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Dynamics of Vortices in Underdamped Josephson-Junction Arrays
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Vortex motion has been studied for the first time in high-quality, highly underdamped, two-

dimensional Josephson-junction arrays, with normal-state junction resistances ranging from 43 0 to 48
kD. Strong similarity is found with the dynamics of the phase in single junctions, e.g. , vortices with

mass moving in the spatially periodic washboard potential of the 2D array. High-resistance arrays show

resistance below 35 mK due to either thermally activated depinning or quantum fluctuations.

PACS numbers: 74.50.+r, 74.60.6e, 74.60.Jg

Fabricated two-dimensional Josephson-junction arrays
are model systems for the study of vortex motion in 2D
superconductors, where parameters are well known and
can be varied over orders of magnitude. So far, experi-
mental studies of arrays have been concentrated on over-
damped junctions and viscous vortex flow. Vortex dy-
namics in systems with low dissipation is very interesting
from a theoretical point of view, and its understanding
may be very relevant for the interpretation of experimen-
tal data on high-resistance superconducting films. The-
oretical predictions have been made for the quantum be-
havior of vortices, ' ballistic motion, ' and Aharonov-
Casher oscillations of quantum vortices moving in a ring
around charge. Superconductor-insulator transitions
occur as a function of the ratio of charging energy versus
Josephson coupling energy, and as a function of mag-
netic field. Vortex dynamics near those transitions are
of special interest. In this paper we present the first ex-
perimental data on vortices in arrays of high-quality
strongly underdamped aluminum tunnel junctions, which
we see as the necessary first steps towards studies of the
fascinating predicted effects. We find that the whole pic-
ture of vortex motion in the array is closely analogous to
the dynamics of the phase in single underdamped
Josephson junctions.

In underdamped arrays, the junction capacitance leads
to a mass term in the equation of motion. A vortex mov-

ing with velocity u produces a voltage across a junction
V = (@p/2tr)p, where @o is the flux quantum and p is the
phase difference with a time rate of change proportional
to u. The sum of the charging energies 2 CV, where C
is the junction capacitance, can be viewed as a kinetic-
energy term. It is proportional to u, which defines the
effective vortex mass M, In a quasistatic approach,
one finds' M, , =(&o/2tr) C/2. In this form, M, , is con-
nected with the velocity normalized to p/2tr, with p the
lattice constant. In junction arrays vortices move in a
two-dimensional periodic potential with energy minima
in the center of each unit cell. To move from one cell to
the next in a square array, the vortex has to overcome an
energy barrier" Ub„=0.2EJ(T), where EJ (T) is the

Josephson coupling energy, EJ(T) =@Oi,o(T)/2tr with
i;0 the intrinsic junction critical current. The equation of
motion for a single vortex moving along a row of cells in
an infinite square array can be written as

iM;, x+ gx =EJ(T) jO. I sinx+i/i, oj .

Here, x is the position normalized by p/2tr, i the applied
transport junction current in the direction perpendicular
to x, and ri the viscosity given ' by ri=(@0/2tt) /2r„
with r, the effective damping resistance. In Eq. (1), the
periodic array potential in modeled with a cosine func-
tion, which is a good approximation. ' There is a direct
analogy between the motion of a vortex in an array and
the dynamics of a single Josephson junction. Equation
(1) also holds for the time dependence of P in the resis-
tively and capacitively shunted junction model for a
junction with critical current O. li, o, a capacitance C/2,
and a shunt resistance 2r, . In analogy with single junc-
tions, we define a McCumber parameter for vortices P, ,
=0.4tti, or, C/@0 and a plasma frequency cop, , =(0 4tti, o/.

C C) 1/2

Samples contain high-quality all-aluminum Josephson
tunnel junctions made with a shadow-evaporation tech-
nique. Different junction normal-state resistances r„are
obtained by varying the oxidation pressure. Junctions
are arranged in a square network. Arrays have a length
L of 300 unit cells and a width 8' of 100 unit cells, or
have L =200 and &=40. The intrinsic array critical
current 1,0(T) is I,o(T) =(W'+1)i,o(T), where , t(T0)
is given by the Ambegaokar-Baratoff value with a criti-
cal temperature T, =1.25 K. At T=O, i,or„=300 pV.
The area of the elementary cell p =49 pm and the
junction area is about 0.7 or 1.4 pm . The Josephson
coupling energy is dominant over the charging energy
E, =e /2C.

