
VOLUME 66, NUMBER 23 PHYSICAL REVIEW LETTERS 10 JUNE 1991

Convergence of Cross Sections to Their Peripheral (Born) Limit
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The electron-ion complex formed in a collision is treated by eigenchannel R-matrix and multichannel
quantum-defect methods. Convergence of the results to the limit of peripheral collisions where the Born
approximation holds is displayed. Cascade eff'ects are included quantitatively. Extensive results of elec-
tron collisions with alkaline-earth ions are illustrated here by the prototype e+ Mg+.

PACS numbers: 34.80.Kw, 34. 10.+x, 34.50.Fa, 34.90.+q

DifII'erent treatments are appropriate to collisions with
large and small impact parameters. Projectile and target
remain distinct in peripheral (or grazing) collisions but
form a joint collision complex when their structures
intermingle. An earlier paper has indicated how to com-
bine treatments appropriate to large- and short-range
collisions. Contributions of the two types to a specific
experiment have also been sorted out. We deal specifi-
cally with electron-ion collisions but the transition from
complex-forming to peripheral processes occurs similarly
in nuclear and particle collisions. " In the example of
nuclear scattering two types of peripheral mechanisms
may occur, the "Coulomb interaction" outside the bar-
rier and the long-range meson exchange within 1-2 fm;
the "nonlocal quark interaction" within a fraction of 1

fm implies a complex formation and is more dificult to
treat than in atomic collisions. The question addressed
here is how to demonstrate the boundary between
complex-forming and peripheral collisions.

Peripheral treatments can be applied to low partial
waves readily, regardless of their becoming grossly un-
realistic. Treatments of complex-forming collisions can

extend to higher partial waves thus becoming increasing-
ly laborious. We compare here results of both treat-
ments proceeding from low to higher partial waves.
Their convergence in Fig. 1 will show graphically at
what point an additional treatment of the collision com-
plex has become superAuous. This graphical approach
appears equally applicable in other fields; a suitable plot
of experimental data might replace the calculation of
complex-forming collisions in the absence of adequate
theory.

Calculations of atomic and molecular systems have
progressed steadily and laboriously in past decades. A
combination of R-matrix and multichannel quantum-de-
fect (MQDT) procedures has recently proved more
efficient and more accurate for the study of atomic spec-
tra. The same combination is extended here to col-
lisions for the first time and reveals extensive details of
the complex formation.

We have chosen the low-energy (s; $13 ev) electron-
ion collision for this study, where major correlations be-
tween projectile and target electrons occur and a tem-
porary collision complex is formed.
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FIG. 1. Dimensionless Coulomb-Born collision strengths rica (dashed lines) and —, gs Q s' (solid lines) from the R matrix with

MQDT for Mg+(3s 3p). Note the discrepancies at low L and the convergence of Op( to —,
' gs OLs at L =7. The abscissa is the

incident energy in a.u. here and in the following figures.
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K=JI (3)

with diagonalized form

KJ =gU;, tan(xp, )U~, . (4)

Numerical diagonalization of Eq. (3) provides the
MQDT parameters fU;„tanp J, namely, the eigenvectors
and eigenvalues of the K matrix which generally depend
smoothly on the energy and serve also to predict observ-
ables such as the photoionization cross section.

The scattering matrix S and the transition matrix T

This combination allows a systematic treatment of the
prominent series of double-excitation states of the com-
plex, which afford valuable and rich structure informa-
tion about the complex, and applies as well to other pro-
cesses such as dielectronic recombination. Although
fragmentary evidence of such double-excitation series
had emerged in earlier experiments' " and calcula-
tions, ' ' application of MQDT is particularly apt to
bring out their extensive details.

To evaluate a collision cross section requires, in princi-
ple, an infinite number of partial waves. However, no
elaborate treatment is needed for the contributions from
high partial waves (here L )7) for which the projectile
remains peripheral, failing to correlate with target elec-
trons. These contributions may be provided adequately
by a Born approximation. The main goal of this paper is
to display the convergence of R-matrix results to those of
the Coulomb-Born approximation.

Electron collisions with monovalent ions (Be+, Mg+,
Ca+ ) have been chosen for this study as the counterpart
to the two-electron spectroscopy of alkaline-earth ions.
This paper deals only with the electron-impact excitation
of Mg+, with emphasis on the first optical resonance
transition in the target ion Mg+(3s~ 3p).

The R-matrix method, discussed in detail elsewhere,
determines the wave function yp variationally on the sur-
face of a reaction volume V. The yp are eigenstates of
the Hamiltonian at any desired energy with a constant
normal logarithmic derivative b~ over the surface S that
encloses V. Outside this volume, the field is Coulombic
and the escaping electronic wave function can be repre-
sented as a superposition of regular and irregular en-
ergy-normalized Coulomb wave functions f and g by
projecting yp onto alternative states p; of the residual ion
on S'.

