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More Sum Rules for Quark and Lepton Masses
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Sum rules for quark and lepton masses are derived from the Ward identity of Chanowitz and Ellis for
the vertex function of the trace of the energy-momentum tensor and t~o axial-vector currents, and the
partially conserved axial-vector current hypothesis. The sum rules indicate, among other things, that the
constituent masses of the u and d quarks and those of the techniquarks, if any, are about 300 MeV and
600 GeV, respectively.
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In the unified gauge theory of Glashow, Salam, and
Weinberg (GSW) for electroweak interactions, ' all the
masses of the weak bosons (W — and Z), the physical
Higgs scalar (0), and the quarks and leptons (f's) are
generated by the single vacuum expectation value (v) of
the Higgs scalar [(p )o=v/K2, where v =(J2GF)
=246 GeV] as

mu =mz cos8u =gv/2,

mH =J2kv, mf Gfv/J2,

(3)

~here m~ and mH are the masses of the 8' — bosons
and Higgs scalar, Ng is the total number of quark and
lepton generations, and the summations are taken over

where 8u is the weak mixing angle and g, X, and Gf's are
the weak gauge coupling constant, the Higgs-boson
quartic coupling constant, and the Higgs-boson Yukawa
coupling constants of quarks and leptons. Since these
coupling constants are arbitrary, the masses of 8' —,Z,
H, and f's are not related to each other in the theory.
This is one of the reasons why the theory must be taken
not as the final theory but probably as a low-energy
effective theory which can be reproduced with much less
arbitrary parameters by a more fundamental theory.
Such a more fundamental theory must clarify how these
couplings constants, g, A, , and G's, or these masses, mu,
mz, mH, and mf's, are related to each other. In order to
find how symmetry is broken spontaneously and how

particle masses appear to be related to each other, it is
always more than just instructive to investigate a model
of the Nambu-Jona-Lasinio (NJL) type.

In fact, in 1977 we found that the unified model of
the NJL type not only reproduces the GSW theory as an
effective theory at low energies but also leads to the fol-
lowing sum rules for quark and lepton masses:

&/2

gfm j mlle'
(2)

81Vs
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gfmj 2

mH =2m, =262 GeV. (5)

The first sum rule is essentially a consequence of the re-
lation between the effective Yukawa coupling constants
of quarks and leptons and the effective gauge coupling
constant of 8' —derived in the model of the NJL type
and, therefore, model dependent. On the other hand, the
second sum rule is less model dependent since it can be
taken as a consequence of Nambu's "0:1:2relation" or
Nambu's quasisupersymmetry. Since all the recent
analyses of the constraints on m, from the experimental
data on mz, mu, and the neutral currents (and muon
lifetime)6 strongly indicate that our prediction of m,
= 131 GeV is roughly correct, it seems important to
know whether the first sum rule or a similar one can be
derived in a less model-dependent way. In this Letter,
we shall derive a similar sum rule from the Ward identi-
ty of Chanowitz and Ellis for the vertex function of the
trace of the energy-momentum tensor and two axial-
vector currents, and the partially conserved axial-vector
current (PCAC) hypothesis.

Let A„and 8„„be the axial-vector current and the
energy-momentum tensor, respectively. Then, the vertex
function of the trace of the energy-momentum tensor
and two axial-vector currents is defined by

A„,(p) =„d'xd'ye" ' "&T(A„(x)A,(y)8"(0)))o (6)

and the vacuum polarization tensor of the axial-vector
currents is defined by

8„,(p) =i ~I d4x e't' "(T(A„(x)A„(0)))p.

