
VOLUME 65, NUMBER 6 PHYSICAL REVIEW LETTERS 6 AU@ UsT 1990

Redistribution of Photons and Frequency Mixing with Cross-Polarized Beams in Sodium
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The interaction of two linearly cross-polarized beams having frequencies col and m2 with sodium atoms
leads to the generation of new waves having frequencies (2p+1)r~u—2pco2. The intensities of these
waves are well explained by a simple model based on self-induced optical activity. The relation with the
atomic cooling in a polarization gradient and with the extra resonances in multiwave mixing is pointed
out.

PACS numbers: 42.65.Ma, 32.80.Bx, 32.80.pj

When two electromagnetic fields of frequencies ru~ and
tu2 propagate in matter, the nonlinear response of the
medium induces the generation of waves having new fre-
quencies. ' The studies are generally done in situations
where the conversion efficiency is small. On the other
hand, in the case of high conversion efficiency, there are
only a few examples where a complete analytical theory
has been obtained. We show here that for two linearly
cross-polarized fields nearly resonant with an atomic
transition, the intensities of the generated waves can be
analytically calculated even for very high values of the
conversion efficiency. ' The method presented here gath-
ers ideas coming from nonlinear optics and from optical
pumping and leads to great simplifications in the case of
cross-polarized beams. We compare the predictions of
this model with experimental results obtained in sodium
and we discuss the implication of these results for other
topics. In particular, we show that the photons are redis-
tributed between the two cross-polarized beams in a way
that is reminiscent of the ideas found in atomic cooling. "

Let us consider a sample containing atoms having a
Jg 2 ground state. These atoms interact with two in-

cident linearly polarized fields E~e„cos(tu&t —kz) and
E2e»cos(tu2t —kz). For the sake of simplicity, we con-
sider a Js = —,

' J, =
2 transition and we call

=ru~ —tu,s the detuning from resonance. This detuning
is assumed to be very large compared to the natural
width I and to the Doppler width of the transition and
also compared to the frequency difference b=co& —

tu2

(~A~ && ~b~). The polarization of the field in the cell de-
pends on the value of btand is period'ically ~+ circularly
polarized, linearly polarized, cr circularly polarized,
etc. When the field is circularly polarized the atoms are
optically pumped from one Zeeman sublevel to the other.
This transfer of population creates a huge nonlinearity
that has been used in several experiments. The
diAerence of population between the Zeeman sublevels

d (J,) = —
y (J,&+ y sinbt, (2)

where y~ =I (d+~EiEi/6h 4 ) and y2=y+I [d~+(Ei
+E2)/6h 5 ]. y2 is the total relaxation rate of the
ground state. It is the sum of the intrinsic relaxation
rate y and of the relaxation rate due to the pumping
mechanism. Equation (2) is valid if y2« I, a condition
which is assumed to be fulfilled in the following. By
solving (2), we find that the rotation angle 0 is

8 = (sinbt —u cosb't ),b

1+u

where b =kgol(y~/y2) and u =b/y2. The rotation angle
thus follows the variation of the optical pumping with a
time lag associated with the finite response time of the
ground state.

If we insert solution (3) into Eq. (1), we find that the
component of the field polarized along the x direction
is a sum of exponentials having angular frequencies
(2p+1)co~ —2pr02, where p is an integer which can be
positive, negative, or zero. The intensity Ip of the har-
monic (2p+1)co~ —2pco2 is

creates an orientation in the medium which induces an
optical activity for the linearly polarized incident
beams. At the exit of the cell, the components E„and
E» of the field are (apart from a common phase factor)

~x cos8 —sin8 E i «s1&

E~ sin8 cos8 E2cos~2t, ' (1)

where 8 is the rotation angle equal to kgol(J, ) (where k
is the light wave vector, go is the linear susceptibility
equal to Ndy~/e'oh—h, I is the length of the sample,
and (J,& is the mean value of the ground-state electronic
angular momentum ). The evolution of (J,) is governed
by an equilibrium between the time-modulated optical
pumping and the relaxation:

I =E2J2 b +E2 2 b + u b b
Ip —E) Jpp (1+u )

2 2p+ I, 2, )t2
+ I 2, 2 )tp 2p, 2, )t2 2p+I, 2) ]]2(1+u ) (1+u ) (1+u ) (1+u
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FIG. 1. Scheme of the experimental setup.

where J~(x) is the Bessel function of order p. This for-
mula is valid for any conversion eSciency and can be
used as long as the absorption is negligible. It is a non-
perturbative formula which includes the possible satura-
tion of the optical pumping. The perturbative limit
(E~,Eq 0) and the limit of a thin medium (I 0)
both correspond to b 0. In this limit, we have the fol-
lowing inequality Ip& I ~

& I~ &I—2& I2, etc. Let us
note that Io corresponds to the intensity of the transmit-
ted beam of frequency co~ and I ~ corresponds to the
four-wave-mixing generation which has already been
studied for small values of b.

