approximation. A crucial fac-
tor determining a stable structure, a stable quasicrystal
or a crystalline approximant, may be the atomic compo-
sitions and their small energy diff'erences. The favorable
structure, for a given atomic composition, may be deter-
mined so that the Fermi energy coincides with the

minimum of the pseudogap and the cohesive energy is
enhanced.

As already mentioned, the coefficient y of the linear-
temperature-dependent term of the specific heat C
=yT+aT +. . . is almost the same in the two phases,
crystalline and quasicrystalline, especially in sp alloys,
without any exception. ' ' This fact supports our start-
ing assumption that the electronic structure is mainly
determined by the local or intermediate-range atomic
structure. One can evaluate from the value of y the den-
sity of states at the Fermi energy by using the equation
D(EF) =( —,

' x kg) 'y. A typical example of the simi-

larity of y values is in A1CuLi, ' 0.13 state/eV atom (i
phase) and 0.12 state/eVatom (R phase). They agree
well with the present calculated result, 0.12
state/eVatom. The free-electron value is estimated to
be, on the other hand, 0.33 state/eVatom (Ref. 10) and
is 3 times larger than the above values, which suggests
the existence of a strongly enhanced pseudogap of the
density of states. These large discrepancies between ob-
served and free-electron values are not found in metasta-
ble quasicrystals such as A1CuMg, ' ' which is under-
standable in that the valence of the Mg atom is larger
than that of the Li atom and the Fermi energy shifts to
the higher-energy side above the pseudogap. Disagree-
ment between positions of EF and the pseudogap may be
a cause of the metastability of several quasicrystals. The
pseudogap in the occupied valence bands may be ob-
served in photoemission spectra.

Though the values of y coincide with each other in

quasicrystals and crystalline approximants, the values of
resistivity diff'er from each other, sometimes by a large
factor; for example, in A1CuLi, they are 870 pQcm (i
phase) and 150 pQcm (R phase). ' Kishi et al. ' ob-
served a systematic change of electric resistivity in

Alp(Mg„Li& — )3 5—4Cu~ which is much enhanced at
x =0, by a factor of 13, presumably caused by a pseudo-

gap and critical character of the electronic states. In de-
cagonal A1CoNi, ' the resistivity within a quasiperiodic
two-dimensional plane is 7 times larger than that along

-the direction perpendicular to the plane. We observed
that the states outside the pseudogap rapidly change
their orbital character with changing wave vector and
that, on the contrary, the states in the pseudogap are rel-
atively pure and more like a plane wave in R-AlCuLi
and A1Fe. Therefore, though localization is a future
problem in three-dimensional quasicrystals, we might ar-
gue that a state in the pseudogap is more influenced by
the quasiperiodicity and seems to have a stronger tenden-
cy to be critical, i.e., neither extended nor localized, in
the quasicrystalline phase.

In conclusion, we presented the electronic densities of
states for several crystalline approximants of quasicrys-
tals, showing the universality of the pseudogap at the
Fermi energy in quasicrystals. The origin of the pseudo-

gap is attributed to strong electron scattering by the lat-
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tice, and the existence of the pseudogap causes an en-
hancement of cohesive energies. Similar calculations ex-
tended to crystalline approximants with successively
larger unit cells would be highly desirable but are impos-
sible at the present state of our computational facility.
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