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Flow in Powders: From Discrete Avalanches to Continuous Regime
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The flow under gravity of a granular material can exhibit either intermittent avalanches or a steady

regime. The transition from the discrete to the steady regime is shown experimentally to display hys-

teresis. Next, a relationship between the current and the slope is established and interpreted.

PACS numbers: 05.40.+j, 46. 10.+z, 62.20.—x, 91.60.—x

The dynamical behavior of granular media is of great
technological interest, and has given rise to a consider-
able literature. ' Recently, both experimental and
theoretical effort has been devoted to the process of the
breaking of equilibrium of a granular pile. Bak, Tang,
and Wiesenfeld introduced a model describing the onset
of avalanches in a sandpile. In this model, particles are
randomly added on a sandpile; the slope of the heap in-

creases until it reaches a critical value at which an
avalanche is generated, after which the slope is readjust-
ed to a lower value.

Bak, Tang, and Weisenfeld considered the sandpile as
an example of a "self-organized critical system. " They
computed the dynamics behavior within a cellular au-
tomaton model. KadanoA' et al. continued the explora-
tion of this model and looked for the most appropriate
scaling analysis (finite-size scaling or multifractal
analysis) of the size distribution of avalanches versus the
size of the system.

Experimentally, avalanches have been studied in-

dependently by Jaeger, Liu, and Nagel' and by Evesque
and Rajchenbach. The same setup was adopted in both
cases, which was a rotating cylinder partly filled with

powder. For low rotation speeds, the slope increases
continuously until an avalanche is generated. The ex-
periences mentioned above deal with this regime of in-

termittent flow, and were in good agreement, in that they
did not observe divergencies consistent with self-
organized criticality.

For larger rotation speeds, the flow becomes continu-
ous and leads to a steady profile for the free surface. In
this paper we focus essentially on the transition between
the regime of intermittent avalanches and that of con-
tinuous flow.

First, we show the existence of two diA'erent critical
speeds of rotation according to whether the speed of ro-
tation of the cylinder is increased or decreased. Then,
we establish experimentally the relationship between the
surface current J of the downward flowing particles and
the slope 0 in the regime of steady flow.

According to a conjecture of de Gennes' and Tang
and Bak'' we show that the current J obeys the follow-

ing critical law:

J- (8 —8, )

where m is determined experimentally. Next, the value
of m is interpreted in the frame of a simple model.

Experimental setup. —The experimental setup consists
of a hollow Duralumin cylinder (19 cm diameter) with

glass faces, which rotates around its horizontal axis at a
constant speed Q. The rotation speed is driven by a
quartz clock, and can be varied from 10 to 60 rpm.
The relative accuracy of 0 is of the order of 10 '. The
revolving cylinder is partly filled with glass spheres of 0.3
mm diameter. The precision for the diameter of the par-
ticles is of the order of 30%.

The choice of the diameter of the grains has been in-

duced by two considerations: first, that the grains must
be small compared to the size of the cylinder to avoid
boundary eA'ects, and, second, that the particles must be
large enough to get rid of electrostatic and humidity
eA'ects (which are significant for very fine particles).
Care was always taken to avoid the latter eA'ects by us-

ing grains that were as dry as possible. With these pre-
cautions our measurements of the free-surface profile
were reproducible.

The rotating cylinder is a very convenient setup for
measuring the dependence of J on 8 in the steady re-

gime, because the heap is continuously supplied with new

particles upstream and the surface current is exactly
known. For a half-filled cylinder the total quantity of
matter brought up by the rotation process per unit time
is equal to that flowing down; we thus have

J(r =0) =
2 eAR

Therefore we need only to measure the slope 8(r =0) of
the heap to establish the relationship between J and 0.

Nature of the transition from the discrete to continu
ous regime of Pow. —We observed hysteresis for this
transition. We found two different characteristic speeds
of rotation 0+ and 0 —according to the sense of varia-
tion of 0 (Fig. I). For perfectly dry particles, we found
the 0 —and 0+ are of the order of 0.25 and 0.50 rpm.

We propose the following tentative explanation of this
hysteresis. The transition between the discrete and con-
tinuous regime of flow occurs when the time t of the fall
of a grain becomes comparable to the average delay time
T separating two consecutive avalanches,

r = T =(8„,. „—8„.p)/n .
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FIG. 1. Within the rotating-cylinder setup, we observe the
occurrence of a hysteresis for the transition from the discrete
(avalanche) regime of flow to the continuous regime, according
the sense of variation of the rotation speed. We attribute this
hysteresis to the existence of two characteristic fall times of
grains in each regime, which are not the same at the transition.

