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Modification of the Isotope Effect Due to Pair Breaking
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We have calculated the effect of pair breaking on the isotope-effect coefficient (p) of a superconduc-
tor. We find that, as the pair-breaking scattering rate is increased, p also increases in absolute value.
Values of p much larger than the canonical value of —,

' can easily be achieved even in models where the
electron-phonon interaction contributes only a very small amount to the value of the intrinsic critical
temperature.

PACS numbers: 74.20.Fg, 74.60.Mj, 74.70.Hk

The isotope eA'ect gives information on the change in
the critical temperature T, with isotopic mass M. Early
measurements of Po = —d lnT, o/1lnM helped greatly in

understanding the mechanism responsible for supercon-
ductivity in conventional materials. In BCS theory, the
scale of the critical temperature is set by the Debye ener-

gy from which it follows directly that T, is inversely pro-
portional to the square root of M and therefore Po = —,

' .
The observed small and even negative values of Po in

some very-low-T, materials, while initially controver-
sial, can be explained' as due to the electron-phonon
interaction provided Coulomb repulsions are additionally
introduced. In this case, Po changes sign when the Cou-
lomb pseudopotential p* is significant compared with the
electron-phonon interaction. This only occurs when T,
itself is small in magnitude.

In the high-T, copper-oxide superconductors, the
small value of the oxygen isotope effect Po observed in

Lai s5Sro i5Cu04 and near zero value in YBa2Cu307
(Refs. 4-16) was taken by some to be convincing evi-
dence against the electron-phonon interaction at least as
the dominant mechanism in these materials. The large
energy scale for T, also points to an electronic mecha-
nism. Recent experiments have revealed a much richer
and complex situation. Crawford et a/. ' have found an
amazingly strong variation of Po with strontium concen-

tration (x) in La2-„Sr„Cu04 with the value of Po larger
than & for some values of X. Other experiments by
Franck er al. ' in (Yi -„Pr )Ba2Cu307 as a function of
praseodymium (Pr) concentration (x) show a rapidly in-
creasing Po (with increasing x) towards values around

1

There are several known mechanisms whereby Po can
be increased above the canonical value of 2 . The energy
dependence in the electronic density of states [N(e)], on
a scale of importance for superconductivity, can reduce
or increase Po depending on the position of the chemical
potential with respect to the structure in N(e). ' In
particular, Tsuei et al. have used a Van Hove-sin-
gularity model to explain the La-Sr-Cu-0 data. Anhar-
monic effects associated with a soft mode near a
structural phase transition can also affect Po. In this pa-
per, we consider the eA'ect of pair breaking due, for ex-
ample, to paramagnetic impurities.

To compute the critical temperature of a superconduc-
tor with electron-phonon interaction given by the spec-
tral density a F(ro), Coulomb repulsions described by a
pseudopotential p*, and magnetic impurities character-
ized by a scattering time ~~, we need use only the linear-
ized Eliashberg equations. They involve a frequency-
dependent gap h(iso„) and renormalization function
Z(iro„) written on the imaginary frequency axis,
with iso„=ixT(2n —1), n =0, ~ 1, ~ 2, . . .:

A(leo~ )
A(iro„)Z(iro„) =xTg [X(m n) p*8(ro, ———Iso~I)]

l~ I

xrW(i co„)

l~. I

and

Z(iso„)co, =ro„+nTQX(m —n)sgn(ro )+rzt sgn(ro„) . (2)

In Eqs. (I) and (2), co, is a cutoff on the Matsubara sum over ro, r is a pair-breaking amplitude related to z~ by
r = I/2zcz~, and A, (m —n) is given by

~( ) 2 I
Aa F(Q)dO

(3)02+(co„—co )2

If we start by neglecting pair-breaking effects (i.e., take z~ ~), approximate X(m —n) in (1) and (2) by a constant
value X—=X(0) equal to the mass renormalization due to the electron-phonon interaction, and cut off all frequency sums
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1.5at co„we obtain the simple, but approximate, equation
for the critical temperature T,o..

