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Self-Induced Phase Turbulence and Chaotic Itinerancy in Coupled Laser Systems
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Spatiotemporal dynamics of multiple coupled laser systems are predicted as an example of distinct
phenomena in high-dimensional nonlinear systems far from thermal equilibrium. Generic dynamics, in-

cluding a self-induced phase turbulence which results in emitter partition noise, chaotic itinerancy be-
tween ruins of local attractors (supermodes) resulting from phase hopping, as well as superslow relaxa-
tion into equilibria, are found. It is shown theoretically that such inherent dynamics result from the de-
struction of phase locking of multiple emitters due to population dynamics.

PACS numbers: 42.55.Bi, 42.50.Fx, 42.50.Tj, 42.60.Fc

Spatiotemporal dynamics of coupled nonlinear systems
far from thermal equilibrium is an attractive current is-
sue in physics, engineering, chemistry, biology, and other
fields. One of the simplest examples is the phase-
locking problem of two coupled nonlinear oscillators.
When locking is successful, the two oscillators are syn-
chronized and act as one, with a unique frequency and
with well-defined phase relationships between the oscilla-
tors. When synchronization fails, beat oscillations take
place. If many nonlinear elements are coupled to each
other, much more complex behavior is expected. In par-
ticular, in high-dimensional chaotic systems, many
equilibria (spatial structures) coexist in the stationary
state. The important general question then arises: What
kind of spatiotemporal dynamics take place when coex
isting patterns become dynamically unstable? In this
Letter, we consider spatially coupled multiple laser sys-
tems as promising candidates for investigating this fun-
damental problem in high-dimensional chaotic systems.
Ripper and Paoli observed phase coupling between twin-

waveguide laser diodes (LD) due to an evanescent field.
Otsuka extended their idea to high-power multiple
coupled-waveguide lasers (CWL), and pointed out the
interesting analogy between CWL and FM-mode-locked
lasers in stationary states. This CWL concept has been
successfully demonstrated with laser diodes, and most
recently, Wang and Winful reported numerical simula-
tions of the nonlinear dynamics of such LD arrays. "
They showed that irregular and undamped spiking be-
havior results from the peculiar amplitude-phase cou-
pling nonlinearity (so-called a parameter) in LD stem-
ming from the carrier-dependent refractive index. How-
ever, the a nonlinearity is peculiar to LD, reflecting the
band structure, and in most lasers, a=0. Therefore, in

this paper a=0 CWL are studied to extract generic
features of coupled laser systems.

In the conceptual model of CWL (Fig. 1), each emit-
ter supports a single transverse and longitudinal mode
with a frequency co, when isolated from its neighbors. In
the following analysis, we assume lasers for which the
adiabatic elimination of polarization is valid, but for

which the population dynamics should be included. In
this case, the temporal evolution of the complex field am-
plitude E;, assuming E;(t) =E;(t)exp(jtut), and of the
population inversion N; in the ith emitter is described by
the coupled equations

E; = —, (G(N, ) —I/z&]E;+jqIE;+~+E, ~],

N; =P —N;/z —G(N, ) i E; i

where G(N; ) G(N&h)+ (8G/BN)(N; —Nth) is the gain
(N, h is the threshold population inversion), z~ is the pho-
ton lifetime, z is the population lifetime, q xc/n (x is
the coupling coefficient), and P is the pump power.
Equation (1) is equivalent to the FM laser and active
FM-mode-locking equation with zero detuning, if E; is
regarded as the longitudinal-mode field, and has been ex-
tensively studied for gas lasers in which population dy-
namics can be neglected. If population dynamics [Eq.
(2)] is introduced, however, drastic changes occur in the

FIG. 1. Conceptual model of coupled-waveguide lasers
(CWL). (a) Open CWL and (b) looped CWL.
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dynamics.
First, let us look for equilibria of Eqs. (I) and (2) with

E; + ~

=E; and p;+ ~

—
1g; —=d p; =const independent of i,

where E; =E, exp(jp;). The steady-state solutions are
diferent for open and looped CWL, although they coin-
cide in the limit of N ~. (In this limit, in-phase as
well as n-out-of-phase modes with uniform field ampli-
tudes whose far-field patterns correspond to positive and
negative mode pulses in laser FM-mode locking' are ob-
tained for both cases. )

In the open-CWL case [Fig. 1(a)], the population-
inversion distribution becomes nonuniform across the
emitters, i.e., G(N;)Wl/r~, and the system is found to
have solutions which satisfy E; 0, N; =0 with P;+ i—p;—:hp;- ~z/2. In short, steady-state values of E,
and N; are obtained from the numerical analysis for ar-
bitrary combinations of relative phase hp; between adja-
cent emitters. They are degenerate in lasing frequencies,
since p; 0 for all the solutions. ''

In the case of looped CWL [periodic boundary condi-
tion, Fig. 1(b)], the population-inversion distribution
across all the emitters becomes uniform, i.e., G(N, )

I/r„, because of the coupling between the outermost
emitters, and the supermodes given by E;+~ =E;, hP;

2zl/N, and 0'=ru+2qcos(2zl/N) (l 0, 1,2, . . . ,
N —I) are deduced as equilibria with different lasing
frequencies 0'.