For the continuous regime, the profile of the surface is
steady, and we obtain a characteristic time t2 for the fall
of one particle. On the contrary, for the discrete regime,
the profile of the free surface is continuously readjusting
itself, and we get another characteristic time t

~
for the

fall. At the change of the regime of flow, these two
times t ~ and t2 are not the same. This is, in our opinion,
the origin of the observed hysteresis. We deduce there-
fore

n, ((8„„,) —(8„.,) )/t, ,

n -((8„„,) —(8„„))/t 2.

Finite size epee-ts. —In his study of the displacement
of a bulldozed sand heap, Bagnold' attributed the
difference (8„„t—8„,~) to dilatant properties of granular
materials: The superficial layer must dilate before enter-
ing into motion. For a small diameter of the rotating
cylinders, we showed that this mechanism is not relevant.
We visualized that the lower wall plays an essential role
for the stop of the avalanche and controls entirely the
value of 8,t p. All the avalanche gets immobilized after
the upward propagation of a stopping front which comes
from the lower wall and restores a plane shape all along
the free surface. In conformity with the translational in-
variance all along the surface, and as is well accounted
for in Coulomb's model ' of the angle of repose, the an-

gle of start and the thickness h of the sliding layer only
depend on purely local conditions. (8„„,) is thus in-

dependent of the cylinder size. However, as required by
conservation of matter, (8„,„,—8,t,~) has to vary as
2h/R, according to this stopping process.

Nevertheless, Bagnold's mechanism is expected to be-
come relevant for the case of a large cylinder: Since the
upward propagation of the stopping front is associated
with a rearrangement and a compression of the packing,
a new dilatation is then required to trigger another
avalanche. In this last case, (8,t„t—8,t,~) tends to a con-
stant value, estimated to be 0.4' by Bagnold. ' Since

(a) (b) (c)
FIG. 2. Profiles of the force surface of the granular material

for diA'erent rotation speeds of the cylinder. The diameter of
the cylinder is 19 cm and the size of the grains is 0.3 0. 1 mm.
(a) 0 1.2 rpm. Just above the transition (rt+ =0.5 rpm) the
force surface is nearly a perfect plane. (b) 0 =4.8 rpm. The
force surface exhibits noticeable boundary eA'ects, but they
remain confined and measurement of the slope is still possible.
(c) For larger rotation speed (here tt 24 rpm), we observe
that the surface disengages itself from the bulk due to inertial
effects.

the time of fall of a grain should become infinite for an
infinite cylinder diameter, and following the argument
previously developed (see section above) we expect that
the intermittent regime of flow would disappear for an
infinite system size.

Continuous flovv re-gime. —In Fig. 2, we show some
qualitative changes in the aspect of the surface profile
when the speed of rotation is increased. It concerns the
case of a rotating cylinder half filled with glass spheres
of 0.3+ 0. 1 mm diameter. For rotation just above 0+,
the surface profile is a nearly perfect straight line, with a
slope 8=27' [Fig. 2(a)]. Then, for rotation speed in the
range 5-12 rpm, the surface profile exhibits noticeable
boundary effects, but these remain confined in the vicini-
ty of the wall [Fig. 2(b)]. Next, for increasing rotation
speed (from 12 to 25 rpm), the up and down boundary
regions merge, and the profile becomes S shaped as pre-
viously noticed by Franklin and Johanson and Brown
and Richard. For speeds of rotation greater than 25
rpm, one observes a separation of a surface layer from
the upper wall and also a backflow near the lower wall
[Fig. 2(c)].

Nature of the boundary sects in the continuous
regime. —We neglect in all that follows the effect of in-
ertia, which is valid for the limit 0 0. In this case the
finite size of the container induces a depletion of grains
near the upper wall, and an accumulation near the lower
one. For the continuous regime of flow, and for the case
of an incompressible medium, de Gennes' obtained the
profile of the flux of particles on the free surface. He
wrote the following equation of conservation for the
granular material:

Qer+div J=0,
with the boundary conditions

J(~R) =0,
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where R and e are the radius and the thickness of the ro-

tating cylinder, and Ger is the quantity of matter
brought to the surface by the rotation process. One easi-

ly obtains

J= —, eQR (l —r /R ) .

