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Fluctuations in Thin Smectie-A Films
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The smectic layer displacement fluctuation profile, o(r) =(u'(r))'t', has been calculated for thin

smectic-A films. In thin smectic-A films the calculated fluctuation amplitudes are only a=4 A, com-

pared to o= 8 A, in a macroscopic sample. The fluctuations are suppressed at the two free surfaces by
the surface tension, grow rapidly away from each surface, and have a parabolic profile near the center of
the film. These results are in quantitative agreement (~0.1 A) with recent x-ray measurements.

PACS numbers: 68.15.+e, 05.40.+j, 61.30.Cz

According to the famous Landau-Peierls' argument,
the divergent thermal fluctuations destroy, in the ther-
modynamic limit, the long-range order in any periodic,
one-dimensional structure (in particular, three-dimen-
sional smectic-A' s). However, in practice, the logarith-
mic growth of the fluctuations with the size of the system
is so slow that it is very difficult to directly observe the
destruction of the long-range smectic order in typical ex-
perimental samples. This paper addresses some of the
unresolved questions about fluctuations in finite smectic
systems: What are the fluctuation profiles in thin smec-
tic systems and how do they grow with the size of the
sample? How does the surface tension affect the surface
fluctuations and how does it influence extend into the
film'? How large is the contribution due to the hydro-
dynamic, long-wavelength fluctuations compared to that
from the short-wavelength fluctuations produced by the
individual molecular motions and how do both compare
to the measured fluctuations?

For a smectic-A, the bulk fluctuation Hamiltonian Hq
in thc harmonic approximation is given by

Htt=t dr 8 du(r) +K[a~u(r)]'
U dz

Here u(r) describes the displacement of each smectic
layer from its original equilibrium position r, while 8 is
the smectic elastic constant associated with layer com-
pression and EC is the elastic constant associated with lay-
er bending. If the system is large, but finite, in the direc-
tion perpendicular to the smectic layers and infinite in

the two transverse directions, then the fluctuations far
from the sample boundaries can be calculated using Eq.
(I):

Hs =
2 y„dry[ l~&u(r~, z =0)

I

+lV&u(r&, z=Nd)l ]. (3)

Here y is the smectic-A/air surface tension and N~
=N+ 1. Since the system consists of a finite number of
layers in the z direction, it is natural to use a discrete
version of this Hamiltonian with respect to z: u(r~, z
=nd) —=u„(r&). Taking the continuous Fourier trans-
form with respect to r& results in a compact expression
for the full Hamiltonian H:

tJV

H=-,' dq~ $ u;(q~)M~, u, ( —q~).
i,j 0

(4)

Here the only nonzero elements of the symmetric matrix
M are on the diagonal and in the first off'-diagonal posi-
tions. They are given by the following formulas:

Moo =Mtvz = yq&+Kdq&+8/d—=a,
M;; =Kdq&+28/d= b, i =I, . . . , N —1, —

M~+~ =M;;+~ = 8/d—:c, i =0, . . . , N 1.

(5)

(7)

X=20 A., D=1 cm, v'KB =5 dyn/cm, an=4 A, and
kttT=4X 10 ' erg), the corresponding layer fluctuation
amplitude is cr=7.7 A. Since these fluctuations are
smaller than the layer spacing, d =30 A. , the smectic lay-
ers in a 1-cm-thick sample are still well defined. Howev-
er, these 7.7-A fluctuations dramatically reduce the in-

tensity of the higher-order (001) reflections from the
smectic layers.