These are related to each other by the following partially
conserved-dilation-current (PCDC) Ward identity de-

all 8Ng quarks and leptons. If Ng 3, we can predict
from the first sum rule (2) the mass of the top quark as

m, =(-', )'t mu =131GeV for mu =SOGeV, (4)

and further, from the second sum rule (3), the mass of
the Higgs scalar as
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rived by Chanowitz and Ellis in 1973:

A„,(p)= 2 —p. ~..(p) —(p.p. g..p'), Z 1
—r.. .Zmj ~ (s)

where the summations are over the constituent fermions (quarks and/or leptons) of which the axial-vector current con-
sists. Define the spectral functions II&(p ) and IIp(p ) by

Bu„(p) =(p„p, gu,
—p')fI, (p )+pup, fI, (p ) .

Then, the Ward identity (S) can be written in the form

~u (P) (PuP gu P ) 2P 2 II&(p )+PuP 2Pp',

(9)

fip(p ) (pup~ gulp )
2 + 1 gu~ 2 +mJ

1 l

6z f E f
(10)

From this follows the identity of

PuP'Au, (P) - —2(P')', IIP(P') —,gmj.

On the other hand, from the definition (6) follows the identity of

pup"Au, (p) = d xd ye' " [(T(8uAu(x)8 "A,(y)8q(0)))0+([Ao(y), [A0(x), 8i, (0)]8(xo)]8(yo—xo))o

+(T([Ao(y), 8"A„(x)]8(yo—xo)8 (0))&o+(T([A&(x),8 (0)]8(xo)8'A, (y))&,

+(T([Ap(y), 8 (0)]8(yo)6"r4„(x)))o]. (i 2)

II@(p i ) —f2/(p 2 —m 2 ) (i4)

and that the first term in the rhs of (12) is dominated by
the pion double pole as

d'xd'y e'P'" u'(T(auau(x)a W„(y)8,'(0)))o

2p'[f m'/(p' ——m')]' (is)

By assuming the dominance of these terms in combining
the identities (11) and (12), we obtain the approximate
equation

2
'2

p —m~

In the soft pion limit of p =0, this equation leads to the
approximate sum rule

Take Au as the axial-vector current consisting of the

up and down quarks only and remember the usual
PCAC hypothesis,

8uAu=f m, P, ,

where f„, m„and p, are the pion decay constant, the
pion mass, and the pion field, respectively. Then, we can
find that IIp(p ) in the first term of the right-hand side
(rhs) of (11) is dominated by the pion pole as

V + + 2 a'(a, w„—a„w„)+ g'
w„

+ ' a„g-+
Jz " (is)

where V„+ and A„+ are the charged vector and axial-
vector currents and g is the charged Higgs scalar com-
ponent defined by the unitary-gauge representation of

0

! masses (m„=4.5 ~ 1.4 MeV and md =7.9 ~ 2.4 MeV)
but saturated by the constituent quark masses (m„=md
=—300 MeV) since f,=93 MeV. Therefore, we must
take this sum rule as a relation between the constituent
quark masses and the pion decay constant, both of which
are dynamical quantities closely related to the dynamical
scale A, (=-100-300 MeV) in quantum chromodynam-
1cs.

Although the above sum rule is instructive, it is still
far from being similar to the sum rule (2). In order to
get closer to the latter, take A„as the axial-vector
current consisting of not only all quarks but all leptons
or, in other words, the axial-vector part of the GSW
weak-isospin SU(2)L current. In the GWS theory, the
equation of motion for W is given by

2

g mi=-2z'f. '.
f u, d

(i7) (i9)

This sum rule is not satisfied by the current quark Equation (1S) seems to indicate that g may dominate
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gmj=-2z'F'
f

(21)

where the summation is over all quarks and leptons (in-
cluding the techniquarks or subquarks, if any). In the
techniquark (or subquark) model where Fn =J2v, 'o the
sum rule would predict that the masses of the techni-
quarks (or subquarks) (U's and D's or w1's and w2's)

should satisfy the sum rule

mj=-4z'v '. (22)
f U, D

This indicates that the average mass of techniquarks (or
subquarks) is given by (mU D) ' = zv, t2zv/J3, zv/
J2, . . . =773, 631, 547 GeV, . . . , depending on the tech-
nicolor (or subcolor) gauge group of SU(2), SU(3),
SU(4), . . . .