Experiments are performed in a dilution refrigerator
inside Mumetal and lead magnetic shields. Small per-
pendicular magnetic fields can be applied by two coils of
superconducting wire, placed in a Helmholtz config-
uration. The applied field is given as the frustration f,
the flux per unit cell divided by +0. Electrical signals
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from low-resistance samples (r„& 1 kQ) are filtered
only at room temperature, whereas for high-r„samples
additional filtering is applied in the mixing chamber in
the low-temperature environment. An independent esti-
mate of the capacitance of the 0.7-pm junctions is ob-
tained from the Coulomb gap of high-resistance samples,
measured in a magnetic field of 2 T at a temperature of
10 mK. We find C = 80 fF. We assume C = 160 fF for
the 1.4-pm junctions. At T =0, the eAective Aux

penetration depth varies from 5p for samples with
r„=43 0 to 2500p for samples with r„=20 kQ.

In zero magnetic field, we only observe hysteretic step-
like increases of the voltage. ' At each step the voltage
jumps by the gap value of 2A/e (=382 pV) or multiples
of that value. Related behavior was seen in 2D arrays of
niobium tunnel junctions. ' Each step corresponds to lo-
calized collective switching into the dissipative state of
one cross row of junctions. In the following, we denote
this process of steplike increases as single-row switching.
In nonzero magnetic fields, we do observe Aux-Aow be-
havior in a limited current-voltage window. There is a
depinning current (Id,~) which for low-resistance sam-
ples (r„& 110 D) is nearly equal to the value of 0.1I,o as
predicted from Eq. (1). High-resistance samples have
Id p & 0 1I,o. For high voltages, single-row switching
occurs, initiated by vortices which move with their max-
imum velocity, In long Josephson junctions, the max-
imum vortex velocity is determined by the phase velocity
of propagating electromagnetic waves. Similar behavior
is expected in 2D arrays. ' For f & 0.15, the maximum
velocity in our low-resistance samples is in good agree-
ment with the calculations of Ref. 15; for high-resistance
samples the switching occurs at much lower voltages
than predicted. More details on this will be published in

a subsequent paper. Further, there is an entry field for
vortices. When &=100, for f &0.02 we only observe
single-row switching. In previous measurements, ' we
found that for an array with 8'=63 the energy barriers
at the edge disappear at f= 0.02.

We have performed measurements on eight diff'erent

arrays, with r„ranging from 43 0 to 48 kQ. We con-
centrate on the Aux-Aow behavior at low temperatures
(T & 700 mK) and small magnetic fields (f & 0.2). We
first discuss the results for low-resistance samples with
r„(200 0 and show in particular the measurements for
sample A which has r„=80 0 and C =160 fF. In Fig. 1,
current-voltage I-V characteristics are given, measured
for f=0.1 at T =640 and 10 mK. At these tempera-
tures, I,o is 335 and 379 pA.

At T =640 mK, the voltage is zero within measuring
accuracy for I(32 pA. For V & 150 p V the voltage is
almost linear in I. We call this the Aux-flow regime.
The extrapolation of the I-V curve in this regime inter-
sects the V=O axis at about 40 pA. We choose the de-
pinning current Id, p as the current for which V =2 p V.
For sample A at 640 mK, we find Id, p

=33 pA, which is

50-
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30-

20-
-0.2 0 ( 0.2

().1I,o as expected from Eq. (1). The depinning current
is almost constant in the range 0. 1 &f&0.2. We have
measured the slope of the I Vcharacteris-tie (dV/dI) in

the Aux-Aow regime as a function of f For T =. 640 mK
the result is shown in the inset of Fig. 1. For 0.03
&f &0.2 the resistance is linear in f Flux-Ao. w resis-

tance in junction arrays has been calculated in a
Bardeen-Stephen-like treatment, giving Rtr = (I./W)
xf2r, . From the inset in Fig. 1, we find r, =1.3r„.

