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Stability of a Free-Electron-Laser Spectrum in the Continuous-Beam Limit
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A multifrequency model is developed for a Compton free-electron laser and is solved to investigate the
continuous-electron-beam limit. Both numerical simulations and perturbation expansions allow us to ex-
hibit a mechanism leading to the broadening of the spectrum. Then, the nonlinear asymptotic behavior
of the spectrum is analyzed.

PACS numbers: 42.55.Tb, 52.35.Mw

One of the most challenging questions in free-
electron-laser (FEL) physics is related to the nonlinear
evolution of the spectrum, including the sideband insta-
bility' and mode competition (MC).

New nonlinear eAects can alter the further evolution
of a FEL spectrum, especially in the asymptotic regime
which corresponds to a large number of round trips for
an oscillator. Of course, optical elements can select a
single frequency, but we are concerned here with the
natural physical evolution of the spectrum in the absence
of frequency discrimination. Moreover, we focus on the
limit of a continuous electron beam, which means that
finite-pulse issues, such as the natural Fourier spread or
temporal overlap eAects, are disregarded.

In the continuous-beam limit (CBL), our numerical
simulations exhibit the following essential property: Any
spectral pattern, for instance, two frequencies with the
same amplitude, can duplicate itself. We confirm this
numerical prediction by expanding the multifrequency

model with two diAerent perturbation theories. Then,
the nonlinear evolution of the spectrum is investigated by
means of computer simulations. We observe some ex-
pected results, such as the transition between narrow and
broad spectra depending upon the electronic current or
the cavity losses. A more challenging numerical predic-
tion in the saturation regime is a scaling law between the
spectral width and the extracted eKciency.

To investigate the FEL spectral dynamics, we use a
specific model for the CBL which is appropriate for elec-
tronic pulses much longer than the slippage distance.
To work out this model, we expand the laser field Az as
the product of rapid phases and slowly varying envelopes
~.(z):

mc ~ @n (z ) ik„(z ct)—Re Z, e il j
n « JV

where k„=(1+n/N)kL is a wave number close to the
central mode kt =2'/XL. Each complex laser field 6„
satisfies a paraxial equation:

C i(n/N)k zi9, c n =pa a~e
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where p, is the electron number per unit of volume.
The electron phase space is characterized' by the reso-

nant phase y= (kt +k„)z —coLt and the kinetic energy
y normalized to the electronic mass rn. The variable y
depends on the central frequency coz =ckz, but Eqs.
(1)-(3) are invariant under the choice of roL when we
consider the limit of the continuous Fourier expansion in

where a and k„are the normalized amplitude and the
wave number of the magnetic field. The longitudinal
electronic distribution g(z, y, y) satisfies the associated
Vlasov equations:

[8, + v8, + I (8,—I/y) lg(z, y, y) =0,
v =k —(k /2 y ) (1 + —,

' a ' ),

! Eq. (1). Indeed, the phase (I+n/N)y —(n/N)k„z, in

Eqs. (2) and (3), is precisely the resonant phase y„
= (k„+k )z —ro„t for the frequency co„=ck,. The
term (1/y)g in Eq. (3) is required for the conservation of
the phase-space volume and for the equivalence with the
usual equations for the one-electron dynamics.

The models usually used for multimode simulations '

work in position space, possibly with periodic boundary
conditions. In the limit of the continuous Fourier ex-
pansion, Eqs. (1)-(3) are physically equivalent to these
models. This technical choice of the Fourier representa-
tion is well suited to study mechanisms involving fre-
quency generation since it allows a fine control of the ini-
tial spectrum and a precise tracking of each frequency.

For computational reasons, the laser field is expanded
as a finite sequence of discrete Fourier modes rather than
a continuous Fourier expansion. Therefore, the whole
model, Eqs. (1)-(3), in periodic with a period Nkt,
which implies that the minimal distance between two
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pansion variable for a perturbation theory which investi-
gates the first nonlinear orders of the multifrequency
mechanisms. This third-order computation provides an
eAective interaction between laser frequencies and it
gives the appearance of a N field theory to the nonlinear
Schrodinger equation governing the laser dynamics. Al-
though the EI expansion is more suitable than the z ex-
pansion, it is also much more involved and detailed ca-
culations and results will be presented in a forthcoming
paper. The EI expansion indicates that the DFG scheme
is not a generation of the sideband since it is not related
with synchrotron movements.

