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A numerical simulation of a complex turbulent shear flow using large-eddy simulation techniques is

carried out. The filtered Navier-Stokes equations are solved with a finite-volume method. The subgrid
model is a local adaptation to the physical space of isotropic spectral eddy-viscosity models. The statis-
tics of the mean field are in good agreement with the experimental data available, corresponding to a low

step. Calculations in a high-step case show that the eddy structure of the fiow presents striking analogies
with the plane shear layers, with large billows shed behind the step, and longitudinal hairpin vortices
strained between these billows.

PACS numbers: 47.25.Ae, 47.25.Ei, 47.25.6k

Most of the natural flows are turbulent. Although an
exact modeling of turbulence is still an unresolved chal-
lenge, methods for engineering computations had to be
developed. They are based on the existing knowledge of
turbulence, and are limited by the constraint of available
computational resources. For many years, the only prac-
tical approach was through the time-averaged equations
at one point and the use of semiempirical turbulence
models.

An alternative approach is the development of large-
eddy simulations, ' in which the temporal evolution of
the large-scale structures is obtained directly from the
numerical simulation. The motions of wavelengths
smaller than the computational grid (subgrid scales)
have to be represented by a proper statistical model.

In this Letter, we report on the results of a three-
dimensional (30) large-eddy simulation of a complex in-
homogeneous shear flow: the IIow downstream of a
backward-facing step in a plane channel (Fig. 1). The
results of the numerical simulation are erst compared to
the experiment of Eaton and Johnston. In this experi-
ment, the aspect ratio defined as the height 8' of the
channel downstream of the step over the height of the
step H is 2.5. The Reynolds number based upon the
upstream bulk velocity Uo and H is 38000. These are
the velocity and length scales used afterwards in the pre-
sentation of the results.

A first study has been published for a two-dimen-
sional simulation of this flow. Here we present three-
dimensional simulations using a subgrid-scale model
which allows us to consider high-ReynoMs-number flows.

We solve the Navier-Stokes equations for an in-
compressible fluid, relating the Altered velocity vector u;
and pressure p:

8;u; =0, (1)

locity and g a white noise of amplitude 10 Uo, model-
ing the residual turbulence within the upstream flow. In
our calculations, in fact, the backward-facing-step flow is
always unstable, even without the inlet noise. A similar
behavior was obtained for the spatial mixing layer by
Buell and Huerre. These are two cases where instabili-
ties which are convectively unstable become absolutely
unstable numerically. Upper and lower boundaries are
of the impermeable and no-slip type in order to represent
the rigid walls. The extent of the computational domain
in the spanwise direction is limited by computational
resources. In order to reduce the perturbations caused
by this limited extent, a symmetry condition is imposed
on the lateral planes. At the outlet, the longitudinal gra-
dients of flow variables are set equal to zero.

These transport equations are solved numerically with
the aid of software used for 30 computations of industri-
al flows: the TRIO code, developed at Commissariat a
1'Energie Atomique. The finite-volume version of the
code derived from the SOLA method is used hereafter,
with a third-order discretization scheme for the convec-
tive terms (SMART scheme ).

The subgrid model is based on the gradient transport
hypothesis:

2i ~
—2v&S~ 3 E6;, , (3)

where S;~ = —,
' (6;ui+Bju;) is the local strain, 6;J the unit

tensor, and E, the subgrid turbulent kinetic energy. The
eddy viscosity v, is borrowed from Kraichnan's spectral
eddy viscosity, developed by Chollet and Lesieur for
isotropic turbulence: %'e start with a viscosity v, scaling

Bt ttg +By (tt( ttj ) ='p 'Btp+ vV'ltt+ Bt1't~ . (2)

Here, i;~ is the subgrid-stress tensor. The boundary con-
dition at the inlet is u ~ =Uo+(, where Uo is the bulk ve- I low domain.
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FIG. 2. (a) Transverse profile of the mean longitudinal ve-

locity and (b) transverse profile of the turbulent kinetic energy
at x/H =8 (coarse grid).