For the curve measured at 10 mK the voltage switches
to a finite value and becomes hysteretic. This hysteresis
is found for temperatures T (0.5 K and is very diAerent
from the hysteresis associated with single-row switching
to the gap voltage, which appears at much higher volt-
ages and currents. The current where the array jumps to
the V&0 state is 0.0851,0. The dynamic resistance is
again linear in f for 0.03 &f &0.2. From the slope of
the r(f) plot we find that r, =1.2r„. For this array,
p, , =2.3 when r, is taken to be r„. We did not find hys-
teresis at low voltages for an array with r„=43 0„
whereas clear hystersis was observed for another array
with r„=80 0 and an array with r„=110Q. The junc-
tion capacitance is 160 fF for these arrays and p, , (r„) is
1.3, 2.3, and 3.2, respectively. At f=0.15 and T=10
mK, the ratio Id,~/I, o is 0.10 for the 43-0 sample, 0.105
for the 80-A sample, and 0.09 for the 110-0 sample.
When in the flux-Aow regime the dynamic resistance of
these arrays is measured as a function of f, it increases
again linearly with f for small f and we find values of r,
close to r„.

Summarizing our experimental results on the low-
resistance samples, we find that there are striking simi-
larities with single underdamped shunted junctions. For
values of p, , above 1 we observe hysteresis in the IV-

V (mV)

FIG. 1. Current-voltage characteristic of sample A, mea-
sured in a magnetic field of f=O. l at a temperature of 640 mK
(upper curve) and at T=10 mK (lower curve). Inset: The dy-
namic resistance dV/dl vs frustration. The dynamic resistance
has been measured with a lock-in technique, Ib;„=60 pA,
J„,=l pA.
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FIG. 2. Current-voltage characteristic of sample B, mea-

sured at f=0.15 and T =10 mK, showing the definition of the
depinning current with the 2-pV criterion. Inset: The ratio of
the array depinning current to the array critical current as a
function of the junction normal-state resistance. The depin-
ning current is obtained from I Vcurves measured a-t f=0.15
and T =10 mK. The circles give the results for samples, which
have C =80 fF, and the squares the ones for the other samples
with C=160 fF. The dashed and solid line present retrapping
currents calculated in analogy with single-junction McCumber
theory for C =80 and 160 fF, respectively.

characteristic. The hysteresis is due to the inertial mass
of vortices, which escape out of the wells of the periodic
lattice potential. We observe Aux-Aow behavior above a
depinning current close to the intrinsic value of 0.1I,O.

The shape of the I-V characteristic does not fully corre-
spond to the result for a single shunted Josephson junc-
tion. It rather resembles the I-V of a single supercon-
ducting microbridge. We see an off'set of the asymptote
in the positive current direction ("excess current"). This
may indicate that treating the vortex as a more or less
rigid object in a sinusoidal potential is an oversim-
plification. Flux-Aow measurements indicate that the
effective damping resistance is of the order of r„. This
may be due to the fact that the plasma frequency of the
single junctions is close to the gap frequency.

We now consider the measurements on the high-
resistance samples. We discuss data of sample 8, which
has r„=20.6 kA and C=160 fF. At 10 mK, I,o is 1.47
pA. A typical example of a low-temperature I- V
characteristic is shown in Fig. 2. The curve is taken at
f=0.15. For all three samples which have r„& 10 kQ, a
finite resistance is observed around zero current in a
magnetic field. For sample 8, this zero-bias resistance is
33 A. In Fig. 2 at about 5 nA, the resistance starts to
increase. For high currents dV/dI is 2 kQ. We find
that Id, ~

=7 nA, and Iq,~/I, o =0.005. In the inset of Fig.
2, we have plotted Id,~/I, p, obtained from I Vcharac--
teristics at f=0.15 and T=10 mK, as a function of r„.
Clearly, a systematic decrease of this ratio is found with
increasing r„. We have measured the zero-bias resis-

tance and dV/dI at 14 nA with a lock-in technique as a
function of T. At T=400 mK, the two resistances are
equal. With decreasing temperature, the zero-bias resis-
tance decreases exponentially, but at 35 mK the resis-
tance levels off at the value of 33 A. In contrast, the dy-
namic resistance at 14 nA, is almost temperature in-
dependent up to 400 nK. As a function of f, the resis-
tance at 14 nA increases linearly with f for 0.03
&f & 0.2. From the R(f) slope, we find r, =O. 1 r„.

