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Traveling-Wave States in Deep-Groove Directional Solidification
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We observe asymmetric cells with deep grooves in directional solidification of a nearly pure material.
These cells propagate laterally in direction determined by the sign of their asymmetry. Measurements of
their phase speed and asymmetry agree qualitatively with current theories. We observe spatiotemporal
dislocations and identify them with either lateral boundaries or crystal grain boundaries. At higher
solidification speeds, we also observe periodic shape oscillations coherent over many cells.

PACS numbers: 81.30.Fb, 05.70.Ln, 61.50.Cj

Recently, there have been reports of exciting dynami-
cal behavior in one-dimensional pattern-forming systems
such as directional growth of both liquid crystals' and
lamellar eutectics, as well as directional viscous finger-
ing. In addition, there are new theories to describe this
behavior. In these systems, traveling waves (TW)
composed of asymmetric cells are superimposed on a sta-
tionary one-dimensional periodic pattern of reflection-
symmetric cells. Also characteristic of this behavior is
the presence of spatiotemporal dislocations: sources and
sinks in the pattern's phase. In contrast to previous ob-
servations' of localized inclusions of TW states, we re-
port here the first observation of steady-state traveling
waves and corresponding asymmetric cells with deep
grooves over the entire pattern. This behavior requires
sustained phase sources and sinks that we also observe.
We present evidence that sinks are related to the liquid-
glass-solid contact angle at the lateral edges of the cellu-
lar array and the source is near a grain boundary in the
original seed crystal. In addition, we measure both the
phase speed of the traveling state and the asymmetry of
the individual cells and find qualitative agreement with
predictions.

Coullet, Goldstein, and Gunaratne argue that a one-
dimensional stationary periodic pattern where the indi-
vidual repeat units have reliection symmetry (even pari-
ty) may undergo a subcritical bifurcation to a dynamical
parity-broken state. The time dependence arises be-
cause asymmetric cells propagate along the direction of
periodicity (x) with a phase speed v& proportional to
their asymmetry A; thus asymmetry dictates the direc-
tion of motion (or vice versa). They also attribute spa-
tiotemporal dislocations to "kinks" in A(x), where large
phase gradients force the amplitude of the underlying
symmetric pattern to zero. Independently, Levine, Rap-
pel, and Riecke find that if the undistorted state is un-
stable to perturbations of wave number q as well as 2q,
there exist asymmetric TW states where again asym-
metry dictates the propagation direction.

We studied the interface between the liquid and solid
phases of succinonitrile, purified by sublimation and con-
densation onto a cold finger. While the amount and na-
ture of the remaining impurity is not known, the width of

the two-phase region is 4.0 K. The purified material is
vacuum loaded into 0.10X 1.0x 50-mm rectangular glass
capillaries that are then sealed at both ends. The succi-
nonitrile, loaded as a liquid, is allowed to freeze freely
when the capillary is removed from the vacuum oven, re-
sulting in a multigrain crystal. In these experiments, we
do not remove grain boundaries' from the seed crystal
from which directional solidification begins. The capil-
lary is then sandwiched between two glass cover slips and
a thin layer of microscope immersion oil is introduced
between the capillary and the cover slips to enhance heat
transport and enable observation of the liquid-solid-glass
contact point.

The loaded capillary is placed in an automated, high-
resolution directional solidification stage. '' In this ap-
paratus, a temperature gradient G (70 K/cm) is created
along the capillary axis by placing it across two temper-
ature-regu'. ated surfaces separated by a 4-mm air gap.
The temperatures are chosen so that the solid-liquid in-
terface lies in the gap and the desired temperature gra-
dient is realized. The material is solidified by pulling the
capillary at speed v, antiparallel to G. The whole ap-
paratus is mounted on the stage of a microscope so that
the solid-liquid interface may be directly viewed as well
as recorded on videotape for later analysis. Simultane-
ously, one video line, perpendicular to the pulling direc-
tion and intersecting cell grooves, is digitized at fixed in-
tervals, and then replotted sequentially to give an "x-t"
picture of the pattern's evolution (Fig. 1).