We now consider a thin smcctic-A film with N~ lay-
ers. The displacement fluctuations in this system are de-
scribed by a Hamiltonian H with surface Hq and bulk
Htt [Eq. (I)] contributions: H Htt+Hg, with

cr'(r) =(u'(r)& = kaT dXD
ln

4trv KB
The layer displacement fluctuations can now be calculat-
ed from the diagonal elements of M ', namely,

Here D is the sample thickness, ao is the molecular di-
ameter, ka T is the thermal energy, and X =v K/8 is the
characteristic smectic length in the system. For typical
values of the parameters appearing in Eq. (2) (i.e.,

a; (r&) =(u; (rj )) =ktt T (M ');; .
(2tr) '

The limits of this integration are 2tr/W& lq&l & 2tt/ao,

1990 The American Physical Society 2153



VOLUME 65, NUMBER 17 PHYSICAL REVIEW LETTERS 22 OCTOBER 1990

the lower limit is set by the transverse size of the film,
8', and the upper limit is set by the molecular diameter
since transverse modes with wavelengths smaller than
the molecular diameter or larger than the film cannot be
excited. For real measurements, the long-wavelength
cutoff' will usually be set by the instrument resolution
rather than by the sample size. The diagonal elements
of the matrix M ' are given by

(M ');; =A;A~-;/C~+ (,
where

(9)

C~ =a T~ —2
—2ac Tj—3+c Tj —4 j & 2, (io)

and

j+1 j+I
Tj =b~

9+
(i 2)

(i3)

4.5 I I I I & t I l

for I', =0, 20= 1.
Most of our calculations were performed assuming

typical smectic parameters: K=10 dyn and B=2.5
x10 dyn/cm (so X=20 A), d =30 A, an=4 A, @=60
dyn/cm, and W =4& 10 k The calculated fluctuation
profiles a; for 7-, 11-, 21-, and 37-layer-thick films are
shown in Fig. 1. The calculation shows that fluctuations
at the surface are suppressed by —1-2 A relative to the
fluctuations inside the sample and that the fluctuation
amplitudes grow rapidly in the first two layers close to
each surface. For thicker films (e.g. , 37 layers) the fluc-
tuation profile near the center of the film is parabolic.

The maximum fluctuation amplitude occurs at the center
of the film and the center fluctuations grow by —1.1 A
as the film thickness increases from 3 to 37 layers. At
the free surfaces, the fluctuations are strongly suppressed
by the surface tension and only grow by -0.13 A be-
tween 3 and 37 layers. For infinitely thick films with a
transverse cutoff, W=4x10 A, the layer fluctuation
amplitude or at the center of the film is 7.4 A.

The calculated dependence of the surface fluctuation
amplitude ag on the surface tension is shown in Fig. 2
for a 3-layer- and a 37-layer-thick film. As y increases
from 30 to 60 dyn/cm, the surface fluctuations decrease
from -3.5 to -2.5 A. The asymptotic dependences of
res vs y follow directly from Eqs. (4)-(13): For very
large values of the surface tension (y ee), the surface
fluctuations go to zero as cr~-y '; for very small sur-
face tensions (y 0), the surface fluctuations diverge as
oq-q& up to the limit set by the transverse cutoA',

q& =2m/W. The influence of y on the complete fluctua-
tion profile of an 11-layer-thick film is shown in Fig. 3.
The largest effects are at the surface (crt is reduced from
-2.6 to 0 A as y increases from 60 dyn/cm to ~), but
there is also a significant effect at the center of the film

(oc is decreased by 0.5 A from -4 to -3.5 A). As the
film thickness grows, the interior suppression becomes
smaller; for example, in a 37-layer-thick film crp de-
creases by -0.4 A as y goes from 60 dyn/cm to ~. In
all our calculations we have included a transverse cutoff
W. Without it, the fluctuations diverge as inW. Howev-
er, this is a very weak divergence: For a 3-layer-thick
film with W=4&10', 4x10, and 4x10 A, we find

os =2.48, 2.93, and 3.32 A and or =3.34, 3.68, and
4.01 A, respectively.