At low temperatures and for small fields (independent
vortex motion), the array resistance can be written as
R =L@of/i(At), where (At) is the average time for
crossing the whole array. At low current levels, pinning
is dominant and (At) is limited by the escape time out of
the periodic potential. The escape can be due to thermal
activation (TA) over the barrier or to macroscopic quan-
tum tunneling (MQT). After one escape, a vortex can
be retrapped in the next well. In this vortex-creep re-
gime (At) = W/I, where I" is the net rate for escape out
of a well. Using the analogy with single junctions, we
have calculated the escape rates for TA and MQT in the
moderate to strongly underdamped limit. ' TA can ex-
plain the zero-bias resistance of sample 8, if we assume
r, in the order of r„. To explain the leveling off below 35
mK an effective noise temperature of 35 mK has to be
assumed. However, in our high-resistance arrays the
vortex plasma frequency is at least 1 order of magnitude
smaller than the gap frequency of the single junctions.
Therefore, one could argue that r, should be determined
by the subgap resistance. If we take r, =1000r„no
reasonable fit can be made. For r, =r„, MQT predicts a
zero-bias resistance at T=10 mK, which is a factor 4
larger than the experimentally observed value. With
r, =1000r„, the MQT prediction is different by a factor
7. Considering the uncertainties in M, , and C, which ap-
pear in the exponent of the MQT rate, we cannot ex-
clude the possibility of vortex MQT. In the absence of
quantitative theoretical predictions, we cannot distin-
guish between TA and MQT, although it seems more
likely that we are dealing with TA as the barrier height
corresponds to a temperature of 70 mK.

At higher currents, the periodic potential is tilted so
far that after escaping, vortices keep moving over the
next and subsequent barriers (running state). Again we
have to distinguish between TA and MQT. In the case
of TA the resistance increases sharply when the vortex is
no longer retrapped in the next well. In the I-V charac-
teristic the transition from low-creep resistance to high
Aux-Aow resistance at this retrapping current looks very
similar to depinning at the critical current but has a very
different physical background. Also in single junctions,
the role of the retrapping current as the apparent critical
current has been observed. ' For vortices, we calculate
Id p as the retrapping current in analogy with single-
junction McCumber theory. Taking r, =r„, the calculat-
ed values are close to the measured ones (inset in Fig. 2).
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When vortices escape by MQT without energy loss, the
"depinning" current can be estimated as the current
which has tilted the periodic potential so far that the
ground level of the oscillation in the well Eo= p Ao)~ „
lies at the same energy as the next barrier (3@pi/2
=0.2EJ —Ep). For high-resistance arrays, the calculat-
ed values lie within a factor of 2 of the measured ones.

The ffux-flow resistance, determined to be around 14
nA for sample 7, is almost independent of temperature
up to 400 mK. The value is remarkably low, around
O. lr„. As the barrier energy 0.2EJ is about 70 mK, the
escape probability above 150 mK is very close to 1. So
apparently vortices experience damping stronger than
that corresponding to r„. This observation seems to indi-
cate that vortices can lose energy in a way diff'erent from
Ohmic dissipation. Probably, energy is left in functions
oscillating at their plasma frequency in the wake of the
vortex.

In conclusion, we have reported on vortex motion in
semiclassical underdamped Josephson-junction arrays.
We have found that new and interesting phenomena
occur which demonstrate, for the first time, the impor-
tance of the vortex mass in determining the dynamics of
vortices. We have observed vortex creep, retrapping, as
well as a running state of vortices and possible quantum
fluctuations in the position of the vortex.
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