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Threshold Enhancement and the Flavor-Changing Electromagnetic Vertex
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We analyze the evolution of the flavor-changing electromagnetic vertex as a function of the external
initial quark mass m., in the three-generation standard model. We find a substantial threshold enhance-
ment in the vertex, to one-loop order, when m. is of the order of the mass of the W boson. We comment

on QCD corrections.
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Flavor-changing radiative decays, such as b— s,
have been the subject of intensive investigation in the re-
cent literature.'™® The conventional approach to such
neutral-current vertices has been to exploit the large
mass of the top quark in processes where it participates
as an internal particle, in order to “evade” the suppres-
sion of the neutral current due to the Glashow-Ilio-
poulos-Maiani (GIM) mechanism.’

On the other hand, little is apparently known about
the behavior of the flavor-changing electromagnetic ver-
tex when the mass m, of an external particle becomes
large, say, comparable to My. 8 The question then natu-
rally arises as to how the GIM mechanism for the vertex
might be modified for m, —~My. With the current limit
on the top-quark mass from the Collider Detector at Fer-
milab passing 90 GeV, this question could well be
relevant to phenomenology.

In fact, we have found that the vertex receives a
significant enhancement as m, becomes ~ My, at least
to one-loop order. The origin of this enhancement is
completely different from the case where the mass of an
internal quark becomes large, and has to do with the on-
set of physical thresholds in the internal loop integration.

The vertex function V* for g, — g.'y takes the form>*

Ve = (k2y*—k*¥)(F{L+FRR)
+ic*k (FimoL+F¥m.R) , €))

where R,L= % (1 %°). For real-photon emission (k2
=(), only the spin-flip term contributes, and in the case
where the mass of the initial quark m, is much larger
than the mass of the produced quark m,, the width is
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where V. is the Kobayashi-Maskawa matrix,f and
where we introduce the dimensionless form factor F¥,

ng_l%ﬁf 3)
32r MW

A typical diagram contributing to g.— g,y to one-
loop order is illustrated in Fig. 1. The one-loop form
factors were evaluated in the “low-energy” limit of small
external quark masses, m. <My, in Ref. 4, for very
light and very heavy internal quarks:

FROmg.my— 0) =FR(m,,0)+ (L ép+ L&) | 4

w
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FR(me,my— ) =F¥(m,,00+ (3 én+ +é). )

éw and ¢é; denote the charges of the W and the quarks in
the loop, in units of the electron charge. The m;-
independent term FX(m,,m;=0) in the low-energy form
factor does not contribute to the decay rate, which is the
main feature of the GIM suppression mechanism [due to
Kobayashi-Maskawa (KM) matrix unitarity].

We now consider the evolution of the one-loop vertex,
with light internal quarks, as a function of the external
quark mass m,. In the standard model with three gen-
erations of quarks, the only relevant application is to the
decay t— qy, g =(c,u). For our present purposes, we
will confine our attention to this decay mode, although
our results have application to various extensions to the
standard model. '°

For the top-quark decay, we use the unitarity of the

9, W Qe

FIG. 1. A typical one-loop diagram contributing to
q.— gey. The dashed line represents the unitarity cut corre-
sponding to the physical threshold g.— real{W!} — g.y, where
! is the internal quark.
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three-generation KM matrix to reduce Eq. (2) for the
width to

F(t— qy) =—o—m GV Veg|IAFE (m) ]2, (6)
1287
where we define a ‘“‘net” form factor Alj"f,
AFE(m)=F8(m;,mp) — FR(m,,my) . (7)

The contribution to the amplitude from the difference in
the form factors of the internal s and d quarks can be
neglected given that my > my;, and the fact that V,sVs,,
=VuVi,

The expression for FR(m,,m;) to one- loop order can
be extracted from Ref. 4. After some simplification, we
obtain (neglecting mg =m, , compared to m;)

-~ 1 R . 1
F§(m,,m1)=j:) daldaz(ewal-i-e/al)?

x[2a,(1 —a@ya) +mfa; (1 —ayay)],
(8)
where a;=1 —a,
Y =a\+mia —mia @ a;—ie, 9)

and m, Em,/Alw, ﬁ’l[Eml/Mw.
The ie prescription [Eq. (9)] is crucial for handling
the onset in the vertex of the physical thresholds

J

Imi‘; (m(,m[) = _”4‘6(”11
t

+émP(QEwm, —3M¥)In

where Ey, E;, and P are the c.m. energies and momen-
tum of the W-quark pair in the deca?' t— real{wl},
Ew, =(m?xt My F m?)/2m,, P=x Hm2Mp,m pY,
2m,. We can obtain the real part of F¥ from the dlspcr-
sion relation

] ImFY Gi,my)
ReFX(m,,m;) = fw +m)2d'2————2m—ml—.
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Our result for the net form factor AF¥(m,) [Eq. (7] is
plotted in Fig. 2, showing a dramatic enhancement in the
neighborhood of the thresholds for ¢ — real{W + (d,b)},
compared to the low-energy limit.