In order to verify the predictions of this model, we
have performed an experiment in sodium vapor. Two
beams coming from a cw dye laser of frequency ru have
their frequencies shifted by two acousto-optic modulators
(Fig. 1). The first shift is constant and gives a beam of
frequency ru~ =ru+ro, . The second shift can be scanned
and gives a beam of frequency cu2=ro+(tu, —b). These
two beams which are cross polarized are recombined in a
Gian prism and sent into a Corning 1720 glass cell con-
taining sodium. The temperature of the cell is 215'C.
The cell is placed between three pairs of Helmholtz coils
which are used to cancel any stray magnetic field. The
beam at the exit of the sodium cell is divided into its two
polarization components using a second Gian prism.
With a spectrum analyzer we study the beat frequency
between the component polarized along the x direction
and an auxiliary beam of intensity I and frequency cu

coming directly from the laser (Fig. I).
An example of a spectrum obtained for b = —100 kHz

is shown in Fig. 2(a). One clearly sees waves having fre-
quencies up to 9'~ —8ro2 (H4) on one side and up to
8ru2 —7'~ (H 4) on the other side. Using an expanded
scale, we have observed all the harmonics up to 20ru~
—19cu2. The high efficiency of the multiwave-mixing
process is clearly apparent here since the amplitude of
the 4co2 —3ro~ harmonic (H-2) is larger than the ampli-
tude of the four-wave-mixing generation at 2co2 —

m~

(H ~ ). We note also that the beam of frequency
3'~ —2co2 (H~) is larger than the transmitted beam of
frequency co~ since the value of Ho recorded in Fig. 2(a)
corresponds to the addition of the signal and of the
parasitic electronic noise at the acousto-optic modulator
frequency. Note that because of our detection scheme,

the peak of Hz is proportional to +II~. The theoretical
amplitudes deduced from formula (4) are shown in Fig.
2(b). The agreement is qualitatively good and the
hierarchy of the various harmonics are the same
(H~ &H 2&H——

~ &H2&H —3). We have also shown

in Fig. 2(c) the variation of JI ~ and QI 2vs—8. Here
again, the agreement between the experimental points
and the theoretical curve deduced from formula (4) is
satisfactory. Note that a very good quantitative agree-
ment is not expected since some important effects such
as the transverse distribution of intensity, the velocity
distribution, and the hyperfine interaction in the ground
state have not been included in the theory. It can also be
noticed that all these experiments have been done in zero
magnetic field. The addition of a transverse magnetic
field of the order of 10 G strongly reduces the efficiency
of the frequency-mixing process. The variation of the
multiwave-mixing generation versus the magnetic field
will be presented in a more complete paper.

Another interesting signal is the total intensity along
the x axis. The summation of the intensities of all the
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FIG. 2. Amplitudes of the (2p+1)co~ —2pco2 harmonics
(H~). (a) Waves generated by the nonlinear interaction. The
picture of the spectrum analyzer has been recorded with a
linear scale. It has been obtained for a detuning h, =3(~0.3)
GHz from the center of the Dl resonance line. The value of
b col —co2 is —100 kHz. The experiment has been done with
two beams of intensity P~ =50(+ 10) mW and P2 =70(~ 10)
mW focused on a spot of radius w =130(+ 20) pm. (b)
Theoretical values of the amplitudes calculated using formula
(4) with b =3.9 and E)/Ej~ =1.4. (c) Variation of the ampli-
tudes of the waves of frequency (2co2 —co&) and (4coz —3'&) vs

6. The theoretical curves are deduced from formula (4).
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harmonics gives

&)'+ ~22 E )' —E2 2b

( I + 2) 1/2

u J 2b+EiEz (, +„z)itz Ji (, +„z itz

In particular, in the limit of small values of b, this
leads to the dispersive shape of two-wave mixing

I„=Ei+bEiEz
1+u

(6)
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FIG. 3. Total intensity along the x polarization and the y
polarization vs b. The redistribution of photons between the
two beams is apparent on these recordings. These curves have
been obtained for a detuning 6=4.5(+ 0.3) GHz from the
center of the Dl resonance line. The experiment has been done
with two beams of intensity Pi =P&=110(+ 10) mW focused
on a spot of radius w =400(+ 20) ttm. Because of the absorp-
tion in the cell, the maximum value of I„'"'(8) is smaller than

E)

The second term of this formula is associated with a
third-order nonlinearity since b in proportional to EiEz
at low-field intensity. An experimental recording of I„
and I~ vs h is shown in Fig. 3. The curve is well de-
scribed by formula (6) and, in particular, its extrema
occur at ~b~=0.3 MHz which is a typical value for the
width of the ground state. ' This behavior is very
different from the one observed earlier with beams of the
same polarization where the extrema occur for larger
values of ~b~-I =10 MHz.

One of the interests of this experiment is its connec-
tion with the results obtained for atomic cooling in a po-
larization gradient. " In these experiments, the atoms
move in a field distribution created by two counterpro-
pagating linearly cross-polarized waves of equal frequen-
cy. During its motion the atom interacts with a Geld

whose polarization is periodically cr, linear, o, etc. In

its own frame, the atom thus samples exactly the same
field that is applied to the atoms in our experiment {the
Doppler shift replaces the applied frequency difference b
of our experiment). The cooling mechanism is generally
described by a redistribution of photons between the two
counterpropagating waves. Indeed, the experimental
recording of Fig. 3 shows this redistribution of photons. '

Another interest of this experiment is that it verifies
the possibility of observing extra resonances in mul-
tiwave mixing without collisional relaxation for an atom
having a level degeneracy in the ground state. ' This is
exactly what is observed in Fig. 3 since the experiment is
done without a buffer gas and at a low sodium density
where self-broadening is negligible.

In conclusion, we have presented a method for study-
ing the propagation of two linearly cross-polarized beams
nearly resonant with an atomic transition. The preced-
ing analysis has been done for a Js = —,

' J, = —,
' transi-

tion but the extension to a J~ =
2 J, =

2 transition is

straightforward. We have also shown that this problem
has several important connections with subjects like
atomic cooling or extra resonances. Finally, it is impor-
tant to note that the simple approach presented here can
be applied to many problems in nonlinear optics involv-

ing the propagation of cross-polarized beams or the ap-
parition of polarization instabilities. 5
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