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Nuclear transition rates in p-catalyzed p-d fusion have been calculated using numerically converged
He bound-state and p-d scattering wave functions for the first time. The transition rates for M1 radia-

tive capture in both quartet and doublet initial states have been computed using a model of meson-
exchange currents which reproduces the thermal n-d capture cross section, and are in excellent agree-
ment with experiment. The muon internal-conversion rate is in very good agreement with a recent
reanalysis of old bubble-chamber measurements. Furthermore, our nonvanishing quartet capture rate
resolves the anomaly in the Wolfenstein-Gerstein eAect.

PACS numbers: 25.45.—z, 25. 10.+s, 25.40.Lw, 36.10.Dr

Muon-catalyzed nuclear reactions were accidentally
discovered in an experiment by Alvarez et a/. ' more than
thirty years ago. The possibility of such reactions had
been discussed previously. In the Berkeley experiment,
secondary muons with an energy of 5.3 MeV were ob-
served after the primary muon had been stopped in a hy-
drogen bubble chamber containing a tiny deuterium con-
tamination. That reaction is now known to proceed pri-
marily via capture of the stopped muon by a hydrogen
atom, transfer of the muon to a deuteron, formation of a
p-p-d molecule, and subsequent fusion via the nuclear
reaction p +p+d He+p +(5.5 MeV). This
internal-conversion process competes with the more com-
mon radiative capture in the molecule: p +p+ d

( He+@ )+y, where the final muon is most likely
to reside in the IS atomic level of the residual He atom.
These reactions, together with other atomic processes,
compete with the normal P decay of the p

Early theoretical work was aimed both at the atomic
and molecular reactions and at the nuclear-fusion mech-
anisms. For the nuclear-fusion process, the initial proton
(spin —,

' ) and deuteron (spin 1) can reside in states with
nuclear spin J= —', (quartet) or J= —,

' (doublet). How-

ever, Cohen, Judd, and Riddell in an extremely
inAuential paper conjectured that no capture occurred
from the quartet state. It was argued that the nucleon
spins in the quartet state are aligned and the Pauli prin-
ciple forbids the protons from being in a relative s wave,
and that the probability for a p wave to exist in a mole-
cule where the kinetic energies are on a scale of electron-
volts must be tiny. So inAuential was this work, despite
claims to the contrary, that most subsequent analyses
of experimental data neglected a priori any fusion from
the initial quartet state to the final doublet He ground

state. (In fact, this "no-quartet theorem" is valid only if
one neglects the mixed-symmetry components. )

Following a suggestion by %'olfen stein, Gerstein
showed that at low temperatures the hyperfine splitting
in the p-d atom could alter the final distribution of nu-
clear spins in the p-p-d molecule, even though the initial
distribution of spins was statistical. At suKciently high
deuterium concentrations and low temperatures, p-d
atom scattering from deuterium atoms freezes out the
upper (F=

& ) p-d atomic hyperfine state. This leads to
a strong reduction in the amount of initial quartet nu-
clear spin in the p-p-d molecule, which thereby enhances
the amount of the doublet configuration. Because the
doublet fusion rate is dominant, the fusion yield must in-
crease with deuterium concentration. This is the
Wolfenstein-Gerstein eA'ect, which allows one to dial
diA'erent amounts of J= z and J= —,

' nuclear spin into
the p-p-d molecule prior to fusion, and therefore aIIIIords

a method for separating experimentally the doublet and
quartet fusion rates. Although the predicted increase in

yield was corroborated experimentally, the measure-
rnent is now in disagreement with predictions of accurate
atomic calculations, if one accepts the no quartet-
theorem. This is the Wolfenstein-Gerstein anomaly. Al-
ternatively, one can speculate that other anomalously
large atomic-scattering processes might alter the
nuclear-spin distributions and bring the predictions back
in line with the measurements.

Since those earliest experiments, much of the subse-
quent (and recent) work has focused on the possibility
of muon-catalyzed fusion as a cost-eAective source of en-
ergy, because the muon which is released in internal con-
version can be reused to facilitate the nuclear reaction.
Conversely, the muon in radiative capture "sticks" to the
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where the factor 3 in Eq. (I) is a conventional statistical
factor and the total rate is A,

"=A, ~y2/3. In addition, e; is
the charge of the ith nucleon, r is its position relative to

nucleus, and it is lost to the catalysis process. Unfor-
tunately, the radiative process dominates in p-d fusion,
and much of the recent theoretical and experimental
work has focused on d-t fusion, where the sticking proba-
bility is small. Nevertheless, molecules such as p-p-d
present us with an unparalleled laboratory for studying
nuclear reactions at extremely low energies, much lower
than can be obtained in traditional scattering experi-
ments. Some recent experiments at the Paul Scherrer
Institute' " (PSI) have focused on this aspect of the
field, in general, and on the Wolfenstein-Gerstein anom-
aly, in particular.