(P ~ yp)s =f((rp)I;p g;(rp) J;p,

bp(y; I yp&s =f—(rp)I;p g(r p)J,p, —

where i =1,2, . . . , N. Here N is the number of open or
weakly closed channels external to S, and p; includes the
spin and orbital couplings of the escaping electron. The
matrix elements I;p and J~p are determined by Eqs. (1)
and (2) and form the N x N reaction matrix
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FIG. 2. Dimensionless collision strengths 0 for
Mg+(3s 3p 'P'). The small vertical lines in the figures in-
dicate the excitation thresholds of Mg+.

are evaluated as

n ~(' f)
(2S;+1)(2L;+1) (6)

The dimensionless collision strength, for each set of total
angular momenta and parity (LSn'), is

0 (i f) =g —,
' (2L+1)(2S+1)~T ~

(7)
I;,lf

with the summation extending over the projectile s orbit-
als.

The LS-coupling scheme is adopted in our R-matrix
calculation. The energy range to be treated and the
channels (nl, d') retained in the R-matrix calculation
dictate the radius of the reaction volume. We have uti-
lized a radius of ra=31 a.u. , beyond which the wave
function is negligible for all (nl) target states of present
interest. The number of (nl, d') channels included in the
calculation ranged from 13 to 20. Thereby each I or J
matrix, for each set (LSD) and each incident energy,
consists of 170 to 400 elements.

Double excitations of the electron-target complex re-
sult by transient capture of the projectile electron within
an excited target ion. These resonances form prominent
infinite series, converging to the excitation thresholds of

j,+i K
1-iK' '

where K, according to MQDT, is the open-channel por-
tion of the original K, obtained by eliminating all the
closed channels as in Eq. (6.29) of Ref. 6. This elimina-
tion is equivalent to summing over the effects of an
infinite number of discrete states in the closed channels.

The total inelastic cross section for an unpolarized col-
lision results by averaging over initial and summing over
final magnetic states of the angular and spin angular mo-
menta and by integrating over angles (in a.u. ):
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TABLE I. Double excitation energies (in eV) [above the
ground state Mg(3s')].

States 'P

4s 4p
4s 5p
4s 6p
4s 7p
4s 8p
4s 9p

4s 10p

Expt. "

14.18
15.24
15.61
15.83
15.98
16.06
16.11

Present work

14.17
15.23
15.61
15.83
15.99
16.07
16.10

22

C4

& is (cj—

(b)

'"References 15 and 16.

Mg+, in plots of the collision strength II (i f) for
each set of (LStt) The. y lie at series of zeros of the
MQDT determinant

~ U,', (e)sin [p; (e) + trp,'(e) ]
~
=0,

with (U,'„p;,p,') from Ref. 7. Figure 2 shows the col-
lision strength for Mg+(3s 3p P').

Some of the resonance series are identified in Fig. 2.
Quantum-defect parameters determine the energies of
resonances converging to each threshold for excitation of
a target level. Classification of individual resonances is,
however, complicated by channel interactions. Table I
compares the calculated and observed levels of nscp reso-
nances in Mg.

In Fig. 3 curve a compares the total cross section for
Mg+(3s 3p) by summing the collision strengths in

Eq. (6) up to L =7 with the experimental Auorescence
cross section. ' This cross section falls below the experi-
mental results with increasing energy, but matching of
experimental data is achieved by adding contributions
from partial waves with L & 7 and from optical cascades
from higher levels, included in curve c.

Higher partial waves (L & 7) contribute substantially
to optical excitations of target ions because of the slow
convergence of the dipole interactions. The Coulomb-
Born approximation' was utilized to calculate the reac-
tion matrix K for L & 7 and hence the collision
strengths A. Figure 1 compares Aca and —,

' gs ft for
L ~ 7. The convergence of ApB to values generated by
the R matrix with MQDT at L =7 guarantees that the
contributions from L & 7 are provided adequately by
Coulomb-Born values. We have evaluated Apq for L
from 8 to 20; a cross section including these high
partial-wave contributions is shown as curve b in Fig. 3.

The calculated R matrices of each set (LStr) contain
cross-section information for aII transitions between tar-
get states accessible in our energy range. We have ex-
tracted such cross sections readily for several optically
forbidden and allowed excitations of the targets, specifi-
cally, a(3s 3d), cr(3s 4s), and tT(3s 4p), all of
which contribute to the resonance emission by cascade.
Curve c in Fig. 3 is the corresponding emission cross sec-
tion after inclusion of the cascade eA'ects and of the high
partial waves.

Angular distributions of the scattered electrons, par-
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FIG. 3. Total photoemission cross section of Mg+(3p 3s)
in tran Da. shed lines are, curve a, results from the R matrix
and MQDT only; curve b, results including high partial waves
(L & 7) averaged over a Gaussian of width 0.15 eV, to smooth
out most of the resonance structures so that the figure appears
uncluttered; solid line, curve c, includes both high partial waves
and cascade eAects without Gaussian average and displays the
detailed resonances; open circles, experiments of Ref. 10.
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The present work has shown (a) the successful
description of a complicated e+ ion complex by a com-
bination of the eigenchannel R matrix with MQDT and
(b) its quantitative convergence to the peripheral (Born)
limit. This approach not only gives good agreement with
theoretical and experimental cross sections, but affords
rich and detailed information on the structures of the
collision complex as well as on other processes such as
dielectronic recombination.
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