Next, let us consider the dynamical properties based
on numerical simulations of Eqs. (1) and (2). Linear
stability analysis shows that the equilibria for N&&1 are
not always dynamically stable even if the a nonlinearity
is absent, while nonlinearity is required to induce insta-
bilities in two-emitter (N 2) systems. ' Indeed, all
solutions for the open CWL are easily destroyed in

weakly coupled regimes by an extremely small perturba-
tion to the system. The temporal evolution of relative
phases hp~ 2 is shown in Fig. 2(a) for the open CWL
(N 5). The chaotic evolution of relative phases per-
sists, where the pulsation frequency is approximately
given by the energy-transfer rate q. Although the glo-
bal instability scenario has not yet been clarified, various
coexisting periodic solutions embedded in a chaotic sea
are obtained separately by changing the initial relative
phase condition. At the same time, negligibly small
field-amplitude fluctuations approximately given by
(I/N)P;-~ —' [G(N;) —I/r„]/q ( & 10 E,„) take place.
in every emitter, although total intensity I=+;-~

~ E;
~

remains constant. In this sense, the present instabilities
can be regarded as self-induced phase turbulence be-
cause the intensity fluctuation of individual emitters is
negligibly small. Such turbulence results in emitter par-
tition phase noise whose time scale is characterized by
the energy-transfer rate q. This phase turbulence has
been found to be suppressed when population dynamics
are omitted, i.e., N; =0. This strongly suggests that the
population dynamics play an essential role in this phase
turbulence. This point will be discussed again later.
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FIG. 2. (a) Temporal evolution of relative phases Ap~ ~ for
N 5 open CWL, assuming the pump power p—= —,

' (BG/BN)
xN&hrp(P/P&h —I) 0.25, q'=qrp 10 s, and r/rp 2x10'.
Other relative phases also show chaotic pulsations. (b) Time-
dependent far-field patterns corresponding to (a), which are
[Fourier transform of the near field] x [far-field intensity distri-
bution for individual emitter ~E(8) ~ ], assuming half-width
of

~
E(8) ~'- 17', wavelength I pm, and emitter spacing 5

pm. 8 is the angle with respect to the normal to the CWL end
face.

Let us discuss the connection between the present tur-
bulence and the Wang-Winful instabilities in laser diode
arrays. If a typical value of nonlinearity, e.g. , the a
parameter in LD, is introduced, the out-of-phase mode
(i.e., Ap; z), which has been experimentally observed
in most LD arrays to date, is found to be realized stably.
This implies that the adequate amplitude-phase coupling
stemming from the a nonlinearity suppresses the intrin-
sic phase turbulence shown in Fig. 2(a). The favorable
relative phase depends on the sign of the a parameter,
and the stable in-phase mode is realized when a &0,
while a&0 in real LD. When the coupling coefficient
increases, intrinsic phase turbulence tends to be
suppressed. However, in return, the Wang-Winful insta-
bility featuring sustained relaxation oscillations resulting
from the a nonlinearity becomes dominant and large-
amplitude fluctuations appear in addition to phase tur-
bulence. This nonlinearity introduces a frequency detun-
ing into active FM-mode locking.

If such phase turbulence takes place, the far-field pat-
tern of CWL, which is a Fourier transform of the near-
field pattern, is easily expected to exhibit unstable tem-
poral evolutions. In short, the far-field pattern moves
around chaotically in time and deterministic spot danc-
ing develops, even though the total near-field intensity is
constant. Snapshots of the far-field patterns, corre-
sponding to Fig. 2(a) at different times, are shown in
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Fig. 2(b).
In the case of open CWL, eigenmodes are degenerate

in lasing energy and persistent phase turbulence occurs
only around dynamically unstable equilibria with dp;
= + n/2. As for looped CWL, on the contrary, the equi-
librium bifurcates into S supermodes with diff'erent las-
ing energies, where S= (N + 1)/2 for N odd and
S=(N+2)/2 for N even. Consequently, much more
complicated behavior is expected to occur resulting from
the interplay between nondegenerate supermode solu-
tions. As expected, when the initial conditions are distri-
buted, relative phases wander chaotically between unsta-
ble orbits localized around supermodes ("attractor
ruins") as is shown in Fig. 3(a). After some transient
spatiotemporal chaos (STC), the system is captured by
the l 2 attractor ruin connected with STC and fluctu-
ates chaotically with a frequency of =q in region a.
Such localized phase turbulence survives for a long
period of time, and then the system jumps out from this
local attractor ruin, without being frozen to the l=2 su-

permode solution, and begins to search for other attrac-
tors chaotically while changing relative phases abruptly
by an amount = ~ 2nm+2rrn/N (m, n =0, 1,2, . . .).
This suggests that the basin of attraction of l 2 and its

equivalent 1=3 is quite narrow. In fact, these super-
mode solutions are confirmed to be realized only when