This enhancement is due entirely to the evasion of the
GIM subtraction between the individual form factors of
the internal d and b quarks, when m, lies near the upper
threshold. This is illustrated in Fig. 3, where we plot the
absorptive parts of the d- and b-quark amplitudes. As
m, passes My +my, the d-quark amplitude acquires an
absorptive part, which apparently increases quadratically
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FIG. 2. The net form factor AF¥(m,) [Eq. (7)] for t — g7,
as a function of m,. Mw =80 GeV, my =5 GeV, and ms =0
are fixed. The dashed line shows the effect of including the
width T'w =2 GeV of the W propagators in the vertex func-
tion.

200

t— real{Wi} — gy (where [ denotes the various quark
flavors in the loop), illustrated by the cut in Fig. 1. The
presence of several physical thresholds in the vertex
makes it possible to evade the GIM subtraction between
pairs of form factors. To demonstrate this effect explic-
itly, we have evaluated the absorptive part of the form
factor F§ [Eq. (8)] analytically,
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FIG. 3. Absorptive parts of the d-quark (dashed line) and
b-quark (solid line) form factors, as functions of m, near
threshold. Mw, my, and my are as in Fig. 2.
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with m, — (Mw+my) [see Eq. (13)]. The evasion of GIM occurs in the sense that the absorptive part of the d-quark
amplitude is unsubtracted until m, passes the b-quark threshold, where it makes a contribution o (mp —my)? to the
amplitude. While this term is still quadratic in the loop-quark masses, the coefficient of this quadratic piece turns out to
be much larger than the coefficient of the low-energy quadratic form factor [Eq. (4)]. From Eq. (10), we have the

my; =0 limit (cf. my =0)

m

If m, is not too far above the massless-quark threshold,
m, — My <My, we find

(13)

ImFE (m,,m; =0) =8¢,

m; — MW 2
m, '
We therefore obtain the following expression for the
“enhancement” of the t— gy form factor, for m, at the
internal b-quark threshold, compared to its low-energy
limit [cf. Eq. (4)]:
|AFf(m,=Mw+my)| _ 327é

=% ~——~20, (14)
AF; (m, <Mw) 2e;tew

neglecting ReFX, which only contributes = 7% to the
net form factor at m, =M +m,. [Including the width
I'w =2 GeV of the W propagators in the vertex function
flattens the peak in AF§(m,) somewhat, reducing the
threshold enhancement from =20 to = 14.5 near m,
=Mw+m, (see Fig. 2); the enhancement of the rate for
t— gy therefore amounts to a factor of == 200 at the b-
quark threshold.]

We stress again that this evasion of the low-energy
GIM mechanism is completely different from the case of
a heavy quark in the loop. In the low-energy limit,
f'f(me,m1=0) is completely subtracted out in the net
amplitude, due to the GIM mechanism. Near threshold,
however, this part of the form factor [Eq. (13)] produces
the large enhancement observed in Fig. 2.

A more conventional softening of the GIM mechanism
also occurs for m, well above threshold, where the m-
independent part of the form factor is mostly subtracted
out,

ImFY (m,,m;— 0) = ImF¥ (m,,m; =0)

—228(m = 2M#)In(mP)m?
my

(15)

[neglecting terms of O(m/?)]. This accounts for the
asymmetry of the curve in Fig. 2 about the peak, since
the low-energy GIM mechanism is softened by a loga-
rithm at large m,.

Despite the significant threshold enhancement, the
rate for t — gy is still very small, at least to one-loop or-
der. For example, T')j.j0p(t — q7) =0.2|V3|? eV, for
m, =100 GeV, despite a threshold enhancement of
== 90 in the rate.

On the other hand, it is well known that there is a

2
i

2Pm,
1+ .
v; H (12)

large QCD correction to the one-loop form factor for
light internal quarks, at least in the low-energy limit
where the QCD-corrected vertex has been evaluated us-
ing an effective Lagrangian approach.>®!" However, the
QCD-corrected form factor for heavy external quarks is
unknown, and therefore the theoretical situation with
respect to t— gy is uncertain; based on the known low-
energy form factor, one might expect a large QCD
correction in this case, given that the internal quarks
(b,s,d) are light. To make an order-of-magnitude esti-
mate, we use the low-energy QCD-corrected form factor.
We then find Tqcp(t— cy) =1 eV, at m, =100 GeV
(using a; = 0.1 and my = 10 MeV).'? This would imply
a branching ratio of =10 ~? [given [ =~=T(t— bW)
=90 MeV].

The possibility of a threshold enhancement to the low-
energy QCD-corrected vertex then becomes extremely
important, since a large enhancement, such as occurs in
the one-loop vertex, could make ¢t — gy accessible at the
Superconducting Super Collider. A simple qualitative
argument, however, suggests that a significant threshold
enhancement is unlikely. This has to do with the fact
that the absorptive part of the amplitude for the internal
d quark (which is responsible for the enhancement of the
one-loop amplitude) increases at least linearly with m,
above threshold [cf. Eqs. (12) and (13)] due to the phase
space for the on-shell internal particles. The contribu-
tion from the absorptive part of the QCD-corrected ver-
tex, near the b-quark threshold, will therefore be
suppressed at least by a power of m;, compared to the
low-energy (logarithmic) form factor.

However, a full calculation of the QCD-corrected
flavor-changing electromagnetic vertex for large external
quark masses is clearly needed in order to fully explore
the possibility of significant threshold effects.
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