When the pulling speed exceeds a critical value v,
(= 2.0 pm/s), the planar interface undergoes a morpho-
logical transition to an array of cells separated by deep
grooves of liquid (Fig. 2). Since we never observe
steady-state small-amplitude cells, this transition is likely
an inverted bifurcation. Furthermore, the cellular insta-
bility nucleates and grows from crystal grain boundaries
that intersect the interface. This also indicates an invert-
ed bifurcation. In addition, there are predictions that
grain boundaries force an imperfect planar-cellular bi-
furcation. '

The experiments we report here were performed with
the same seed crystal, which had a grain boundary inter-
secting the interface 0.3 mm from one sidewall of the
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FIG. 2. Binarized photograph of a cellular array. The cells
are propagating in the direction they are leaning. Near the
center, a cell is undergoing fission. Near the left edge, the cell
tip has dropped back somewhat from its neighbors and will
soon disappear. o =3 pm/s.

cell death fission

FIG. l x-t picture of evolution to the TW state showing the
onset of TW states and spatiotemporal dislocations. t. =5

pm/s.

capillary. After solidification begins at v & v„we first
observe a change in the solid-liquid-glass contact angle
at the lateral edges of the capillary. The contact angle
at v =0 is about 60' with the liquid wetting the glass.
When v&0, the liquid wets much better and the contact
angle becomes immeasurably small. There is a thin lay-
er of liquid between the solid and the glass that can be
thought of as an intrinsic groove similar to those between
cells.

The grain boundary near the middle of the cell opens
and a groove of liquid penetrates it. This is the single
dark line near the center of Fig. 1. Eventually, the pla-
nar interface becomes unstable and ripens into fully
developed cells with deep grooves between them. '

These grooves are the array of dark lines that begin after
the grain boundary opens in Fig. 1. The lines originate
at the grain boundary; this is the nucleation referred to
earlier. When the cellular array is fully established, the
cell widths are narrow and fairly regular. The individual
cells are also almost exactly symmetric in shape. From
onset though, cells begin disappearing at the lateral
edges. The first groove out from both sidewalls simply
moves closer to the wall until the bracketed cell becomes
too narrow to survive and disappears via the well-known
cell-death' ' scenario. In Fig. 1, these are the dark
lines ending at the visible lateral edge; the other edge is
not visible, but the grooves there suffer the same fate.
There is thus one less groove near the edge, and, further-
more, the groove that was originally the second from the

edge migrates towards the wall, and the process repeats.
In Fig. 1, although the grooves near the edges are ini-

tially parallel to the lateral wall, they begin to tilt to-
wards the walls as cells die there. The effect is to in-
crease the cell widths, especially of those nearer the
edges. Eventually a cell becomes too wide to be stable;
i.e., its tip becomes so Oat that it is subject to the same
instability as the original planar interface. The result is
a shape instability of an individual cell. This instability
can have two outcomes: (a) If the depression of the cell
tip is close enough to the center of the cell, "fission" ''
(tip splitting) occurs and two new cells result from one,
or (h) if the depression is closer to the cell groove, it
temporarily grows but soon dies and moves back along
the groove; we have termed this a "mitten" instability. ''
If mittening occurs, the cell width is not adjusted, and
eventually fission must happen. In Fig. 1, fission is a new
line appearing and remaining while mittening is a new
line that disappears into one of its neighbors. In fission,
the two new cells, originally narrower than their neigh-
bors, widen to become indistinguishable from them. The
cellular array attains a steady state, where the number of
cells dying at the edges is balanced by the number being
created by fission near the center.

An important feature of the dynamics in Fig. 1 is that
it is mediated by cells created near the center traveling
to the edges. The grooves have nonzero slope in the x-t
plane which is the signature of a traveling wave (TW).
This is the first observation of TW waves in directional
solidification where cells have deep grooves as well as the
first observation of traveling waves spanning the entire
breadth of the pattern.

A feature of this dynamics not discernible from x-t
pictures is the asymmetry of the TW cell tips. Figure 2
is a binarized image of the cellular array. The cells have
a dramatic "lean" to one side; one aspect of this lean is a
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FIG. 3. Phase speed v& (s) and asymmetry A (0) as a func-

tion of pulling speed v. The best-fit straight lines are overlaid
for both.