FIG. 3. (a) Transverse profile of the mean longitudinal ve-

locity and (b) transverse profile of the turbulent kinetic energy
at x/H=8 (finer grid).

on the kinetic-energy spectrum at the cutoff wave num-
ber k„with a simplified form given by

v, (1)= v,
+ (E(k„t)/k,] ' (4)

The constant v,
+ =0.4 is determined by the energy bal-

ance fo'2v, k E(k, t)dk =e(t), where e is the kinetic-
energy flux along a Kolmogorov spectrum: E (k)
=Cke 'k . It yields v,

+ = —'C =0.4 (with Cj,
=1.4).

A generalization of the model to highly intermittent
and nonhomogeneous situations in physical space was
proposed by Metais and Lesieur. ' For a homogeneous
and isotropic turbulence, they obtain the following result:

on the six points a distance hx apart from the node x in
the three directions of space. The subgrid model given
by (7) will be called the structure-function model.

The first calculations using (7) were performed for
W/H=2. 5, on a coarse grid with, respectively, 91, 17,
and 17 grid points in the longitudinal, transverse, and
spanwise directions. Figures 2(a) and 2(b) show the
transverse profiles of the mean longitudinal velocity and
of the turbulent kinetic energy. The profiles are located
in the reattachment region (x/H=8) in the middle of
the channel. The turbulent kinetic energy, evaluated
at each point by an integration over a time interval
400H/Uo, consists of two parts: a contribution

v, (t) =0.04ax(Fp(ax, t)] '/', (5) uu/2

where the quantity Fz(r, t) is the second-order velocity
structure function defined by

F2(r, t) =&iiu(x+r, t) —u(x, t)ii'&,

and the operator (. ) stands for an ensemble average, or
may also be interpreted as a spatial average over the
shell r =iirii. The constant 0.04 in (5) is obtained with
the aid of the relation (see Batchelor '')

Fq(r, t ) =4 E (k, t ) [I —sin(kr)/kr] dk .

An approximation for Fq(/v. x, t ) must be deduced from
the filtered velocity, since the subgrid-scale field is un-
known. Let F2(hx, t) be the corresponding structure
function: Assuming that the energy spectrum follows
Kolmogorov's law above the cutoff, it is found that

v, (x, t ) =0.06ax [F2(x,ax, t )1'/'.

F2(x,hx, t) is calculated at each node and for each time
step from the instantaneous flow. Since we are working
on a regular grid of mesh hx, the average is performed

corresponding to the fluctuations u with respect to the
time average u; of the instantaneous filtered field u; on
the one hand, and a subgrid energy E, on the other
hand. The latter is estimated by a proper extrapolation
of the local kinetic-energy spectrum, derived from the lo-
cal structure function. Results are compared with a lab-
oratory experiment and with two other simulations us-
ing the same numerical code, one without any subgrid
model and one using Smagorinsky's model: '

v, (x, t) =(C 4) (2Si)S ) '" (8)

where C, =0.23 and A=(h|A263) ', 6; being the grid
spacing. Other numerical experiments on the channel
flow indicate that the turbulence quantities are insensi-
tive to variations of C, of the order of 20%. As for the
structure-function model, we have not yet analyzed its
sensitivity to variations of the constant arising in (7).
Notice, however, that the numerical calculations present-
ed below are lengthy (10 or 20 h per run on a CRAY2),
and cannot be extensively repeated.

These results show that the eddy viscosity correspond-
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FIG. 5. Vorticity contours at time t =90H/Up light g.ray,
vorticity modulus ( ~w)) =3.5Up/H; dark gray, streamwise vor-
ticity w„=25Up/H .(aspect ratio W/H =2.5).

FIG. 4. Frequency spectra of the velocity fluctuations (the
frequency f is normalized by the Strouhal number S =fH/Up).

ing to the structure-function model gives a better agree-
ment with the experiment as compared to Smagorinsky's
formulation. The mean velocity profile [Fig. 2(a)l is less
influenced by the subgrid-scale model.

The numerical simulation with the structure-function
model was repeated on a finer grid (200X30X30). The
results are shown in Fig. 3(a) and 3(b). The agreement
with the laboratory experiment is significantly improved,
particularly for the mean velocity profile. The maximum
discrepancy between numerical and experimental results
is less than 10% for the turbulent kinetic energy, within
the range of the experimental error. In Figs. 3(a) and
3(b) are also shown the results given by the K-e statisti-
cal model implemented in the TRIO code: The position of
the peak of K is not well predicted, and neither is the
mean velocity profile.

