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Kaleidoscopic Spatial Instability: Bifnrcations of Optical Transverse Solitary Waves
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The cell-exit transverse profile for one-way propagation through sodium vapor forms a pattern of spots
with complexity and beauty rivaling that of a kaleidoscope. These patterns are stationary in time, repro-
duce completely when the power or frequency is scanned, and agree well with one-way computations
that show that the patterns change very little after one-fifth of the propagation distance, i.e., they exhibit
the properties of bifurcations of transverse solitary waves.

PACS numbers: 42.50.Tj, 42.50.Qg, 42.65.3x

Recently there has been increased emphasis on spatial
instabilities, but mainly theoretical and mainly with cavi-
ties or counterpropagating beams. ' Here we present a
spatial instability, with transverse feedback but free from
longitudinal feedback, in which a beam propagating in

one direction in a self-focusing medium breaks up into a
pattern of filaments that bifurcates nonlinearly as the in-

put power is increased. This experimental arrangement
reduces spatial instabilities to the bare essentials, permit-
ting us to make the first comparison between experimen-
tal solitary-wave bifurcations and theoretical calcula-
tions. Optical transverse solitary waves have appeared
numerically in a bistable self-focusing ring cavity and in

one-way propagation in linear waveguides with self-
focusing claddings. In those cases and here, the physics
of the formation of the solitary waves is the competition
between self focusing and diffraction leading to the
eigenrnodes of propagation, i e , to the . s.olitary wave-
solutions of nonlinear Schrodinger type equatio-ns

Our cell exit spati-al patterns are stable, even though
they may jitter a little, and are highly reproducible as
the input po~er is scanned up and down, sho~ing that
they are seeded by ftxed phase variati-ons across the in
put profile and not by random fluctuations The in. -

herent Axed-phase variations on our experimental input
profile were made very small by spatial filtering; then we

intentionally introduced much larger aberrations that
enhanced the complexity of the patterns (as many as
eleven spots). Excellent agreement is shown below be-
tween numerical simulations and experimental data for
pattern bifurcations as a function of intensity or detun-

ing with a simple input aberration or shift of the input
beam waist. The input aberration or curvature intro-
duces some wave-vector selectivity, just as cavity modes
introduce frequency selectivity for temporal instabilities.

The instability nature of this phenomena is em-
phasized by the slowness (on the order of 1 s) with which
the reproducible pattern is regained after the beam is

momentarily interrupted by inserting a card by hand.
Removal of the card turns on the light slowly (= mil-
liseconds) and asymmetrically. This results in the
filamentation locking onto the "wrong" pattern (local
basin of attraction); often a very long time is required
before a large fluctuation allows the system to escape the
local minimum and reach the steady-state pattern (glo-
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FIG. l. Arrangement of cylindrical lenses to introduce con-
trollable astigmatism; the origin of z is the input window, i.e. ,
the beginning of the sodium vapor. For Fig. 2, d=tsf =3 cm;
for Fig. 3, d =tsf =8 cm.

bal minimum) from which it never escapes.
The =800-mW single-mode output power of a dye

laser is collimated and brought to a waist at the cell en-
trance, with a maximum of 500 m W reaching the
=265 C 10-cm-long evacuated quartz cell containing
sodium at a density of 5.7&10' cm . The laser beam
is vertically linearly polarized and always travels hor-
izontally. The transverse spatial profile of the laser
beam as it leaves the sodium (cell-exit profile) is
magnified and imaged onto a charge-coupled-device
camera, recorded on video tape, and then digitized into a
256x256 array of intensity values. A Fabry-Perot inter-
ferometer (Aat mirrors with R =0.98, finesse of 100, and
7.5-6Hz free spectral range) was used to study the fre-
quency spectrum of the output beam after recollimation.
The detuning Bv of the laser frequency to the high-
frequency side of the D2 resonance of sodium is mea-
sured with Lamb-dip spectroscopy, with zero defined as
the midpoint between the two hyperfine transitions.
Since any type of inhomogeneity or aberration in the in-
put beam can cause beam filamentation, great care was
taken to spatially filter the beam, to carefully clean and
align the input optics, and to choose a spot on the cell
window with minimal aberration.