Significant progress has been made in the study of
three-nucleon systems. The Schrodinger equation (or
the equivalent Faddeev equations) can now be solved for
"realistic" potentials (those with a strong short-range
repulsion and a tensor force) without the basis trunca-
tions which were necessary in the past. Such complete
or converged calculations have been performed for the

H and He ground states' (the latter includes a
Coulomb interaction between protons), for n dscatt-ering
above breakup threshold, ' and for zero-energy n-d and
p-d scattering' (including a Coulomb interaction). It is
therefore possible to perform ab initio calculations for
the first time with realistic N-N potentials for the low-

energy p-d capture reactions, including Coulomb in-
teractions between the charged particles and possibly
three-nucleon potentials as well. In this Letter, we de-
scribe such a calculation and compare it with recent PSI
experiments" on p-d fusion.

At the extremely low energies between the proton and
deuteron in a p-p-d molecule, only relative s waves are
expected to be important. This restricts electromagnetic
interactions to the EO, M1, and E2 multipoles, with
only the latter two contributing to radiative capture (i.e.,
real photons) where M I dominates. Internal conversion
can involve all three, but only EO is expected to be im-
portant. Because the muon's mass is large, its elec-
tromagnetic current is very small, which suppresses M1
internal conversion. Using He ground-state and zero-
energy p-d scattering wave functions, the multipole ma-
trix elements can be calculated once the operators are
specified. The doublet rate for muon internal conversion
is given by'

the nuclear center of mass (c.m. ), q is the recoiling
muon's momentum (33.45 MeV/c), p is its reduced mass
with respect to He, a is the fine-structure constant, and

y, l(R, r) is the p-p-d molecular wave function ex-
pressed in terms of the internuclear coordinate R and the
muon's coordinates relative to the nuclear c.m. , r. The
factor l ym, l(0,0) l gives the probability of nuclear
coalescence in the molecule, replacing the usual beam
Aux and target density in laboratory experiments. We
have recently solved the Faddeev equations for the p-p-d
molecular ground state and have obtained this quantity
directly from the molecular wave function. Our value of
8.07x10 fm is quite different from the estimate
made in Ref. 15. We also define
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FIG. 1. Eo internal-conversion transition-matrix elements
for p+d+p He+@ for a variety of nuclear models
plotted vs the model He binding energy E~. The strong sensi-
tivity to the binding energy is similar to that of the ground-
state mean-square charge radius (Ref. 17) (—1/Es). Circles
correspond to the Reid soft-core g-iV force model (Ref. 22),
while squares correspond to the AV14 model (Ref. 23). Solid
symbols correspond to 34-channel (complete) 'He bound states
and the corresponding p-d scattering states. Points with
Eg) 7.2 MeV contain a three-nucleon force. The datum is
from Ref. 1S.

co=„d'r l~ .|(O,r) I'=-8.67x 10 "fm

for later use. Our values for these molecular constants
differ by less than 1% from those calculated with the
more accurate wave function of the University of Florida
group. ' These differences are tiny compared to the un-
certainties associated with the model operators.

Our results for the reduced matrix element EO
—= (llEOll) are shown in Fig. l. Equation (2) shows that
EO is the mean-square radius of the transition region, if
the retardation terms (—q, . . .) are ignored, and this is
sensitive to the model binding energy of He. Realistic
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N-N forces underbind He by up to 1 MeV. Three-
nucleon force models generate roughly the needed extra
binding, but are quite sensitive to the short-range behav-
ior, and the latter is not well determined. Consequently,
we must resort to scaling plots, ' where calculated ob-
servables are plotted as a function of the calculated bind-
ing energy of He for a given model. This procedure
only makes sense if the various values fall on a smooth
curve, as they do in Fig. 1 and almost all other exam-
ples. ' The solid circles and squares correspond to
"complete" or converged calculations (34 three-body
channels for He); the other points represent a truncated
force and are included for plotting purposes. Points with
binding in excess of 7.2 MeV include a three-nucleon
force. The points at the physical binding energy, 7.72
MeV, have had the latter force adjusted slightly to pro-
duce that binding.