The dependence of the complete fluctuation profile cr;

in an 11-layer-thick film on K and B is shown in Fig. 4.
It is clear from the figure that increasing either B or K
suppresses the fluctuations throughout the sample. How-
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FIG. 1. The discrete layer displacement fluctuation profile

0;-=(u, )' ' vs the layer index i. The lines connecting the
discrete points have been added for visual clarity. The calcu-
lated profiles are shown for a 7-layer-thick film (short-dashed
line), an 11-layer-thick film (long-dashed-short-dashed line), a
21-layer-thick film (long-dashed line), and a 37-layer-thick
film (solid line).
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FIG. 2. The displacement fluctuation amplitude og of the
surface layer vs the surface tension for a 37-layer-thick film
(solid line) and a 3-layer-thick film (dashed line).
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FIG. 3. The displacement fluctuation profile o, for an 11-
layer-thick film. The solid line corresponds to the surface ten-

sion y =60 dyn/cm and the dashed line to y=~.

( 2 + 2 ) 1/2 (14)

where the elastic fluctuation amplitudes calculated in

ever, this suppression is much stronger inside the film

than at the surface. Also note from Fig. 4 that, as ex-

pected from Eq. (2), the fluctuation amplitude is more

sensitive to P =4KB than it is to k =4K /B.
We have made the following simplifying assumptions

in our theory: Although the IVuI term should, in prin-

ciple, appear for each layer, because the rotational sym-

metry has been broken by the film holder, we have as-

sumed that for the interior layers the contribution of this
term to the Hamiltonian is very small. This assumption
is supported by the experimental data. We also have

not included the anharmonic termss in H and we have

neglected the interface-interface interaction produced by
the disjoining pressure. '

Although the theory was presented here only for
smectic-A films (for simplicity), it applies to all the fluid

smectics —to the 2D liquids, all the different smectic-A' s

and smectic-C's (e.g. , A|,A2, Ad, C, . . . ) and to the 2D
hexatics, hexatic-B, smectic-F, and smectic-I. In the
companion Letter we show that it correctly describes
the layer fluctuation profiles for 70.7 smectic films with

two surface smectic-I layers and interior smectic-C lay-
ers. These experimental results indicate that pi for the
surface hexatic smectic-I layers is about twice as large as

pc for the interior liquid smectic-C layers.
In addition to the hydrodynamic, long-wavelength

fluctuations which we have calculated, there are short-
wavelength contributions to the total fluctuation profile
that should be included before comparing the theoretical
predictions with experiment. These short-wavelength
contributions are due to the individual motions of the
molecules. The inclusion of both contributions leads to
the following formula for the combined fluctuation am-

plitude cr:

FIG. 4. The displacement fluctuation profile o; vs the layer
index i for an 11-layer-thick film showing its dependence on

the smectic elastic constants EC and 8. The solid line corre-

sponds to 8-2.5x10' dyn/cm' and K 10 6 dyn (p= JKB—
5 dyn/cm); the short-dashed line corresponds to 8 =25 x10'

dyn/cm' and K 10 6 dyn (P=4KB 15.8—dyn/cm); the

long-dashed line corresponds to 8=2.5x10' dyn/cm and

K -10 ' dyn (P—=4KB -15.8 dyn/cm).

this paper are a~ and the individual molecular motion
fluctuation amplitudes are oL. For rrE =4 A and trL =1
A, '' cr=4 12 A, .so the local molecular motion contrib-
utes only -0.12 A to the total fluctuation amplitude and
the hydrodynamic, long-wavelength contribution dom-
inates. Also note that aL has its own profile which can-
not be studied using our phenomenological elastic theory.
This profile, however, can probably be described using a
microscopic mean-field density-functional theory. ' '

To summarize, we have presented a simple analysis of
the thermally driven layer fluctuations in finite smectic
systems which is in excellent agreement with recent ex-
perimental studies. This analysis will be a good guide
for future theoretical and experimental studies of the
thickness-dependent fluctuations in freely suspended
fluid smectic films and fluid smectic films deposited on
solid substrates.
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