The sum rule (21) is still very different from (2) since
the former indicates mf-v while the latter indicates
mf-Gfv-gv. In other words, if these sum rules coex-
isted, they would produce a strange situation in which
the Yukawa coupling constant or the gauge coupling
constant might be determined almost a priori in the
model as

g =6m /Ng, (23)

although this relation disagrees with the experimental
value of g =4za/sin Hii =-0.40 (where a is the fine-

structure constant). This situation looks similar to the
one in which the vector-meson-dominance coupling con-
stant (f~) is determined from the Ward identity for the
vertex function of the trace of the energy-momentum
tensor and two electromagnetic currents as g~ =12m /

P~ gq, where the Qv's are the quark charges. "
Remember also that f~ is determined similarly as

g~ =Sn /e (where e is the base of natural logarithm) in

the QCD sum rule of Shifman, Vainshtein, and Za-
kharov. ' Both of these latter relations agree well with
the experimental value of g~ /4m= 2.2 ~ 0.3.

More realistically, the GSW axial-vector current of all

quarks and leptons is not dominated by a single pole
such as the pion or the technipion but also modulated by
many other poles such as the other pseudoscalar mesons

the axial-vector current A„+ and that it may play a role
of the pion in the PCAC hypothesis. However, because
of its masslessness, g gives an equal contribution of
—2(%2v) p to the first term in the rhs of (11) and to
that in the rhs of (12). Therefore, the identity (11)
would trivially hold if Pfmj=0, which is not acceptable.

A way out of this dilemma is to suppose that the GSW
axial-vector current is dominated by a massive (pseu-
do)scalar (II) such as the composite Higgs scalar or the
technipion ' as

A„=—Fnt)„II.

By following the instructive derivation of the sum rule
(17), we obtain the approximate sum rule

(D„etc.) and the axial-vector mesons (f&, etc. ) and by
the continuum. Therefore, a sum rule of the type (21)
must actually be modified into the more complicated
form

gmj=2n (f, +fD, + . . +Fn)+
f

(24)
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so that a strong constraint on quark and lepton masses
may not be obtained unless better knowledge of the rhs
of this equation is acquired experimentally. However,
there may then appear a better chance for the coex-
istence of the sum rule (2) and the sum rule (24). If the
top quark and the Higgs scalar are found with masses of
about 130 and 260 GeV as predicted from the sum rules
(2) and (3), respectively, this will tell us that not only
the gauge bosons but also the Higgs scalars may be tak-
en as collective excitations of quarks and leptons as in

the unified model of the NJL type. If this is the case, in

order to be consistent with the composite picture of not
only quarks and leptons but also the gauge bosons and

Higgs scalars, we must adopt the principle of triplicity'
in which a certain physical quantity such as the weak
current can be taken equally well as either one of a com-
posite operator of hadrons, that of quarks and that of
subquarks.

In conclusion, I must add the following comments:
Recently, several authors' ' have closely investigated
the possibility of top-quark condensation in which the
Higgs scalar appears almost as a tt bound state. The
simple analysis of the NJL model by Miransky, Tana-
bashi, and Yamawaki ' is based on the Schwinger-Dyson
equation while the more precise and elaborate one of the
gauged NJL model by Bardeen, Hill, and Linder' is
further based on the renormalization-group equations for
the full standard model. The latter analysis instructively
indicates how the sum rules (2) and (3) are modified not
only by the eminence of the top quark but also by the
presence of the full interactions. Nambu'6 has presented
a new sum rule for the masses of t, 0, 8; and Z based
on "bootstrap symmetry breaking,

" which is different
from either one of (2) or (3). The sum rule (21) is still

very distinct from any one of these sum rules since it is
derived current algebraically and is strongly dependent
on "scalar or pion-pole dominance. "
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