The first intentionally introduced aberration was
astigmatism induced by using t~o cylindrical lenses of
focal length 21 cm. The y waist was at the input win-

dow, while the position of the x waist was varied inside
the sodium cell; see Fig. 1. Figure 2 shows a solitary-
wave bifurcation route, with the x waist 3 cm inside the
sodium cell (in the absence of sodium), in excellent
agreement with our computations, described below.
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These computations show that the beam focuses to a new
waist of = 15 pm before expanding and forming three
independent beams by z=-3 cm. The beam separation
increases linearly by a factor of 3 between z =3 and 10
cm, but the solitary-wave pattern does not change.

The propagation and pattern formation of the input
laser beam E~ is computed in the paraxial and slowly-
varying-envelope approximations:

VTA I +2lk I BA I/Bz 0 i+ I, (1)
where

EI (x,y, z, toi) =XI(x,y, z, toI)exp[i(kiz —toit)],
k, = 2trto/Ic, V' =B'/Bx'+B'/By'.

The coefficient ai(x, y, z) is a function of 2 I and toI has
been integrated over the Doppler velocity distribution; it
includes both nonlinear absorption (gain) and refraction,
leading to the pattern formation. Equation (1) is solved
in 3 CPU minutes on a CRAY computer using fast-
Fourier-transform techniques. To model the inten-
tionally introduced astigmatism, a phase term was added
to the input wave front at the cell entrance such that the
slowly varying input field envelope has the following
form:
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where g» = t)f~+t trwo/~, —
q~

= &f~+itrwo/7, )I—, is the
input wavelength, and /if, (df~) is the distance between
the x (y) focal point and the cell entrance window.
Here, with t)f, =3.0 cm and Af~ =0, the phase
difference between x =0 and x =wo =52 pm is =) /13.

This astigmatic bifurcation sequence is more compli-
cated as one gets closer to resonance and increases the
astigmatism (increases the separation between the two
orthogonal foci) for a given sodium density. In this case,
the bifurcation sequence can be one spot three
spots two spots~three spots and more complicated.
Generally, as the laser pump power is increased, the
number of spots and their spatial separation increases,
but both the computer simulations and the experiment
show that spatial and number contraction can occur,
most likely arising from the oscillations in beam diame-
ter accompanying quasitrapping of the pump beam.

Figure 3 shows the bifurcation sequence as the laser
pump detuning is increased from —0.7 to 7 GHz. The
no sodium x waist is 8 cm inside the sodium cell
(hf, =8.0 cm) and the laser power is 200 mW. When
the detuning is larger than 4 6Hz, the bifurcation pro-
cess begins what we call the kaleidoscope sequence where
the patterns become quite complicated with little ap-
parent symmetry, perhaps approaching spatial chaos. '

The computational patterns show good qualitative agree-
ment with the experimental patterns. ' '

The other perturbation was an input-beam conver-
gence (phase —r ), introduced experimentally by
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FIG. 2. Cell-exit profiles for a power bifurcation sequence
with astigmatism applied to the input laser beam. Computa-
tional patterns (a)-(d): on-resonance absorption a0=24000
cm ' lbefore Doppler broadening (Ref. 14)]; frequencies, in
units of I/2ttt ~

=10 MHz, are pump detuning of 6=+430
from the low-power atomic resonance and Rabi frequency
(maximum value at the entrance of the cell) 2X equal to (a)
400, (b) 738, (c) 760, and (d) 770. T2=2T~, single resonance
with Doppler broadening of ku =105. Corresponding experi-
mental patterns (a')-(d'): pump detuning Sv=+3.4 GHz;
unsaturated transmission T=0.36 at +3.4 GHz; input laser
power P (mW) of (a') 130, (b') =—135, (c') =390, and (d')
480; S l/2 I'3/2 D2 transition with 1.8-GHz ground-state
hyperfine transition. The contour lines range from 34 to 158
W/cm2 in 11.3-W/cm2 increments. At low powers, no beam
exits the cell because of the high absorption. The threshold
power for seeing a single filament is about 45 mW; generally,
Raman gain accompanies filament formation.

changing the collimation of the light reaching the 30-cm
focusing lens and computationally by a focus phase term.
Figures 4(a')-4(d') show the experimental bifurcation
sequence. Comparing our experimental spatial patterns
with known optical spot diagrams, ' we concluded that
the primary residual aberrations responsible for the
slightly noncircular symmetry of the data are astigma-
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tism and coma, modeled by two asymmetric phase terms:

A I(x, y, 0, roI) =AI(o, nII)exp
1 + lz' 2+ 2

2~ + 13W W r
~2 gR ~2 W

where w is the beam radius at the cell entrance, k is the
input field wavelength, R is the radius of curvature at the
cell entrance, W22 is the astigmatic coefficient, W~3 is the
comatic coefficient, and r =x +y . W22 =5 x 10 and
W I3 5 x 10 were used in Figs. 4(a)-4(d) to match
the data of Figs. 4(a')-4(d'). The phase difference be-
tween r =0 and r =w is =A/7 for the focus term, while
it is only k/2000 for astigmatism and )I/20000 for coma
(making it almost impossible to measure them directly).
The computations show that in Fig. 4(d) the input
focuses to a waist of 0.14wo at z =0.67 cm before ex-

!
panding to form a six-beam solitary wave by z =2 cm.

This spatial instability is accompanied by the genera
tion of one or more new frequencies, resulting in tern
poral instabilities as well. The new frequencies (mea-
sured using a Fabry-Perot interferometer) arise from the
Raman-gain portion of the intense-field, Doppler-
broadened sodium absorption-gain profile. '3 's This in-
separability of spatial and temporal instabilities comes
from the fact that the power required for filament forma-
tion is about the same as the threshold for Raman gain.
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FIG. 3. Cell-exit profiles for a pump-detuning bifurcation
sequence with astigmatism applied to the input laser beam.
Computational patterns (a)-(d): a0 =24000 cm; 2X =540;
tt ranges from (a) +190 to (d) +1500; T2=2T~', ku =105.
Corresponding experimental patterns (a')-(d'): P =200 mW;
8v ranges from (a') —0.7 to (d') 7.2 GHz; T=0.36 at +3.4
GHz. The contour lines in (a'), (c'), and (d') range from 13.6
to 133 in intervals of 5.67 W/cm2; in (b'), they range from 34
to 147 in 11.3-W/cm2 increments.

FIG. 4. Cell-exit profiles for a power bifurcation sequence
with focus added to the input laser beam. Computational pat-
terns (a)-(d): a0=24000 cm; d =+290; 2X equal to (a)
200, (b) 240, (c) 280, and (d) 580; T2 =2T~, ku =105. Corre-
sponding experimental patterns (a')-(d'): 6'v=2 GHz; P
ranges from (a') 30 mW to (d') 200 mW; T =0.0 at +2.0 GHz
and 0.36 at +3.4 GHz; the contours are the same as in Fig. 2
except for a maximum of 147 W/cm2. R = —3.5 cm and
w =76.3 pm (at z =0) for both the experimental and computa-
tional patterns.
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The spectrum of each filament contains the input pump
frequency and new Raman-gain frequencies, but the spa-
tial pattern is determined by light at the pump frequency
alone if the new frequencies contain little power. Such
was the case for all of the data used here for comparisons
with our single-frequency computations. The spectrum
of a single filament sometimes consists of two regions;
from their dependence upon the intensity and detuning,
we believe this is the first observation of the double-
peaked Raman gain predicted by Khitrova and co-
workers. ' '

In conclusion, we have observed spatial bifurcation se-
quences as interesting and complicated as temporal bi-
furcation sequences observed in other optical systems.
They are explained as spatial instabilities seeded by in-

tentionally introduced aberrations. In temporal instabili-
ties, the co gain curve determines which frequencies in

the fluctuations will be amplified; selective feedback or
an injected signal is used to encourage particular direc-
tions or frequencies. In spatial instabilities, the k gain
curve determines which wave vectors in the fIuctuations
will be amplified; input-wavefront-phase encoding is used
to accentuate particular wave vectors, resulting in com-
plicated bifurcations as a function of intensity or detun-
ing. In self-induced transparency, ' the solitons of pulse
propagation have areas of 2z, 4x, . . . in order that no en-

ergy be left in the highly absorbing medium. The soli-
tary waves here permit a cw beam to propagate through
a highly absorbing medium by forming transparent
waveguides in which the absorption is bleached in the
center of each filament. The input-phase encoding
breaks the symmetry, stabilizes the spatial pattern, and
makes it possible to study spatial-pattern bifurcations
free of time dynamics. '
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