~ v&~ extrapolates to zero at v = v, and ~A
~

at
v = v, /2. Inset: v~ as a function of asymmetry.
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FIG. 4. Strong correlation between distance from lateral
edge (x), of fissioning site and grain boundary, vs distance
pulled (d). Inset: The kink A (x) corresponding to the array in
Fig. 2.

finite angle between the cell grooves and the pulling
direction. Furthermore, the cell grooves on the left are
leaning as well as moving to the left; those on the right to
the right. Asymmetric cells traveling in the direction
dictated by the sign of their asymmetry are also observed
in liquid-crystal systems, as well as eutectic mix-
tures. '

The phase speed v& of the TW state is the slope of the
lines made by the grooves in the x-t picture. As seen in
Fig. I, v& starts at zero, increases (first in the grooves
near the edges), and then saturates. Note that there are
generally one or two grooves, near the fission site, that
have practically zero slope. Figure 3 shows that the sat-
urated

~ v~~ is linear in the pulling speed and extrapolates
to zero at approximately v,—the scatter is approximate-
ly 20%.

Measuring asymmetry is more subtle. We captured
individual frames from the videotape at fixed intervals
and binarized them to bring out the solid-liquid inter-
face. Individual cells are digitized using a "left-hand-
walker"' algorithm so that points on the cell boundary
are uniformly distributed, giving the locus (x;,z;) of the
solid-side edge of each cell. We then define asymmetry
as"

—g;(x; —x)(z; —z) ig;(x; —x)(z; —z) i

g;(x; —x)'g;(z; —z)'

We have verified that this is proportional to the asym-
metry as defined by Coullet, Goldstein, and Gunaratne.
Like v&, the asymmetry starts small, but increases and
then saturates in time. Again, similar to v&, as one goes
laterally across the pattern, A(x) (plotted in Fig. 4) goes
through zero, resulting in a kink. Note that the zero of
A(x) is near the fissioning site. The average of ~A ~

also
increases linearly with pulling speed, as shown in Fig. 3.

However, unlike v&, it appears to extrapolate to zero at
v = v, /2.

We referred earlier to the relation between crystalline
grain boundaries and the phase source, or fission site.
The grain-boundary position can be observed when the
solid is directionally melted because it melts first and a
thick line in the solid is seen. Figure 4 shows the strong
correlation between its lateral position and the position
of the fission site. Further evidence for the crucial im-
portance of grain boundaries is that when they are re-
moved, ' TW behavior is not observed.

Predictions that phase speed increases linearly with
asymmetry have been borne out by our experiments.
There is one important diAerence however.

„
if the predict-

ed linear relationship between these quantities persists to
~A

~
=0, there is an offset' in v~ which is not predicted.

Although we observe a strong correlation between asym-
metry and TW states, we suggest that the shape distor-
tion of individual cells at higher pulling speeds may be
predendritic eA'ects, or equivalently, related to the oscil-
latory instability predicted by Karma and Pelce.
Indeed, Fig. 5 is a magnification of one section of an x-t
plot. The grooves can be seen to be "staircasing" in con-
cert with each other, indicative of a coherent, periodic,
mitten instability of individual cells. Also, faintly dis-
cernible are lines periodically crossing the cells joining
adjacent steps; these lines are mitten instabilities in the
viewing direction. The power spectrum of a cell root
digitized from this image reveals a resolution-limited
peak at a period of 40.3 s, which is D/vz, the diifusion
time. '

In conclusion, we have demonstrated the existence of
traveling waves and asymmetric cells in deep-groove
directional solidification and measured both the phase
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FIG. 5. Magnified x timage -showing the coherent (over at
least seven cells), periodic, mitten instability observed at v =5
ttm/s. The period is approximately D/v, where D is the im-

purity diAusion constant.

speed and asymmetry. These measurements exhibit
qualitative agreement with existing theory. The asym-
metry extends over the entire pattern except for a local-
ized kink. We observe both sinks and sources of phase
and have identified the former with crystalline grain
boundaries and the latter with a small liquid-solid-glass
contact angle. The shape asymmetry may be related to
predendritic, coherent, oscillation effects.
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