The large-eddy simulation also improves the predic-
tion of the reattachment distance XR/H, as shown by the
following results: experiment, XR/H =7.8; large-eddy
simulation (fine grid), XR/H =8.1; and E-e model
(grid-independent result), XR/H =6.2.

The frequency spectra for the three velocity fluctua-
tions u are plotted in Fig. 4. They are measured in the
region of reattached fiow (x/H =12, y/H = I, and in the
central region of the channel). They exhibit a well-
defined S / range (S =fH/Uo is the Strouhal number,
and f the time frequency) over one decade. The energy
in the smaller scales is evenly distributed among the
three components, indicating a trend towards isotropy.
The distribution of energy in the larger scales is aniso-
tropic, the streamwise component of velocity being the
most energetic. The spectral peak of the turbulent inten-
sity F.

„„
is found at a Strouhal number (S =0.08) com-

parable to Eaton and Johnston's value (S=0.07).
Visualizations of the instantaneous flow field at time

I =90H/Uo are shown in the next figures. Figure 5
displays the vortex structure: A plane sheet appears just
downstream of the step (left-hand side of the figure). It
oscillates, giving rise to large billows of spanwise vortici-
ty. Streamwise vortices are stretched between the pri-
mary billows. Near the reattachment region, the pres-
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ence of the wall introduces an extra source of stretching,
leading to a high three dimensionalization of the struc-
tures.

Figure 6 shows a top view of the low-pressure surface
corresponding to a fiuctuation (with respect to the pres-
sure at the outlet) p'= —0.3Uo/pp. Three primary rolls
are clearly visible. The closest to the step is roughly cy-
lindrical, reflecting its quasi-two-dimensional character.
The two other pressure tubes are highly three dimension-
al. They are linked by two streamwise tubes correspond-
ing to the secondary vortices.

In the above case of a low step, the vortex structures
forming downstream are strongly influenced by the lower
wall. On the other hand, numerous laboratory experi-
ments and numerical simulations studying free mixing
layers (that is, a step of infinite height) have been car-
ried out. We consider then another configuration with a
higher step (W/H=1. 25), and compare the resulting
structures with those obtained in free shear flows. The
number of grid points is now 130X40X25. The struc-
ture-function model is used to parametrize the subgrid
scales. As opposed to the previous case, periodicity is as-
sumed in the spanwise direction. Figure 7 shows the vor-
ticity field at t =138H/Uo. Five primary rollers are
present in the channel. As compared with Fig. 5, they
are much less three dimensional, but exhibit spanwise os-
cillations, as other plots show. The third roller down-
stream from the step results from a pairing, which seems
to occur in a quasi-two-dimensional fashion. The strain

FIG. 6. Top view of the isobar p'= —0.3U(/p inpthe same
calculation as in Fig. 5.
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FIG. 7. Vorticity contours at time t =138H/Uo blue, .vorticity modulus !!w!!=1.8Uo/H; green, streamwise vorticity w„
=0 8Uo/H .(aspect ratio W/H =1'.25).

Geld induced by two consecutive Kelvin-Helmholtz vor-
tices leads to the formation of streamwise vortices
stretched along the braids. The ratio between their span-
wise spacing and the local vorticity thickness is in good
agreement with laboratory observations' (0.7 against
0.8). Figure 8 shows a cross section (in the y-z plane) of
the longitudinal vortices through the braid between the
second and the third Kelvin-Helmholtz vortices. It
clearly shows counter-rotating vortices with a mush-
roomlike shape. These are analogous to the structures
observed in laboratory experiments (Bernal and Rosh-
ko, ' see their Fig. 12, and Lasheras and Choi' ) and in

direct numerical simulations ' of free shear layers.
These new results concerning an inhomogeneous tur-

bulent shear flow demonstrate the potentialities of a
large-eddy simulation carried out with a finite-volume
method (TRIO code) and a recently proposed subgrid
model. In the two diA'erent geometries considered, the
numerical simulations compare favorably with experi-
ments, even for the detailed topology of the flow.

This study also shows the similarity of the flow down-

FIG. 8. Same calculation as in Fig. 7. Cross section of
the longitudinal vortices: yellow, streamwise vorticity w,
=+0.8Up/H; white, ~, = —0.8Up/H.

stream of a backward-facing step with the free mixing
layer.
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