initial conditions are set sufficiently close to steady-state
solutions. The l-0 supermode is also found to have an

extremely narrow basin of attraction. Such an abrupt

jump is referred to as phase hopping hereafter. A simi-
lar phenomenon called "mode-hopping" intensity noise
has been observed in multimode laser diodes, where a
Langevin force has been introduced into multimode rate
equations for population-photon-number dynamics to ex-
plain this phenomenon. ' In our case, a self-induced
internal chaotic force results in phase hopping. In this

regime (region b), several supermodes are excited and

seem to compete with each other, resulting in STC. In

region c, the system goes by way of the l 1 attractor
ruin and is finally frozen to the l 1 supermode with an

extremely long relaxation time (=10 r), although this
is not depicted in the figure since its damping rate is ex-
tremely small. This implies that the basin of attraction
of the I 1 and its equivalent I 4 supermodes is wide

enough for the system to relax to these equilibria in this
case.

To characterize the dynamics in the STC region, we

introduce the "norm" from supermode solutions defined

by
JV

NR = g i cos(&p;) —cos(2zl/N) i
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FIG. 3. Chaotic itinerancy between attractor ruins for %=5

looped CWL. Adopted parameter values are the same as for
Fig. 2. (a) Relative phase, (b) nearest supermode number, (c)
norm from nearest supermode, and (d) destructive force for
phase locking.

and plot supermode number l~, whose norm indicates a
minimum value, and NR(l l~)/N in Figs. 3(b) and
3(c), respectively. These figures indicate the connectivi-
ty of ruins (i.e., [I 0]=[l 1]=[l 2)) and which su-

permode the system moves around most closely and the
distance from it. There is a clear correspondence be-
tween l„and NR/N. In short, the lp 2 supermode ap-
pears at the bottoms of norms, while l~ = 1 appears at
the tops of norms in the STC region. In particular, the
system is captured to the I 2 ruin only when the norm
is adequately small (region a), while it is captured to the
l 1 ruin even when the norm is relatively large (region
c), reflecting the difference in the basin of attraction
mentioned above. In region c, the norm approaches zero
very slowly, and finally the l I supermode is estab-
lished. Such superslow damping to equilibria, whose
time scale is much longer than other lasing time scales,
occurs generally whenever the system can find the basin
of attraction and could be an example of stagnation phe-
nomena often observed in high-dimensional chaotic sys-
tems. ' The relaxation time increases when pumping is
increased. This result is in sharp contrast to the fact that
the relaxation time to the steady state decreases with an
increase in pumping in usual population-photon-number
dynamics (i.e., relaxation oscillations) in which "phase"
dynamics are omitted. The physical interpretation is
now being investigated.

What relationships are there between population dy-
namics and phase turbulence, especially phase hopping?
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To investigate this problem, we introduce here the quan-
tity of "destruction force" for phase locking F. F is

defined as (I/N) g;-~ 2~ [G(N;) —1/r~], which corre-
sponds to the first term of the right-hand side of Eq. (I ).
This quantity expresses the contribution of population
dynamics to field dynamics through Eq. (2) and equals
zero when phase locking is established. From the tem-
poral evolution of F shown in Fig. 3(d), the emitter par-
tition noise increases when F increases. Moreover, phase
hopping is found to occur at the time when F abruptly
increases, although F peaks are modulated on the time
scale of background emitter partition noise. This result
strongly implies that population dynamics destroy phase
locking between emitters.

From extensive numerical simulations, it found that
the probability of the system finding the basin of attrac-
tion as in region c in Fig. 3(a) decreases as N increases,
while the number of attractor ruins, among which chaot-
ic itinerancy takes place, increases. This means that the
basin of attraction becomes narrower as N increases.
Needless to say, chaotic itinerancy can be eliminated and

phase locking established immediately when the coupling
coeflicient is strong enough. '

In conclusion, self-induced phase turbulence, which is
inherent in phase-coupled laser systems, is predicted.
This phenomenon is shown to be caused by the destruc-
tion of phase locking with the introduction of population
dynamics. It has been shown that there are two typical
fluctuation phenomena with diff'erent time scales, i.e., the
relatively fast emitter partition noise and the slow

phase-hopping process leading to chaotic itinerancy. Ad-

ditionally, superslow relaxation into equilibria via a
chaotic sea has been predicted based on numerical simu-

lations. It is worth noting that the predicted behaviors
are produced by a self-induced internal chaotic force
which is formed with a strong correlation with the past
evolution of the system, yielding a more eff'ective search
for the paths through which the itinerancy is realized
than by an externally applied random force. ' The pre-
dicted chaotic itinerancy is expected to be generally ob-
served in the transition process where local chaos joins
together and develops into global chaos. Indeed, similar
chaotic itinerancy has been predicted in multimode
Maxwell-Bloch lasers, ' coupled nonlinear optical ele-
ment systems, ' and coupled map lattices.

The author is indebted to K. Ikeda, Y. Aizawa, and H.
G. Winful for fruitful discussions and criticisms.
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