20

][ ec-e (deg)

For higher rotation speeds, one must take into account
inertial eff'ects. Consider a grain in contact with the
upper wall and arriving at the surface of the heap. Two
cases have to be considered, according to whether the
centrifugal acceleration 0 /R is larger or smaller than
the radial component of gravity gsin0. For 0 & g
x(sin0)/R, the boundary particles remain stuck to the
wall by centrifugal force until an angle a =arcsin(Q R/
g), which is larger than the steady angle 0 of the slope.
Beyond this angle a, the grains are launched in parabolic
trajectories of length A, =(20 R /g)sin0/cos 0. This ex-
plains the observed separation [Fig. 2(c)] which is seen
experimentally to occur for 0 =24 rpm and is fully con-
sistent with our interpretation.

When 0 &gsin0, the boundary particles no longer
adhere to the wall when they are at the free surface.
Their trajectories are not exactly parabolic, since there is

still contact between particles and losses by friction.
We have no clear explanation of the lower-boundary

effects in the case of the continuous regime of flow. For
discrete avalanches, we have shown that the range of
these effects is infinite. On the other hand, for the con-
tinuous regime, matter is progressively evacuated by the
rotation process as it accumulates, thus preventing an

infinite expansion of lower-wall effects.
Relationship between the surface current and the

slope of the heap. —The measured scale of variation of
the current J is 50, since below 0 =0.25 rpm the
current is intermittent, and above 0 =12 rpm, we ob-
serve the merging of the up and down boundary regions.
In the range 0+ =0.50 rpm to 0 =12 rpm, within the
experimental accuracy, measurements of slope are in-

dependent of the sense of variation of the rotation speed.
Our experimental determination (Fig. 3) of the lawJ- (0 —0, )"' leads to

m =0.5 + 0.1,
which differs from the numerical prediction (m =0.7) of
Tang and Bak'' appropriate for surface flows.

Since our measurements of 0 are well away from the
regions sensitive to boundary eftects, they deal with a

steady regime of flow where particles have attained their
limiting velocity.

Physical meaning of the index m.—We propose to re-
late the value of the exponent m to the dissipation pro-
cess occurring in the granular flow.

For the sake of simplicity, consider the flow of a fluid

of thickness h on an inclined plane. For a Newtonian
fluid of viscosity g, the current is given by

J =(pgh '/3')sin0.

4
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FIG. 3. A log-log plot of 8 —8„vs0 (0 is proportional to

the current J). We find 0 —(8—8, )"', with m =0.5+'0. 1.

Since the equilibrium angle 0, is zero in this case, we ob-
tain

m=1.

In such Newtonian fluids, the mechanism which is as-
sumed to be at the origin of the loss of momentum arises
from collisions due to random Brownian motion. Thus
one can properly define viscosity when the mean Browni-
an velocity greatly exceeds the average speed t. In the
case of non-Brownian particles, we propose an elementa-
ry approach based upon Coulomb's balance of stress
available for statics, to which we add a dissipation term
due to interparticle collisions.

As conjectured by Bagnold' for non-Brownian parti-
cles, both the momentum lost at each collision and the
rate of collision per unit time are proportional to Vv, so
that the friction force varies like a(Vv) . Consequently,
equality between dissipative stress and motive stress
leads in the steady regime to

—a(8i/Bz) +pgz(sin0 —pcos0) =0,

where p = tan 0, is the solid friction coe%cient of
Coulomb's theory, ' and Oz is the axis normal to the flow
and oriented downward.

In the last equation, we consider that p and p varied
weakly with v in the vicinity of the equilibrium. A limit-
ed expansion of this equation near 0=0, and successive
integrations lead to

v(z) = —', [pgh /a(cos0, )]' [l —(z/h) ](0—0 )'

J= —,
"

[pgh -'/a(cos0, ) ] 't-'(0 —0 ) ' '
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An essential point is that the power law

J-(8—0,. ) '

does not depend on the detailed geometry of the con-
tainer. It proceeds only from Bagnold's description of
dissipation and on the expansion of the condition of
stresses equilibrium near 0, . It can be generalized to
other geometries of flow such as the rotating cylinder,
and is consistent with our experimental determination.
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