These perturbative expansions establish the existence
of a mechanism able to generate new frequencies. Our
full calculation of the third-order terms in the E~ expan-
sion is a generalization of the analysis developed in Ref.
4 since (i) we do not suppose that ro, and cof are close to-
gether and (ii) we compute the evolution of frequencies
possibly diferent from m, and mf. So, it must be noted
that, if the third perturbation order leads to saturation
and to MC between co, and mf, it is also responsible for
the DFG and for the generation of new frequencies. The
understanding of basic mechanisms, such as the DFG,
allows us to control the FEL dynamics. For example, by
l ~ the laser energy at saturation decreases,lowering ~, e
which inhibits the sideband generation. Then, this res-
trains the spectrum broadening since the DFG depends
on the energy level of the fundamental mode and its side-
band. The DFG processes are a complementary inter-
pretation to the usual assumption of additional second-
order sidebands to justify the expected transition from
chaotic to nonchaotic spectra when cavity losses increase.

The above basic nonlinear mechanism has been estab-
lished from perturbative expansions for the particular

case of a Compton FEL. A diff'erent approach exhibits a
similar instability for a two-frequency system in the Ra-
man re ime ' More generally, these nonlinear cou-
plings belong to a large class of mechanisms where an
electron beam is self-consistently coupled with strong
electromagnetic fields. It is the case for the interaction
of Langmuir waves with electrons in a one-dimensiona
plasma or for the intermodulation mechanism in
traveling-wave-tube amplifiers.

Computer simulations allow us to gain some insight
into the further nonlinear evolution of these new fre-
quencies for long interaction times. We use the average
parameters of the experiment, '' where an e%ciency of
4% is obtained for a 10-pm laser wavelength, with elec-
tron pulses characterized by an energy E,~„==0.06 J and
a 10-ps pulse duration. The average current (cavity loss
factor) is roughly J, =200 A (Q =20). The simulations
presented in Figs. 3 and 4 assume diferent values of J,
and Q in the CBL approach. Figure 3 shows different
asymptotic evolutions which converge toward an average
equilibrium. A low current [Fig. 3(a)] leads to a narrow
spectrum. For a high current [Fig. 3(b)], the spectrum
is more complicated since the energy of a single frequen-
cy follows large oscillations. This is essentially due to
the stochasticlike behavior of the electronic trajectories

th ponderomotive wells created by the diferent fre-
tralquencies. Nevertheless, the main features of the spectra

dynamics, such as the total laser energy E& or the rela-
tive spectral width Z=((k ) —(k) ) '1/kL, are stable.
Simulations show that at saturation the spectrum exhib-
its a width X which increases with the electronic current
J, and the cavity quality factor Q.

As no long-pulse high-power FEL experimental data
are presently available, we test the relevance of the CBL
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FIG. 3. Plot of the energy per mode, to illustrate the transi-
tion between narrow and broad spectra depending on the elec-
tronic current J, for Q =25. In (a) [(b)] the eKciency is 1.8%
[4.4%] for a current of J, =125 A [J,=350 A].

micropulse number
FlG. 4. The ratio p of the extracted e%ciency to the relative

width for different values of the electronic current J, and the
cavity losses Q.
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model results with the short-pulse experiment. ' ' Accu-
rate comparisons would require some phenomenological
lowering of the Q factor to take into account the varia-
tion of the longitudinal overlap 6 between the laser and
electron beams (the CBL model assumes 6 = I ).
Indeed, in a Anite-pulse FEL experiment, the spectral
width can be controlled by the slippage eAects and the
optical cavity detuning'' since the interaction time de-
pends on the longitudinal overlap 0 between the two
beams. In the CBL, an equivalent control is performed
by means of the optical-cavity quality factor Q because
the average number of round-trips for a photon is pro-
portional to Q.

Nevertheless, the pertinence of the CBL approach to
investigate basic behaviors of the asymptotic spectral
equilibrium in high-power FEL experiments can be es-
tablished by the following result. Figure 4 shows that
the saturation is characterized by a constant ratio
p =Et/ZQE, ~„(i.e., the ratio of the extracted efficiency
to the relative width) which is almost independent of Q
and J„and hence E,~„. Such a behavior does not occur
in monofrequency simulations. For diff'erent values of J,
and Q, we get a predicted constant ratio p=0.7, which is
in agreement with the experiment. '' Indeed, when 6 is
maximized, the measured width is large (about 5%) for
an efticiency of 4%, leading to a ratio of p=0.8.

In summary, we have investigated the CBL of a
Compton FEL. Numerical simulations and perturbation
expansions have proved the startup of an instability of
the laser spectrum from a two-frequency initial condi-
tion. Then, because the sideband eAect generates such a
two-frequency spectrum, a realistic FEL simulation can

present a very broad spectrum depending upon the elec-
tronic current, the cavity losses, and so on. An analysis
of the asymptotic behavior of the spectrum is proposed
from computer simulations with a large number of
round-trips. These full simulations illustrate that the
DFG can overcome the MC and lead ultimately to a
spectrum broadening. Some important numerical pre-
dictions, such as the fact that the laser energy is distri-
buted on a stable plateau, lead to challenging questions
for long-pulse high-power future experiments.
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