Our results extrapolated to the He binding energy are
963(10) fm S for the unretarded matrix element (i.e.,
q=0) and 888(10) fm S for the (physical) retarded one.
The theoretical error bars are subjective and merely
reflect the spread of our curves in Fig. 1. The 8%
dig'erence in retarded and unretarded matrix elements
gives a scale for the eff'ective nuclear interaction radius
(&r &/&r ))' =7.7 fm, since the overlap of initial and
final doublet wave functions must vanish (by orthogonal-
ity) and consequently has no natural size scale. The
rates are given in Table I. The EO matrix™element cal-
culation is straightforward, involves no meson-exchange
currents, and is quite stable. The rate agrees well with a
recent experimental value obtained' from old bubble-
chamber measurements. Note again that this agreement
requires a good calculation of the coalescence probabili-

TABLE I. Results of this calculation (theory) compared to
recent experiments or recent analyses of older experiments.

Process

X~)g (106 sec ')
Xl&i (106 sec ')
X(g (106 sec ')
S, (keV mb)

'Reference 15.
Reference 11.

Theory

0.062(2)
0.107(6)
0.37 (1)
o. los(4)

'Reference 18.

Experiment

0.056(6) '
0.»(i) '
0.35 (2)
0.12(3)

ty.
The radiative-capture process is complicated by the

fact that the magnetic dipole transitions contain a large
contribution from meson-exchange currents, in addition
to the usual radiation from the individual nucleon dipole
moments. Although the long-range one-pion-exchange
process dominates these currents, the short-range behav-
ior of the pion currents and detailed form of other intrin-
sically short-range currents are not well constrained. In
order to deal with this problem for p-d capture, we first
look at n-d capture, where the total cross section for the
capture of thermal neutrons is known experimentally'
to be 0.518(8) mb. We have previously studied this reac-
tion and have adjusted the n-nucleon range parameter
(form factor) moderating the one-pion-exchange cur-
rent's short-range behavior so that the total cross section
is reproduced; this procedure leads to very reasonable
values of the range parameter (—1200 MeV). Turning
now to p-d capture, the M1 capture rates can be calcu-
lated with no further assumptions.

The doublet and quartet capture rates are given by

6
2J+1

3
2a ~y
9 Ac

2

poc I
&'He

I ls I lpd» I',
2mc

(3)

where X = 3 X~g2+ 3 A, qg2. We have defined the magnetic-moment operator in units of nuclear magnetons, the photon
energy to be m~, and the nucleon mass to be m. We have introduced the conventional statistical factors in the square
brackets (3 and —,

' for doublet and quartet). In addition, the (s-wave) astrophysical factor for p-d capture in laboratory
experiments is given by

3 2

(I&'Hells I lpd 2 &I'+ I&'Hells Ilpd 2 &I')
2mc )

Numerical results are given in Table I. The individual
doublet and quartet M 1 capture rates are in good agree-
ment with a recent PSI experiment. " The theoretical
error bars are subjective and merely reAect the spread of
our numbers, which have been extrapolated to the physi-
cal binding energy in a procedure analogous to that of
Fig. 1. In addition, we agree well with the s-wave astro-
physical S factor measured in a laboratory experiment. '

The eff'ect of the Coulomb interaction both on p-d
scattering and on M1 capture rates is fairly substantial,
although the basically isovector nature of the capture

! process would nominally make the n-d and p-d capture
matrix elements the same. Overall, the quartet cap-
ture ' is largely given by the impulse approximation,
while the doublet capture has large exchange-current
contributions. If the constraint of fitting n-d capture had
not been used, then the estimated theoretical uncertainty
lil A, 3/p woul'd be (8) and that in X~(2 would be (7).

In summary, we have calculated the nuclear reactions
in p-catalyzed p-d fusion. Accurate wave functions have
been generated for the AV14 and Reid soft-core models
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for the first time, and these have been used to compute
matrix elements. A pion-exchange-current model which
reproduces thermal n-d radiative capture has been used
with these wave functions to calculate radiative-capture
matrix elements and rates. The latter are in excellent
agreement with experiment. Our internal-conversion
rates are in very good agreement with a recent reanalysis
of the bubble-chamber data. Our substantial value of
the quartet capture rate resolves the anomaly in the
Wolfenstein-Gerstein efIect, which was based on an er-
roneous no-quartet theorem.
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