T =1 13' e (4)

I
I I I I I ~ ~

I
I I 0

I
I I I

I
I

I

I

I
I

t

J

where the subscript zero denotes z~ ~. If we take m,
to be a phonon energy which is inversely proportional to
the square root of the ionic mass M, and note that p* is
related to a pure electronic screened Coulomb potential

p by p* =p/[I +p ln(eF/ro, )], where eF is the Fermi en-

ergy, we arrive at the equation

dlnT p 1 I+)
p =— p (5)

d lnM 2 2

1.0

O

(x p)
for the isotope coefficient Pp. For p* =0, Pp

= —,', but for
finite p*, pp can be smaller than —,

' and even zero or neg-
ative when X is small.

If, as a start, we use the same model for X(rn n) —as
just described but now include pair breaking, we arrive
at a new equation for T, which involves the critical tem-
perature T,p (without pair breaking). It is2627

0.5

0.0
0.6 1.00.20.0 0.4 0.8

n/n, „ln(T, p/T, ) =y(p+ —,
' ) —ter( —,

' ), (6)
FIG. 1. T,/T, o as a function of normalized impurity concen-

tration n/n, (solid line) and the isotope-effect coefficient P
(dashed line).

with y(x) the digamma function and p = I/2' r~ (1
+A. )ksT„where k~ is the Boltzmann constant. Dif-
ferentiation of Eq. (6) to obtain p—= —dlnT, /d lnM gives

0

I —pW'(p+ 2 )
(7)

from which we conclude that ~P~ ~ ~Pp~ and so pair
breaking increases the absolute value of the isotope
effect. As T, is reduced due to pair breaking, a small
change in pairing potential is seen to have a relatively
strong effect on the value of T, . For small pair breaking,
i.e., p 0 or z~

0

1 0.7 '/r~—
and for z~ z~, where z~ is the critical concentration
scattering time,

P =0.236Pp(T, /T, ) z.

As T,~ 0, p~ ~ ee depending on the sign of the un-
derlying value of pp—the isotope coefficient without pair
breaking. It is clear then that large values of p, above
2, can be obtained in a BCS superconductor when some

pair-breaking interaction is introduced in the system.
This is shown in Fig. 1 where we plot T,/T, p (solid
curve) as a function of normalized impurity concentra-
tion n/n, as well as P (dashed curve).

To get more accurate results for T, and, consequently,
for p, it is, of course, necessary to solve numerically the
full Eliashberg equations (1) and (2) rather than rely on
the BCS-type equation (6). To illustrate the main point
of this paper, it will be sufficient to take a model spectral
density for a F(ro) consisting of an Einstein spectrum at
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the energy roE, of weight A, i.e., take a F(ro) =AS(ro
—ro~). For definiteness, consider the specific case of
YBaqCu307 for which it is well known that the total iso-
tope effect is small, less than 0.1 and probably of order
Pp=0.05. For a T,p value of 96 K, such a small isotoPe-
eA'ect coefficient canno. be obtained in a pure phonon
model with p* of order 0.1 (the canonical value in con-
ventional superconductors). On the other hand, if we are
willing to consider anomalously large values of p*(ro~)
of order 0.5, such a small value of Pp can be accommo-
dated provided the coupling is predominantly to very-
high-energy phonons with coE —80 meV. A more at-
tractive model, which we shall adopt here, is to assume
that in YBa2Cu307, only a small fraction of T,o is due to
the electron-phonon interaction and that some other
electronic mechanism is involved. If we take this second
mechanism to be due to a very-high-energy boson ex-
change process of some kind, we can treat it approxi-
mately as a BCS constant pairing potential, which acts
oppositely to the Coulomb pseudopotential p* and over-
takes it. Alternately, we could introduce a second piece
to the spectral density centered around some high energy
compared with T,. That is, we can use an eAective value
of p* in Eq. (1) with p,*s negative. The effective p,*ff

then leads, on its own, to a finite value of critical temper-
ature when the electron-phonon contribution is neglect-
ed. We will call this a joint mechanism. In our simpli-
fied model, we can rewrite Eqs. (I) and (2) in a dimen-
sionless form by introducing normalized quantities Q
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Q—/ruE for any energy variable Q. We have

E(ice )
Z (ice„)Z(iso„)=rrTQ, —p,*ff

m I + (ro —ro„) cu

a(iso„)
7tl' (10)

ru„Z(iro„) =ro„+rrTQ sgn(co )+mr sgn(co„),
m 1+ (ro —ru„) ~

for which we can conclude immediately that T,
MpP(X p ff, t ), where 7 is a universal functional form

given by Eqs. (10) and (11). If pair-breaking effects are
ignored the pure material T,o is given by T,o=ro~P(k,
p ff, 0), so that the ratio T,p/roy depends only on two pa-
rameters, namely, k and p,g. If, in addition to requiring
T,o =96 K, we insist on a Po value of 0.075, both A, and
p,g are fixed for a given choice of co~. After determining
A, and p,*& in this way, we can turn on the pair breaking t.
This reduces the critical temperature from T,o to T, . In
Fig. 2, we plot P as a function of T, for various choices
of phonon energy roE, namely, 40.0 meV (long-dash-
dotted curve), 30.0 meV (dash-dotted curve), 20.0 meV
(dashed curve), 10.0 meV (dotted curve), and 5.0 meV
(solid curve). AII curves go through the point Po =0.075

~ ~ ~ I I ~ ~ I ~ ~ ~ I ~ ~ ~
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FIG. 2. The isotope-eff'ect coefficient p=——dlnT, /dlnM for
a system with pair breaking as a function of sample critical
temperature. The amount of pair breaking does not appear ex-
plicitly as the reduced value of critical temperature is used on
the horizontal axis. As the value of T, decreases, p increases
rapidly above its unperturbed value of P0=0.075. The rate of
increase depends on the choice of phonon Einstein frequency
co& in the model spectral density. The solid curve is for
cop =5.0 meV; dotted curve, 10.0 meV; dashed curve, 20.0
meV; dash-dotted curve 30.0 meV; and long-dash-dotted curve,
40.0 meV. The open and solid circles are data from Franck et
al.

at T, =T,0=96.0 K. As the amount of pair breaking is
increased, the value of the critical temperature is re-
duced and P increases. We see that the increase is
steepest when the coupling is to lower-frequency modes,
i.e., small cop. For m~ =5.0 meV, this corresponds to a
rather large value of electron-phonon mass renormaliza-
tion k=2.2. On the other hand, and we need to em-
phasize it, a very significant increase towards values
greater than 0.5 can also be obtained in a model with
small k, for example, A, =0.095, for m~ =30.0 meV. In
Fig. 2, the solid and open circles are the data points
given by Franck et al. ' We see that they fall closest to
the curve with m~ =20.0 meV for which k =0.17. In this
case, little of the total critical temperature of 96 K is due
to the electron-phonon interaction. While some authors
think that the reduction in T, observed in Y~ — Pr-
Ba2Cu307 as a function of increasing x can be modeled
by a pair-breaking mechanism, others believe it is due to
electronic changes. ' Thus, the results found by
Franck et al. ' may require a diAerent explanation, and
so, we have not tried to get a best fit to their data. All
we really want to do here is to point out that pair-
breaking eA'ects, when they exist, can greatly increase
the absolute value of the isotope-effect coeKcient as T, is
reduced towards zero and that the theory developed here
can give results similar to those observed without requir-
ing a large phonon contribution to T 0.

In conclusion, we have shown that pair-breaking ef-
fects in a superconductor can, in some cases, drastically
modify the value of the isotope coefficient P. Values of P
larger than 2 are easily obtained even in models where
only a very small part of the intrinsic T,o is due to a pho-
non mechanism. Thus, large values of P cannot be inter-
preted unambiguously as due to a large electron-phonon
interaction. Experiments in conventional superconduc-
tors with paramagnetic impurities should be carried out
to verify our theoretical predictions.
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